020G

Musnucrepcreo obpasoBanus Poccunckoun Degepanuu
Ypaasckuu rocymapcersennny yHusepcurer uM. A M.Topsxoro

K.H. I'ypeanoBa, C.A. Poroxwnu

MATEMATUYECKUU
AHAJIN3

MDYyHKIINN HECKOJAbKHNX
IIeEpEeMEeHHbBIX

Yyebuoe nmocobue

ExaTtepunbypr
WspaTenpcTBO YparbCkOro yHUBEPCHTETA
2000



YIK 517.55(075.8) IlegaTaeTca no pemenuo
959 PeLAKIMOHHO-U3 [ATEILCKOrO COBETa
YpalbCKOro rocy1apCTBEHHOTO

YHUBEDCUTETA

I'ypeanosa K.H., Poroxun C.A. MaremaTuyecKuil aHAIN3.
DyHKINYM HECKOALKUX HepeMeHHbIx: Y1eb. nocobme. Exarepun-
6ypr: Uag-so Ypan. yr-ta. 2000. 84 c.

Wanaraercs oAuH W3 TPANUIHOHHLIX PAa3feloB MaTeMaTHde-
CKOT'0 aHAMN3A — PYHKINA HECKOJIbKUX IIePeMeHHBIX, BKII0Yad He-
ABHBIC DYHKUUM, TEOPHIO A6COTIOTHOrO U YCJIOBHOTO 3KCTPEMyMa
¥ 3aMeHy MepPeMeHHBIX B AuddepennnalsHbIX BEIPaXKEHUAX.

TMoco6ue aBIseTCA ONHON U3 cepuit obuero mocobus mo Kypey
"MaremaTU49ecKuy aHaIU3” LA CTYAEHTOB JUCTAHTHOH ¥ 3304-
HOM popMBI OOydeHusa mo crnemuaitbHOCTAM ~MHbDOopManuoHHBIE
cuctems!”, "Ilpuknaguas uadopmarnka”’, "MartemaTuka. Kowm-
OBIOTEpHBbIE HAYKU', & TaKXe MOXeT ObITh IPeLIOKeHO CTYIeH-
TaM AHEeBHOM (GOpMBEI 00y4eHUSA TO POJACTBEHHBIM CIENRATbHO-
CTAM.

Penensentei: xadeapa maTeMaTH-
9eCKOI'0 AHANTM33 YPalbCKOro Io-
CYAApPCTBEHHOTO TIEAArOTHYecKOro
YHHBEDCHTCTA, BEIyLUMH HAyIHBIA
corpyauuk MHCcTHTYyTa MaTeMa-
tuku 1 mexasuku YpO PAH pox-
Top ¢us.-mat. Hayk B.T.Illesangun

ISBN 5-7996-0075-4 © K.H.I'ypoauosa, C.A.Poroxun, 2000

BBEJEHUE ‘ 3

BBeagenne

C nouarueM QYyBKIMOHATLHOU 3ABUCUMOCTHU YENOBEK CTAJKH-
BAaeTCA BO MHOTUX 061aCTAX CBOEH AeATenbHOCTH. MHOro4YnciaeH-
Hble IPUMEPBLl MOXHO HAaWTH B GuU3MKe, TEXHUKE, SKOHOMUKE. . . B
MaTeMaTHIeCKOM AHAIU3Ee IOHATHE PYHKIINHN ABAACTCA OCHOBHBIM
7 m3ydaeTcda ¢ Hanbonee obuIeN TOYKYU 3PEeHu .

IIycrs pamer gsa mMuOXecTBa X m Y. IoBopaT, 4¥To 3amaHo
omobpancenue (Pynrxyua)Ha X co 3sHadeHusaMu B Y, €CIn BCAKOMY
T € X Do HeKOTOPOMY IpaBuiay f IOCTABIEH B COOTBETCTBHE
eJUHCTBEHHBIN a1eMeHT y € Y. B aToM caydae ucnoas3ywoT ogny
U3 CIeRVIOMNX 3anucen:

fix-v, XLy y=fa@),zex

Ecim X CRuY C R, rae R — MHOXKeCTBO BeIIECTBEHHBIX
4uCeNl, TO TOBOPAT O UUCA080U gﬁymcuuu odnot eewecmeennol
nepemennot. o cux mop, Kak NMpaBuWi0, U3YYAIHCH MMEHHO 3TH
dyuxmuyn. OgHAKO MHOrME BEAMYMHLI, IPEICTABLAIOIIME HHTEPEC
U B ApYyI'UX pasfeiaX MaTEeMATHKN, U B NPUIOKEHAAX, 3ABUCAT OT
MHOT'MX ITapaMeTpOB ([epeMeHHbIX).

Kak u B crydae dyHKIMA OJHOM MePEeMEHHON, U3y YeHMe DyHK-
UMM HECKOJbKUX MIEPEMEHHBIX HAUMHAECTCA C ONMCAHUA MHOXECTB
BEJMYMH, TO eCTh ofmacTen ompegeneHus U ob6IaCTEN 3HAYCHUU
0TOOpaXKEHUN.
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1. Merpuyieckne NpoCTPaHCTBA.
IIpocTpaHcTBa R"

1.1. Paccroaame. CXOAMMOCTE B METPUIECKOM
NpPOCTPAHCTBE

Onpegenenne 1.1. Ilycts E ~ NpOM3BOIBHOE HEIYCTOE MHO-
KECTBO, & T,Y, 2, U, U, ... — €M0 DIEMEHTEL. JTO MHOXKECTBO HA3bI-
BAETCA MEMPUUECKUM NPOCMPAHCMEOM, €CIH YKA3aHO TMPABHUIO,
O KOTOPOMY KaX[OU IIape 3JEMEHTOB T,y CTaBUTCA B COOTBET-
CTBHE eIMHCTBEHHOE HeOTPHUIATENLHOE TUCIO p(T,Yy), IpHIeM

1. p(z,y) = 0 Toraa u TOILKO TOTJa, KOTAa T = ¥;

2. p(z,y) = ply, z);
3. p(x,z) < p(z,y) + p(y, z) (HepaBeHCTBO TPEYTOABLHMEKA).

DTO NpaBMIO HA3BIBAETCA Pymkyueld paccmosnui (mempurol)
B E, a p(z,y) Ha3BIBAETCA PACCTNOAHUEM MEXIAY T U Y.

MeTpuyeckoe MpOCTPAaHCTEO Oy aeM o6o3nagaTs (E, p) win E.

ITpumep 1.1.
1. Muoxectso R BemecTBeHHBIX "ucen ¢ p(z,y) = |z — y|.
2. Jlioboe MHOXECTBO MOXHO OPEBPATHTH B METPUIECKOE TPO-

CTPAaHCTBO, 3ajjaB
( ) . 0) ‘1'. = y7
p m,y - 1, z # y

Onpegenenne 1.2, llycte r € R u r > 0, r-oxkpecmuocmbpio
toukn a € (E,p) naswiBaerca muoxectso O,(a) = {z € E :

plz,a) <r}.
IIpumep 1.2. B npocrpanctse R (cm. npumep 1.1)

Or(a)={z€R: |z -a|]<r}
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- nuTepsan (a ~r,a + 7). Eciu paguyc okpectrocT He ykasan,
o mumyT Ofa).

Omnpeaerenue 1.3. Ilycrs zi,22,...,Zn,... — mocaeno-
BATEJIbHOCTL TOYEK (3IEMEHTOB) METDPHYECKOTO IPOCTPAHCTBA
(E,p). OTa moCIeJ0BATEIbHOCTL HA3BIBACTCHA CLOOAwelica B
(E,p),ecm 3a € E: lim p(zp,a) = 0.

n—oo

Onpeaenenne 1.4. Tosopar, yro lim z, = oo, ecin
300
Jxg € E: nlgngop(xn,xo) = 400,

a MHOXECTBO TO4eK T € I, niua kotoprix p(z, zg) > A, Ha3kIBAIOT
A-oxpecmuocmpio Geckonewno ydasernot mouky 1 0603HAIAIOT

Oa(0).

Onpegenenne 1.5. Ilycrs (E, p) - meTputeckoe nmpocTpas-
cTBo. Touka a € E HaswBaeTca npedeabnoti moukoti MHONCECTNBa
M CFE, eciu

VO(a)IzeMuz#a: z€0(a)

MHOXecTBO BCex OpegenbHBIX TO4YeK MHOXecTBa M 0603Ha-
qaroT M/

Touka a Ha3HIBaeTCH eénympenneld mourotd muorcecmsa M,
ecin 3 Ofa) : O(a) C M.

MuoxecTso M HaspiBaeTcsa omxpuvmum B (E| p), ecan xax gas
To4yka M BHYTpeHHAA.

YacTo mog OKpecTHOCTHIO TOYKH @ MOHUMAIOT J000€ OTKPEHI-
TOC MHOXECTBO, COJIEPKAILEe TOYKY a.

Touka a € F HaswBaeTCA 2panuunot mowkold mroxwecmea M,
ecau

VO(@ 3IzeM n 2yé€dM: 2€0(a) u ye 0a)

Muoxecrso M wmaswiBaeTca 3amxnymbin B (E p), ecam
M C M.
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Onpepenenue 1.6. Muoxectso M C (E,p) HasnBaeTcsa
ozpanuuennvim, ecmr 3 Or(a), awro M C O,(a).

1.2. IIpocTpancTBO R"

Onpeaenenune 1.7. IIycte A 1 B — npousBoabHBIE MHOXe-
cra. /Jexapmosuim npoudsedenuem muoxecrs A u B (o6osna-
varoT A X B) HaswmBaeTca MHOXKeCTBO nap (a,b), raea € A, b € B,
npudenm (a,b) = (b,a) < a = b (& o3nHawaeT: TOra U TOJBKO TO-
raa).

MoxHO onpeseauTh

AxBxC=(AxB)xC=A4Ax%x(BxC(C)

—~ MHOXECTBO YIOPAJOYEHHBIX HAaOOPOB U3 TpEX JJIEMEHTOB
(a,b,c) e AxBxC,ecomac€ A be B,ccC.
Ecmu Rx R x ... X R, To aro mHOxecTBo o6o3Ha4daeTcs R™,
[

n pa3
To ectb R" - ;Hoyxec"rno BCEX YIOPAAOYEHHHIX HaOOpOB u3
7 BENIeCTBEHHBIX uucea (Iy,Ta,...,Tn). Kaxabm Habop OygeM
HA3BEIBATL mMouKol (6exmoposm) m 0003HA4ATL OXHOM OyKBOM
r = (Z1,22,...,T4,...,Tn), IACIO T; HAIBIBAIOT I-U KOOPIUHATOM
TOYKH T.
IIpumep 1.3.

1. R! = R - MHOXECTBO BellleCTBEHHBIX YMCE;

2. R? - umcaoBas MIOCKOCTD, B KOTOPOU 3a/aHa CHCTEMA KO-
OpAVHAT;

3. R® - 4ucioBoe TpexXMepHOe NIPOCTPAHCTBO.

MeTpu4eckoe npocTpancTso R”.
Mycrs ¢ = (z1,22,--,%n), ¥ = (Y1,Y2,--.,Yn) — TOUkH 13 R™.
Paccroanve Mex 1y HUMU OIPEACTUM TPEMA PA3HBIMI IPABHIAMU:

1. polz,y) = m;jix,q:i — yil.
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2. pi(z,y) = é |lzi — yil.

n

3. pa(z,y) = El(xz — y;)? (eBkamgOBA MeTpPHKa).
1=

Dynxumu po(z,y), pr(x, y), p2 (2, y) asasorcs MeTpukKamu {cu.
onpegererne 1.1).

IIposepum nepasencTso Tpeyromsunka s py(z, y) (mposepka
OCTAIbHBIX YTBEPXKACHAN He NMPENCTAaBIAET OCOOBIX TPYAHOCTEI:
M Tpefraraerca umraremo). ‘Bradane goxaxeMm mepasemcTso
Komn-Byrakonckoro

n n

Sabi< (S lal | S (1.1)
1=1

i=1 i=1
n
Hycrs o(t) = 3 (a;t + b))%
=1

n n 7

o(t) > 0; o(t) = t? (Z a?) +2t Y aibj+ Y b? - kBagpaTHEIH
1=1 =1 =1

TPexX'ileH OTHOCUTeNbHO t. Torga ero gUCKpUMUHAHT

n 2 n n
(Ton) -Sa S <

=1

TO €CTb
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Il

VAN

_ (\Jéafnt\[;b?)%

Tenepr nokaxeMm, 4TO
p2(z,y) < pa(x,2) + pa(z,y)

) 81858

\]Z(Ii—yzZS\JZ "F\’Z(Zz'-yi)?
=1

=1 1=1

Omno noayyaeTca u3 mepasencTsa Munkosckoro (1.2), ecan B3ATH
a; = x; — z; by =z — yi

Hanbie nog R™ Mb1 6y1eM HOHUMATE METPUHYECKOE IPOCTPAH-
CTBO C Ka,KOﬁ-HHéyJIB U3 YKa3aHHBIX METPUK.

Jlemma 1.1. ITycme {zP = (2}, 2k, ..., 28)} - nocaedosamean-
nocmo 6 R” wa € R, a = (ay,as,...,a,). Tozda ecava = lim zP
p—ro0
6 R" ¢ odnum u3 paccmoanuts (pg, p1,p2), mo a = lim 2P v 6 R"
p—o0

¢ arwbom dpyeum u3 paccmoanud (py, p1,p2).

HoxkaszarenncrBo. CnpasenIuBel HEPABEHCTBA

n

1 n
- Y lzi =~y < 4> (mi—w)? < \/Emiaxbl’i = vil,
i—1

=1

TO €CThb

%m(m,y) < palz,y) < Vinpolz,y) < Vnpy(z,y)

METPUYECKHNE IIPOCTPAHCTBA. IIPOCTPAHCTBA R" 9

(monpobyuTe JOKA3aTh 3TO CaMOCTOATENLHO!). O

3ameuanue 1.1. JlemMma nossonseT B JaNbHEHIIEM HMCIONb-
3oBaTh mMobyIo u3 MeTpuK (P, p1, p2)- Bee Tpu mpocrpauncrsa 6y-

- geM o6osragaTe R,

IIpumep 1.4, Usobpasurs O, (a) 5 (R?, po), (R?, p1) u (R2, p3).

/P X2 N X2 . /[\ X2
AN A E—

/ _ VAP |
02—4\—\-5721‘) az—-é;—?—r/%_ azf--— -[——]l

-/ ! I_J
~4 Y L+

a X1 a X . 23 xl
Puc. 1.1, . Puc. 1.2 : Puc. 1.3,

Orser:

B (R%,p2) : (21 —a1)? + (z2 — a2)? < r?, TO €CTH OTKPHITHIX
KDPYT ¢ LEHTPOM B TOUKe a pajuyca r (puc. 1.1). -

B (R% p1): |z1 —a1] + |22 = az] < T ~ KBAAPAT C UEHTPOM B
TOYKE @, AUATOHATH KOTOPOr0 NapalIe bHEl KOOPAUHATHLIM OCAM
OX; u OX, n pasuut 2r (6e3 rpanunm) (puc. 1.2).

B (R?, po) : max{|z;—ai|, |z2—az2|} < r - xBagpar ¢ uerTpoM
B TOYKE @, CTOPOHK KOTOPOr0 NapaLiefbHEl KOOP AMHATHEIM OCAM
u pasHul 2r (6e3 rpanunmur) (puc. 1.3).

1.3 Tononoruueckue csoucTBa R"

‘Onpegenenue 1.8. IHocregosarensnocts {2P} HasmBaeTCA
Pyndamenmaavnoi B (E, p), ecru

.V€>03N(e)\7‘q\/p(q>N,p>N=>p(:z:p,:cq)<e).
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Teopema 1.1. Jas mozo wmobb. nocaedosameavnocms {zP}
croduaact 6 R", neobrodumo u docmamouno, wmobvl cToduAUCH
{zP} - nocaedosamesbnocmu 0GHOUMEHNLLT KOOPIURATM. OAk 410~

6ozo i. Ilpunem a = lim 2P & a = (aj,a9,...,a,), 2de
P00
a; = lim zf.
p—>00
Joxa3zaTenbcTBO.

Heobzodumocmy. IlycTs nocregoBaTensrocTs {xP} cxoanrces
B (R™, po):

Ja={(ay,a2,...,an)Ve>03INVYp(p>N = pola,zP) <e);
po(a,rp):mflxle—a,-[<£=>Vi |f — a;| <,
TO eCTh
Vive>03INVp(p>N=l2l —a] <e),

TO ecTh lim x’: = q,.
p—roo

Locmamounocms.
Vida;Ve>03N;Vp (p>N, = |2l —a; <e).
IIycrs N = m?x{Ni}. Torga
Vp (p>N:>’zf—aii<a\/i):miax ' — ;| <k,
TO €CTh
Ve>03 NVp(p>N = pola,zP) <e).

O

Omnpepenenne 1.9. llocnegosarensuocts {zP} naswiBaeTcs
oepanuyennot B R™, eciu cymectsyer takas O,(a), €ro {zP} C

O.(a).
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Teopema 1.2. B npocmpancmee R™ u3 oepanuuennot nocae-
dosameavnocmu {zP} moxncno evdesumsv crodawyroca nodnocae-
dosameavrocms {xPk}.

JokasareabcTBO nposeeM aiai R3.
Iocaexoratensrnocts {zP} orpanudeHa, TO ecThb, HaIpuMep,
{zP} € O.(b) C (R3, po), 0 ectb 3 b = (by, bo, b3) 1

Ir>0Vp: max{|z] — b}, |z} — b, |2} — B3]} < .

A 510 3HaunT, uTo nocaezoBaTeasHocTu {7}, {zh} u {z}} orpa-
HUJEHBL

W3 orpanmveHHON YMCIOBON mocae0BaTeabHOCTH {2} } Brige-
MM moAnocaesoBaTeabHOCTs {r7*}, KoTopas cxoauTea k a;. Us
{zP} Toxe BBIAEINM NOANOCAENOBATEALHOCTD C 3TUMU HOMEPAMH
{zP+}. TTepeobosnaumm {2P*} kax {z*}. Wa {z5} srigenum noamo-
CIeOBATENBHOCTD { Ty }, KOTOpaA cxoauTcA K az. Wa {zP} Brige-
amm {251} u nepeo6osmauum ee kax {x'}. Uz {z}) seigenum {mé"},
KOTOpas cxoguresa K az. Hognocrenosarersrocts {1} cxoqures
K a = (ay,az,a3), Tak Kax

. l . ! . 1
lim z =a;, lim z) =ay, lim zy =a3
lg—o0 lg—o0 lg—00
(cMm. Teopemy 1.1). O

Onpepenenne 1.10. Merpuieckoe npoctpasncrso (E, p) na-
3BIBAETCA NOAHBIM, ECITH B HEM J0bad HYHIAMEHTAIbHASL TOCIeH0-
BATEILHOCTD CXOLUTCA.

3ameTuM, 9TO arwbas crodawascs 6 (F,p) nocaedosamens-
HOCTNb ABaAfEeMCA Pyndamenmarvnot. [1eNCTBUTENBHO, €CIN II0-
cregosaTensHocTs {2P} cxoguTCa, TO

Ja€eEVe>03IN(E)Vp (p>N:>p(:L'p,a)<§>.
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€
Torga aaa aobeix ¢ > N @ p(zfa) < 5 TO €cTh vV p,q

£
p>Ng> N = pla?,a7) < pla”,0) + pla%a) < S+ S =c

Teopema 1.3. Mempuuecxoe npocmpancmeo R" — noawnoe.

HMokasarenbcrBo. Ilycrs {2P} — dynaamenTarbmas mocre-
poBaTeabHOCTE B R™, Toecte Ve > 03 N(e)Vp Vg

p>N, g>N = py(aP,z?) = miax{[:cf—mgl < e}

Tornaa .
ViVe>03Ni(e) =N(e)VpVg(p>N,g>N =zl -zf| <e),

TO ecTh V 1 IIOCIeJOBATENBHOCTS {Z} } dyHAaMeHTATLHA, & TOTIa
n3 KpuTepusd Komw 14 9MCIOBOM MOCIENOBATENLHOCTH CIEIYET
CXOAMMOCTB mociaefoBarenssocrent {8} Vi=1,2,...,n, To ecTs
Ja; € R, uaro pl»i)rgo z; = a;, » Torga mo Teopeme 1.1 o moko-

OPAMHATHOM CXOJMMOCTH ClIELYeT, YTO HOCIeOBATeNbHOCTS {ZP}
CXOQUTCA. O
IIpamep 1.5. Illycts E = R\ {0}, p = |z — y|. Torga nocne-

JOBATEILHOCTD {— ¢$yHEIAMEHTANBHA, HO HE CXOANTCH, TaK KAK
mn

He CylecTByeT Takoro a € F| urobei a = lim —.

3ameuanue 1.2. Ha R uMmeeT MecTO IPUHIMII BJIOKEHHBIX
orpe3koB Kantopa. [laa R® umeeT MeCTO ero aHajgor, €cIu OT-
Pe3KW, HaIpuMep, 3aMEeHHWTH 3AMKHYTHLIMHA TPAMOYTOJLHUKAMH
IT = [a1,b1] x [az,b2] X ... X [an,b,]. O creayer us npuanuna
BIOXEHHBIX WAPOB (411 METPUYECKUX IPOCTPAHCTB): NJA TOTO
4TO6E METPHUYECKOe IPOCTPAHCTBO F GbUIO MOMHBIM, HEOOXO JTEMO
¥ AOCTATOYHO, YTOOHI B HEM BCAKAA MOCIEJOBATEIBHOCTL BJIO-
XKEHHBIX APYT B APYra 3aMKHYTBIX WAPOB (3AMKHYTEIX OKPECT-
HOCTeN), Pafuychl KOTOPLIX CTPEMATCA K HYJIIO, UMEIA HENyCTOe
mepecedenue.
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2. Ilpegen ¢byHkIuM MHOrHX (HECKOJILKHX)
repeMeHHbIX

ITpegen dyHKDUM — 3TO OCHOBA MHOIUX IIOCTPOCHWH MATEMa-
THYECKOT0 aHAIN3A. '

B pamkax sToro maparpada Gyzem cumrarth, uto X C R%,
YCR"u f: X - Y; To4ka, B KOTOPOU OIpPEAEIAeTCA mpeael
dyuknun, asigerca npenersHoR A1a X. B npenwigymux pasge-
IaxX ZOCTATOYHO noapobHO paccmorper ciayyag X CRr Y C R.
MouaTue npegena GyHKINA MHOTHAX IEPEMEHHBIX B ONPENCICHHOM
CMBICIE ABAAeTCA 0600MEeHIEM OHATHA Npefesa QpYHKIUN O 1HON
[EepPEeMEHHOU, U MO3TOMY CAeAyeT OXMUIATH 3JeCh KaK ONpefeaeH-
HEIE AHAJOTW, TAK M HOBBIE ACHEKTHL.

Onpepeneane 2.1. Pyukyuetd MHO2UT NEPEMENHBIT HAZRIBA-
erca ¢pyHxnua ¢ obracreio onpeperenuds X C R™ u ofxacToo 3Ha-
geruu ¥ C R™.

Kax npaemno, y mac 6yger m = 1, To ects MH 6y-
€M HM3y4YaThb YUCIOBYIO (BEIIECTBEHHYIO) (QYHKIMIO OT 7 Be-
IECTBEHHLIX NepemenHux. (Ob6o3navenue: y = f(z), z €
X C R* rpe z = (x1,22,...,%p,), & € R, mm y =
f(.’L‘],l‘g,...,;L’n), ($1,$2,...,$n)6X.

Ilpn wnccacgoBanuu PYHKIMM OJHOM [EPEeMEHHOM 4acTo MC-
noae3yioT ee rpadux. Ilo amamorum ¢ rpadukoM I18 DYHK-
mur y = f{z), * € X C R uy € R, KOTOPEII MOXHO
Bcerja us3o6pa3uTh HA IUIOCKOCTH, BBOAUTCA I'paduk PyHK-
oM n TepeMeHHeIx y = f(z1,Z2,...,%n) — MHOXECTBO TOYEK
{{zy,22,..., 2, f(z1,22,...,2n))}. YHO6HO B ciyyae n = 2 He3a~
BUCHMBIe IIepeMeHHble 0603HAYaTh T, Y, a byHknuo - z = f(z,y);
B CIy4ae m = 3 HE3aBUCUMBIE NIEPEMEHHBIE — T,Y, 2z, PYHKINIO —
u= f(z,y,2).

Ipumep 2.1. z = 2?2 +y? - nmapa6oaous BpAlIEHUS C OCHIO
Oz, ¢ BepmmHON B Hayate koopaumHaT (cM. puc. 7.1 Ha c. 70).
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Onpegenenue 2.2. (IIpegen mo Komm). Ilycrs y =
f(z), z € X, ye€ Y, rge X CR", Y CR™ Ilycre a ~ mpe-

3
nenpHas Touka X (a € X'). Touka A € R™ Ha3biBaeTCs NpeeIoM

dyuxuun f(z) B TOUKE a, eCan
VYO(A)30()Vz#a, z€XN0(a): f(z)e€ O(A).

O6osmaxenue: A = lim f(x).
T—a

Y no6uo mroxecTBo O(a)\{a} HasbBaTH Npokosomot oxpecm-
nocmuio mouxy a u obosHadaTs O(a).
Ecay ykasaHBI pauychl OKDECTHOCTEH, TO ompefeleHue 2.2

3ANMIEeTCA: Azii_rgf(:v),ecnn
Ve>038>0V € Os(a): f(z) € O(A)
win
V£>036>0VxEX(O<p(z.,a)<5:>p(f(a:‘),A)<6).
Ecan m =1, To 6yfem mUCATH
Ve>036>0VzeX (0<p(z,a)<éd=|f(z) - Al <e)
mmVe>03>0VeeX, z#a

lz1 —a1| <4,
’232 —CLQ} < 5,
. = [f{z) — Al <e

|Zp — an| <9

Onpegenenue 2.3. (Ilpegen no Tenune). Ilycrs f(z), T €
X CR™ a€ X'y f(z) € R™. Touka A € R™Ha3biBaeTCs Ipeje-
oM f(x) B TO4KE a, eciIn

vV {MP} (MP € X, MP #a) (pli%rgolwp =a :>pl_ig>10f(Mp) =A).
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Teopema 2.1. (O6 3KkBMBAIEHTHOCTHM ONIPEJENEHMI TP e-
aena). Ilyemv y = f(z), © € X wa € X'. yems f(z) € R™ u
AeR™

A= al:%f(m) (no Iedne) <= A= ;lglllf(l‘) (no Kowu).

[loka3aTersCTBO JeMKO MPOBOAUTCA IO TOH K€ CXeMe, 4TO K
JIOKa3aTeIbCTBO 3TOM TEOPEMBI A CIydas pYHKIMM OJHOH Ie-
PEMEHHOH. .

3ameuanne 2.1. Ilycrs dyrkuus f(z) € R. TosopsaT, gro
lim f(z) = oo, ecan
lim f(z) ,

VE>036F)>0VzeX (0<p(z,a)<dé=|f(z)>E)

3ameuanne 2.2. Ecan muoxecrso X C R™ u X =He orpa-
HUYEHO, TO CyIeCTBYeT MOCAeA0BATEIbHOCTL {zP} m3 X, uro

lim 27 = oo wmm, ecm =P = (zf,25,...,22), mo I i, uro
p—oo

lim z¥ = oo. Bygem cuurars, wro lim f(z) = A, ecim

p—co T—o00

Ve>03A(e)>0VeeX (z€0a(o) = |f(z)—- Al <e)
(o Komm) man

vV {zP} (2P € X) (pg%mp =00 = lim f(zP) = A)

p—+00

(mo Teume).

T
Ilpumep 2.2. [okaszaTn, ¥yTo lim 7L2 = 0. 3gecs
r—0 T°+y
y—0

2
'y 2
f(z,y) = o (z,y) € R°\{(0,0)}; (0,0) - npenenvras To4Ka
061acTH onpeaeneHns GyHKIUA f.
Bo MHOrmx 3ajagax moie3HO MOAL30BATHCA HEPABEHCTBOM

a? + b?

bl <
|a’ l— 2 3
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rae a,b € R: (|a] —[b])> > 0, (la] = |b])? = a® = 2|ab] + 6% > 0, T0
ecTs 2|ab| < a? + b2

|2%y] |2y 2 +y® |zl
T = =\r <lz = —,
f(z,y)! 22 + 42 | lx2+y2*’ l2(x2+y2) 9
a lim m =0
z—0 2
Ipumep 2.3. [okasate, uyro lim f(z,y) He cymecTsyer,
z—0
y—0
ecan
_ . 2,2
f(x)y)_xz_{_yzv &z +y #O
Boasmem nocaegobaTeasaocTs Touek { My (1, 1)} ona crpemnres

k (0,0), o M, # (0,0).

11 5 1
M,) = (_ S ==
ot =1 () T
L 102
ycrs Mn(ﬁ’ﬁ) ~ TOCHEIOBATENLHOCTH, CTPEMALIAACT K
(0,0), mo M), # (0,0).

12 % 2
f(MrIl):f(—a*> :_i_ﬂ__4_: 5’
w2 ta
To ects f(M,) m f(M]) cTpemaTcs K Pa3HbIM HpejenaM, 3Ha-
€7, f(z,y) He nmeer mpegena B Touxe (0,0) (cormacHo onpege-

neruio 2.3).

Kak yx¥e oTMeHAI0CH, €CIN HE OrOBOPEHO MPOTHUBHOE, OyaeM
npeanonarats, yto f ¢ X C R® —» Y C R, To ects f - Beme-
CTBeHHAA (PYHKIUS 70 Bellle CTBEHHBIX TepeMeHHbrx. Hapany ¢ yxe
BBEJEHHBLIM TOHATUEM Opefena (14s n = 2 OH Ha3LIBAETCA J801-
HbLM; & BIA 1 = 3 — MPOUHbIM) LA PYHKIUN MHOTUX NEPEMEHHBIX
OIIPEAENAIOTCA TIOBTOPHLIE NPEAENbI.

og cog
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Pacemorpum cayuan n = 2.

Ounpegenenue 2.4. Ilycrs ¢pyukuusa f(z,y) onpexenena Ha
JnekapToBoM npoussegennn MHOXecTB X mY @ X xY (X C
R; Y CR). Iycrts zg € X', yp € Y'. Hycts V 2 € X, x # g,
CYIIECTBYET ylig}o f(z,y) = g(z). BEcan cymectyer

lim g(z) = lim lim f(z,y),

r—Tg T—Tg Y—Yo

TO 9TOT TNpe[e] HA3BIBAETCA TOBMOPHLIM npedeaom Gynryuy
f(z,y) 8 mouxe (xp,yp).

Apanormyso onpegenseTrci APYTOM NOBTOPHBIM  Ipeaet
lim lim f(z,y).

Y—Yo THT0

3ameuanmne 2.3. IloBropusle mpegenst dyuxuum f(z,y),
B3ATBLIE B PA3HBIX MOPAJKAX, B o0umeM caydae He pasabl. Hampn-
Mep,

132—3/2 2 2
f(z,y) o © v #o
2 .2
lim lim ——¥_ = _1,

y—0z—0 22 + y2 B
T
lim lim —y =
r=0y—=02° + Yy

3ameuanne 2.4. W3 cymecTBOBaHMA JBOMHOTO IpeJEIa MO-
JKeT He CIef0BaTh CyLU|eCTBOBAHUE IIOBTOPHOrO npexera. Hampn-
Mep,

1
xsin—, y#0,
flz,y) = y
0, y=0.
Tax xax |f(z,y)| < |z, To
1
lim f(z,y) =0, w0 lim xsin-—
z—0 y—0 ¥
y—0 (z #0)
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HE CyIIeCTBYeT, a 3HAYUT, U He CYHIeCTBYET lir% li_r>r(1) f(z,y).
z—=0y

3ameuanue 2.5. U3 cymecTBOoBaHMA W pPaBEHCTBA MOBTOD-
HBIX IpeJetoB B OOIIEM CIy4dae He CIedyeT CyleCTBOBAHUE IBOU-
roro. Hampuwmep,

Ty 2 2
LY) = ) + 0,
f(.’L’ y) 22 _+_y2 z Yy F

lim lim — 5 = lim lim ——% =0,
y—0z-0 2° +y r=0y—0 2° + ¥y

—— He CymecTsyeT (cM. mpumep 2.3).
+y

OaHako MexJy ABOMHLIM M HOBTODHBEIMU NpENEIAMHA CYyLIe-
CTBYeT ONpeJeleHHas CBA3b, KOTOPAA BEIPAKAETCA CIEAYIOWIEN Te-
OpEeMOH.

Teopema 2.2. IIycmb gynxuua f(x,y) onpedeaena wa X xY u
o € X', yo €Y' (moeda (z9,y0) € (X xY)'). Ecau cywecmsyem

lim  f(z,y) = A u daa awbo20 z € X, & # xg, cywecmsyem
T — X0

¥y = Yo
li = g{x), moada cywecmsyem lm lim f(x,y) u on
Jim f(z,y) = g(z), mozda cyuecmeyem lim lim f(z,y)
pasen A.
HokazareancTrBo. A = lim f(x,y):
I —r X
¥y — Yo

Ve>0346(e) >0V (z,y) € X xY, (z,y) # (x0,v0)

lz — x| < 6, €
' = \flz,y) - 4|l < =].
(,y_y0|<5 [f(zy) = Al <5
Badukcupyem z € X, ¢ # xo ¥ |z — rg| < 4, u mepengeM K
upeneay B mepaseHcTse |f(z,y) — A] < -;— opu y — yo. Toraa
HOXYIAM:
Ve>0346(e)>0VezeX, x+#uayg,
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e
(12— 20l <8 = lg(e) = 4] < 5 <),
To ecTs lim lim f(z,y) = A. O

%o Y—Yo
Cregyer orMeTHTh, 4TO ¥ A1 GYHKIUHA MHOTHX NE€PEMEHHBIX
HMeIT MeCcTO (GaKTH, AHAIOTMYHLIE TE€M, 4YTO OBUIN JOKA3aHEI
4af GYHKIUK OQHOU IEpeMeHHOU: 06 OrpaHu9eHHOCTH GyHKITHH,
UMeoUlel KOHEYHBI HIpefel; O mpejeie CyMMEBI, IPOU3BEACHUS 1
YaCTHOIO; O Nepexofie K Mpejeny B HePABEHCTBAX.

3. HenpepsbiBHOCTHL QPYHKIIMHN MHOTI'MX
nepeMeHHBIX

3.1. HempepsiBHOCTb B TOuke. JloOKanbHBIE CBOMCTBA

Onpegenenne 3.1. llycte y = f(z), z € X C R, f(z) € R™,
zg € X. Oynkuua f(x) Ha3BIBAETCA HeNpepuiénol 6 mouxe T,
ecau

¥ O(f(20)) 3 O(z0) V2 € X NO(xo) : £(z) € O(f (o)
Ve>036e)>0VzxeX (ple,zg) < = p(f(z), f(zg)) < é)
win, ectu m = 1, To
Ve>0368e)>0VaeX (plz,zo) <d = |f(z)— flzo)] < g)
mmVe>036e)>0vVzeX

ley — 29 < 4,
[y ~ 29| <4,
- = [f(z) - flzo)| <€ [,

|zn — 23] < 8
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rae = (z1,72,...,%n), o = (2%, 29,...,20). BEcam 29 € X', To
dyuknua f(z) HempepbiBHa B TOYKe Ty TOTAa M TOILKO TOTJA,
korga lim f(z) = f(xzo).

r—xo

Onpegenenue 3.2. llycry y = f(z), v € X, 29 € X. Oynk-
A f(x) HA3KIBACTCA HENPEPLIBHOT 6 TMOUKE Tg, €CIN

V{z’} (zP € X) lim 2P =24 = pli)rgof(xp) = f(zy).

p—00

Onpegenenus 3.1 u 3.2 9KBUBAJIEHTHBI. JTO CIEAYET U3 IKBU-
BaJIEHTHOCTH onpenencHud upegena no Komu u o leine.

Kak u g1a &byHKnum ofHOM MEpPEMEHHON HMEIOT MECTO Teo-
PEMBI O HEIPEPBIBHOCTH CYMMBI, IIPOM3BENCHUA M YACTHOTO ABYX
HenpepsIBHBIX GyHKIuN. DOPMYJIUPOBKNA U JOKA3ATEILCTBA ITHUX
TeopeM Te Xe, YTO U A1 PYHKIUN OHOU MePEeMEHHOH.

Teopema 3.1. ycmv y = f(z), z € X, 2o € X CR"; f(z) €
R™. Hyemv Y = {f(z) : z € X}, yo = f(xo), g(y) onpedesena
na Y, g(y) € R. Ecau dynxyus f(z) nenpepvisna 6 mouxe xg,
a pynxyus g(y) nenpepuiena 6 mouxe yo, mo Pynxyus F(r) =
9(f(z)) nenpepvisna 6 mouxe xg.

JokaszaTeabcTBo. 3aMeTuM, UTO

f(z) = (filz), falz),. ., fm(z)).

HenpeprisrocTs dbynkumn f(z) B ToUKe z¢ 03HAIaeT HENPEPLIB-
HOCTb BCeX pyHKuuu f;(z) B TOUKe Zg, TO ecTh ecmu zP € X u
P —> xg, TO

p—>0

f@P) = ([P), f2(aP), .., frn(a?)) —

p—oo
(f1(z0), f2(@0), - -, fm(z0)) = f(20) = yo.
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Mycrs y? = f(2P), 7o ects y? — yo. Toraa 9(y) = 9(yo), T0
€CThb
F(zF) = g(f(2")) =2 9(f (o)) = F(zo). 1

p—00

Teopema 3.2. Ilyemv y = f(z), z € X, 29 € X, f(z) € R.
Ecau gynxuua f{x) nenpepviena 6 mouxe xg, a f(zg) > 0 (< 0),
mo 3 O(xq), wmo ¥V z € O(zg) N X : f(z) >0 (<0).

Jloka3saTesbCTBO.

1. Ecmu g € X', To lim f(:v) = f(zp), TO ecTB
T—TQ

Ve>03d8e)VaeOs(x)NX: |f(z)— flzo)] <e.

Honoxum £ = f(zo) (f(zo) > 0) n mo memy namaem Oj(zg), uro
B Os(zo) N X @ [f(z) — flzo)] < f(;o)’ TO eCThb
3
flzo) — %92 < flz) < if(:co), To ects  f(x) > f(;O) > 0.
2. Ecam zg - He mpejempHas TOYKa MHOXecTBa X, Torja
3 O(zg), uro O(zg) N X = g, a f(zg) > 0. O

3.2. HenpepniBHOCTH HA MHOXecTBe. CBoHCTBa
HeIIPpEPHIBHBIX (PYHKIMM HA MHOXECTBe

Onpegenenne 3.3. Muoxectso M us R™ HaseiBaeTCA C643-
HbLM, eCIu JI0Obie IBE TOYKH MHOXECTBA MOXKHO COEIMHUTH He-
IpepBIBHOM KPUBOH, JeXalel B 9TOM MHOXKECTBE. ‘

HamoMuuM, 9YTO nenpepviénol Kpu6 ol HA3bIBAETCA HEOPEPHIB-

HBIM 00pa3 OTpe3Ka

r1 = z1(t),

Tn = Tn(t),
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rae x;(t) HenpepuBHH Ha [, §] npy mobbix ¢ = 1,2,... 7.

Onpepeneune 3.4. Dyuxuwma f(x) Ha3bBaeTCA Nenpepois-
noti na muoxcecrmee X C R, ecrn oHA HenpephBHA B KaxXI0d
Touke X.

Teopema 3.3. [Iycmv G - cea3noe muoxcecmeo 6 R™. ITycmp
dynxyus y = f(z) nenpepuisna na G u cywecmeyroma € G u b €
G maxue, wmo f(a) # f(b). Tozda dua awbozo C, 3axatouennozo
mexcdy f(a) u f(b), cywecmsyem mouxa ¢ € G, wmo f(c) =C.

HJokasareabcTBo. Tak xak G — CBA3HOE, TO CYIIECTBYeT
HempephiBHAA KPUBAA

r1 = p1(t),
Ty = pat),

A _ ) a <t <,
Ln = ‘pn(t)v

aT0 @ = (901(01)’ Lpz(a), e vson(a))’ b= (1(8), 992(ﬂ), o en(B))
nXeG.

ycte F(t) = f(e1(t),2(t),...,pn(t)). Ilo Teopeme 3.1
dyukuua F(t) menpepuBHa Ha [, 8] u F(a) = f(a), F(B) = f(b),
To ecth F(a) # F(3) n C mexay F(a) n F(3). Torga no teo-
peMe O IIPOMEXYTOYHOM 3HAYEHHM HEeIPePHIBHOK Ha [, (] dyHK-
unu F(t) Hamgerca touka v € (a,f3), aro F(vy) = C, a Torga
c=(e1(7),2(7), -, ¢n(7)) - uckoMan TOUKA. 0O

Teopema 3.4. (IlepBan TeopeMa Beunepurrpacca).
IIyemp F C R® u F ozpanuueno u 3amxuymo. Toeda awbas ne-
npepuienas na muoxcecmee F Pynxyua f(x) oepanuvena na F.

JdokasareascTBo. MeTog OT NIPOTUBHOIO: NPEANOIOKUM,
41O dyHknua f(z) He orpanudena Ha F, To ecThb

VE>03zg € F |f(z)] > E,
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E=1 23z e Ff(zY) >1,
E=2 3z2cF|f(z?)]>2,

E=p 327 cF|f(s) >p,

IocaegoBaTensrocts {zP} orpanmvena (crefyeT u3 orpaHu-
genHocT F'), u3 Hee Boifeaum cxogawmywocs {zP+}, mycTs a =

klim zP*. Tak kak F 3aMmkHyTO, T0 0 € F. W3 HenpepriBHOCTH
¢ — 00

CIEAYET, 9TO klim f(2P*) = f(a), a mo mocrpoennio {zP} cre-
— 0
AYeT, 49TO klim |f(zPr)| = +o00. Ioayumau nporusopedne, 3Ha-
¢ — 00

YUT, NPEANONOKCHIE HEBEPHO U uknua f(xr) orpanmdeHa Ha
¥
MHOXecTBe F. O

Teopema 3.5. (Bropasn TeopeMa Bemepwrrpacca).
IIycmy gynryua f(z) nenpepviena na mmoxcecmee F — ozpanu-
wennom u samxuymom, f(xz) € R. Tozda cywecmeywom maxue
z1, T2 € F, umo f(z1) = s%pf(:c); flz2) = irﬁxﬂff(a:), mo ecmb

f(z) docmuzaem ceour mounnz epanuy wa F (npunumaem na F
HAUGOALWEE U HAUMEHDULEE FHAUEHUA).

[loka3areabCTBO MOJAHOCTLI) COBIAJAET C JOKA3ATEILCTBOM
3TON TeOpeMbl 114 GYHKUUM OTHOM NePEMEHHOH.

Onpegenenne 3.5. Ilycts y = f(z), 2 € X C R, f(z) € R.
@yukuua f(r) HAZLIBAETCA PABHOMEPHO Henpepbienot na X, ecIn

Ve>03de)>0vVa' z"eX

(p(a,2") <6 = |f() = f(a")] < &)

! "

win (ecmn ' = (z,zh,...,2}); o = (zf, 24, ..., 2]))

Ve>036()>0va,z"eX
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|2y — 27| <6,
’$’2 - CCIQ’i < 5’ I / " "
. :>'.f(mlw")xn)_f(xlv""xn)!<6

|x;1 - IE:;|,< 6

3aMeTHM, YTO M3 PAaBHOMEDHOM HENPEPLIBHOCTH Ha MHOXKe-
crBe X crexyer HenpepemHocTs Ha X. Ho e Beakas Henpepris-
Hai Ha X DYHKIUA IBIAETCA PABHOMEDPHO HENpPEphIBHOM Ha X .

Teopema 3.6. (Teopema Kauropa). Hycmos gynxyua f(x)
nenpepviena na muoxcecmse X C R", oepanuuennom, samxny-
mom. Tozda f(x) pasnomepno nenpepvisna na X.

Joxazareabcrso. Merojgom oT npoTuBHOTO.
IIpeamonoxum, 9to f(z) HenpepsisHa Ha X, HO He PABHOMEDPHO
HempepsiBHA HA X, TO eCTh

Jeg>0Va>03zx5,25€ X

(p(af, 25) <8 A |f(x) — flz5)] > <o),

Bosemem 0 < 9, — 0, Torza
p—oo

¥ 8y 3 2paly € X (plaha) < 8y A |f(z)) — fla)] 2 <o),

[ocaegosaremsuocTs {z),} orpanutena (IpMHALIEKHT Orpa-

HUYEHHOMY MHO}KE‘CTBy), TOTrZa M3 HEEe MOXHO BBIIEIUTH CXO-

AALLYIOCA ToAnocaegosaTensocTs {zh }, nycrs 9 = lim 2!
pr b k—00 Pk?

mpuyem 20 € X (X samxmyTo). BosbMeM mocaeqoBaTerh-

Hocts {zp } (¢ memm xe nomepamu, wro um 1z, !). Tax xax
! i

p(Ty, T, ) < Op, 1 Op, — 0, T0 p(zp,, 25, ) — 0 np k — 00, HO

p(zp,,2°) < plap, 2y, ) + p(z;,, 2°), TO ects Ty, . 29, Oguako
—00

[f(zp,) — f(zp, )] > €0 m, nepeitia x npeseny B 5TOM HEpaBEHCTBe

npu k — 0o (13 HenpepuisHOCTH f(T) B Touke ¥ : lim f(z! ) =
k=00 Pk
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f(z®) wm lim f(zp) = f(2%), noayumm |f(z°) — f(z°)] > eo,
k—o0 ’

To ecTh £9 < 0 BOTpexu npeanoaokenuo (g9 > 0). 3uavmT, npea-

noJaoxeHue HeBepHo u f(z) paBHOMEPHO HenmpepbsiBHA Ha X . O

4. MuddepeHnupyeMocTs (pyHKIUH
MHOI'AX IEpPEeMEHHBIX

4.1. JluHenMHOE HOPMHMPOBAHHOE MPOCTPAHCTBO

Iycts E - aunetinoe npocmpancmeo nad nosem 6€Uecmeen-
HUIT wuceda, TO ecTh F — MHOXeCTBO, Ha KOTODOM ONpeeJeHbI
onepanud CJIOXEHHsA ¥ ONepald YMHOXEHHMA KaxAOr0 dIeMEeHTa
3 E Ha BemecTBeHHBIE YHCAA, pudeM ecin ¢; € FEuzy € B, a
o u [3 — BemeCTBeHHLIE YUcaa, TO ax] + frs € E.

Ecaun wa F onpegeneno oTobpaxeHHne, KOTOPOe KaXxAoMy &
u3 F craBuT B COOTBETCTBUE HEOTPUHOATEILHOE HUHCIO, KOTOPOE
obo3HavaeM |||/, mpuyeM BHINMOJHAIOTCA YCIOBHA

1. |lz|j = 0 Toraa m Toabko TOrga, xorga r = 0;
2. |!Az|| = |A] - ||=]|, rae A - BemecTBEHHOE YUCIO;
3. o+ yll < fixll + Nyl

TOrAa MHOXECTBO E Ha3bIBAETCA AUNEUHbIM HOPMUPOEAHNDIM PO~
cmparcmeom, a ||x) — nopmoti saemenwma x. 3aMeTHM, ITO C
MOMOIIBI0 HOPMbI MOXXHO BBECTH DACCTOSHUE MEXJIy ABYMS die-
MeHTaMu 1o hopMyIe

plz,y) = |lz -yl
(mposepbTe, 4TO ||z —yl| yAOBIETBOpAET CBOMCTBAM PACCTOAHUA!).

Ipumep 4.1. Ilycts E = R", rge cymma oupefereHa Mo
npasmay: ecant £ = (T1,T2,---,%n), ¥ = (Yy1,Y2,--->Yn), TO

z+y=(21+y,e2+ Y2, Tn + Yn),
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a ecan & € R, o Onpepenenne 4.2. Iycrs ¢ynkuusa f(x) ompegerena s
O(2%). Ecm maiigyrca Takue uucaa Ay, Ag, ..., An, 9T0
az = (azy,azs,. .., Q).
f@l + Az, . &) + Azy) — f(ah,. . 20) = (41)

O6er4E0 Ha R HODMY ONIpeNeNAIOT IO OJHOMY U3 CJENyIONUX A1Az; + AsAzy + ..+ ApAz, +

mpaBuI
P n + a1(Axy, ..., Ary)Azy + ax(Axy, ..., Azp)Aze + ... +
lzllo = max|ail, izl =) lail, + ap(Azy,..., Azy)Azy,
i=1
rje ,
m  o;{Azy,...,Az,) =0
H:L'|]2:\/:L'%+x%++x%, A(c11—7\0 l( 1, ) n) )
9TO COOTBETCTBYET TeM TPeM PYHKIHMAM PacCTOAHuA (pg, p1, p2), :
KOTOpEIe OBLLIM ONpeReTeHbl PAHbILE. Azn =0
°1,. .., Tp) Ha3wIBaeTCA Jufdepenyupyemod
O603HamM TO @yméuml flz1,. .. zn) Pbepenyupy
mouxe x°.
::): = (x;, xg’ @i Tn), Teopema 4.1. Ecau gyunyus f(z) Jdufpdepenyupyesa 6
0 0
T o= (2], %y T, Ty), _ mouke 20, mo cywecmeyom 6ce wacmuble NPOU3BOOHbLE, NPUUEM
Az = (A:EI,A.Z‘Q,.,.,A.Z‘l‘,“.,A;ZIn). A 8f( 0)
;= —(z").
' 62171'
Onpepenenne 4.1. Ilycts ¢yukuus f(z) onpegerena B NoxasareancTso. B dopmyae (4.1) notoxum
O(z%). Ecan cymecrnyer
A.Tl :AIQZ...:AIl;l :A$-,'+1 = ... :A.’Enzo,
0 0 0 0 0 0 0 0
llm f(x17’xi—l’x1+Axl’xl+l"’:Bn)—f(ll“ixzﬁ7$n)7 A:El?éO,
Ax; -0 ACL‘i
TOrJa TIOTY9uM
TO OH Ha3bIBAETCA “aACMHOU npou3sodnoll nwxyuu f(ry,...,: 0 0 0 0y _
p ¢y Y f( 1 ;'l’n) f(m?7---y$?+A:Eiv-"7$n)_f(xli"'i‘ri7"'7xn)_'

0

no nepememwil T; 6 Mouxe r- U obo3HaMaeTcsa

= A;Ar; + ai(Axi,O, ..,0,Ax;,0,... ,O)

fi(z%) wm (;)f (z). rae a;(0,...,0,Az;,0,...,0) = 0, npu Az; — 0. Orcrona
1 Ti 0 0
llln f("r(l)7 vt )a:’LO + A:’El7 st )3391) - f(Ig.)) e 7x1, LA ’:En,) —
To ects f}, (z°) - a0 npoussoanas byHKumM Az —0 Az,
f(l'(l),---,x?_l,xi,$?+1,...,172) o r; npu xl:xlo = lim (Ai+ai(0>“';O7AIi)O7'")O)):Aiu
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0
TO €CTh CYIIECTBYET 8—f—($0) u OHa paBHA A;. O
z;
Yreepxaenue 4.1. Onpedenenue dudpdepenyupyemocmu

Pynxyun mosxcno dame caedyrowum obpasom. Dynxyus f(x) na-
svisaemca Juddepenyupyemot 6 mouxe x°, ecau natidymea ma-
xue wucaa A, ..., A,, umo

F@l + Azy,. . 20+ Azy) — f(2),. ., 2l) =
+ AiAzy+ ...+ A Az, +
+ A(Azy,Azy,..., Azy) - y/Aa? 4 ...+ Az,

2de

Al;rgov(Axl, o Azy) =0.

[Ipunem 3mo onpedesenue sxsusasenmno onpedesenuro 4.2.

Hokazareascrpo. [Iycrs umeer mecTo onpegeserne 4.2, To-
rjaa '

arAxy + asAzs + ..+ oplAz, = \/A$%+...+AI% X

( Az Az, )
X o3 + .o+ =

Az + .. Aa2 \/Az%+...+A$%

= ~(Az)- \/Aa:f + ...+ ArZ.

AfL‘i

|/ Az?+ .. + Az
y(Az) = 0 mpu Az — 0.
O6parHo, mycTs

Tak xak

<lwoa;, > 0opu Az — 0V i, To

f($?+A$1,,$2+Aln)—f($(1),,172):
= A1Az 4o+ AnDag +o(Bz) /A2 4+ Aa,
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rae Y(Az) — 0 npu Az — 0, TOrga MOXHO 3aIACATH

'y(Aa:)-\/A:v%+...+A:c,2z=
Az)A
= (Az)Aay Azry+... +
\/Az§+...+Ax,%

= o (Az)Az; + ...+ ap(Az)Az,,

rae o;i(Az) — 0 mpu Az —- 0. - 0
3ameTnM, 9TO (B OTIMUYME OT ClIydas QYHKLUMM OJHOHM Hepe-
MEHHOM) M3 CyMEeCTBOBAHUA YACTHBIX NPOM3BOJHBIX HE CIELYET

InddHepeHIAPyeMOCTE QYHKIUY.
Ipumep 4.2. Uccregosatt Ha guddepeHnnpyeMocTs QyHK-
muo f(z,y) = /]zy| B Touke 20 = (0,0).
f(z,0) =0n f(0,y) =0, roraa f;(0,0) = 0u f,(0,0) =0.
f(0+ Az, 0+ Ay) — f(0,0) =

= 0-Az+0-Ay+~(Az, Ay)y/Az? + Ay,

f(AJ?, Ay) - f(ov 0) V leAyl

Y A7A - - = - 0,
(Ao B = T A VAT AT g
Ay — 0

1
Tak Kak Y(Az, Ay) = % npu Ay = Az, To ects f(x,y) He AUD-

depentmpyema B Trouke (0,0), XOTs CyleCTBYIOT YaCTHBIE IIPOM3-
BOJHEIE.

Teopema 4.2. ([JocraTounsie ycnosus gugdepeHnupy-

0
emocTn). [Tycmv dymnxyua f(x1,...,T,) onpedesena 8 O(z"),
edez® = (z9,...,29), umeem 6 O(z®) ece wacmmuvie npoussoduvie
8f , t=1,2,...,n, Kxomopble HENPEPLIEHbL 6 TMOWKE 20, Toada
T

dynrkyua f(z) duddepenyupyema 6 mouxe z0.
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JoxazaTeabCcTBO nposeeM Mg n = 2, 1o ects gas f(z,y),

af o
oupegererson B Oz, y%); —;i: u of cymectsyior B O(z, %) u me-

dy
npepemsis B Touxe (20, y0). Mycts (2% + Az, 40+ Ay) € Oz, 40).
Paccmorpum dyskmun ¢(z) = f(z,y? + Ay) ma orpeske ¢ koH-
mamz 20 u 2% + Az u ¥(y) = f(z° y) na orpesxe ¢ xormamu y° u
y° + Ay. Ilo dopmyne Jlarpanxa Hoxy<uM

o(z° + Az) — o(z°) = ¢'(z° + 6;Ax)Az, 0< 6 <1,
TO €CThb
F@®+ Az, "+ Ay) - f(2°,4° + Ay) = f,(=z* +6,A2,3° + Ay)Az.

Ananornuno, npumenus ¢opmyay Jlarpamxka k dyaxkoum Y(y),
TIOTY YMM

F(2%,0° + Ay) — (2% 9°) = £,(=°,1° + B2Ay)Ay, 0< b <L
B cury nenpepssrocty fi(z,y), fy(z,y) B Touke (z%,4%) mveem
fo(2® + 6182,y° + Ay) = f1(z°,3°) + a1 (A, Ay),

Fyla®, " + 628y) = fy(a®,3") + aa(Ay),
rge a1(Az, Ay) — 0, az(Ay) — 0 npu Az — 0, Ay — 0. Toraa

F(2° + Az, y® + Ay) - f(2°,y°) =
fla®+ Az, y® + Ay) - f(2° 4"+ Ay) +

It

+ f(2%0° + Ay) - f(z°4°) =

= fia®+6:82,4° + Ay)Az + £(2°,4° + hoAy) Ay =

= [f2(c% ") + a1 (Az, Ay)|Az + [£,(2°, ") + ca(Ay)]Ay =

= fiz®y")Ar + f;(zo, Yy Ay + a1(Az, Ay)Az + as(Ay)Ay,
rae

ai(Az, Ay) A:jo 0 =m ag(Ay)A—ijO,
Ay — 0
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TO ecTb dyHKnua f(z,y) yaoBIeTBOpseT onpexeaeHuo ucdde-
peHuupyemocTy dyukunu B Touxe (0,0). 0O

3aMeTHM, YTO YCJIOBUA TEOPEMBI JUIUL JOCTATOYHb 414 Aud-
¢eperIupyeMoCTH, ITO BUSHO U3 IIPUMEDA!

1
2 2\ o 2 2
0, r=y=0,

_ 2 1

! 1 —
fl‘(0>0) - A}lm Al‘

= =0
z—0 Az—0 Az ’

ananormiuo, f,(0,0) = 0. Sammmem

f(Az, Ay) - £(0,0) = f£,(0,0)Az + £,(0,0)Ay +

Y(Az, Ay)\/Az? + Ay?,

Az? + Ay?) sin s
v(Az,Ay) = ( o0 amia

VAZ? + Ay?
/ . 1
= Ax? + Ay2 - 8SIn m A:o 0,

Ay — 0

+

OTCIOZa

TO ecTh (o ompenerenuio) dyuknua f(z,y) auddeperuupyema,
a

1 2 1
, 2z sin * 08 w2 +y? #0,
falz,y) =

TR S B R B R
0, z=y =0,
ue umeeT npegena B Touke (0,0) (mposeputs!), TO eCTH HE BHIION-
HAeTCA ycaosue HenpeprBHOCTH fL(z,y) B Touke (0,0).
Onpeperenne 4.3. Hycrs dyuxuua f(z), = € O(z%), xud-
pepenmmpyema B Touke zU, Torga dufdepenyuatom Hyrnxyuu
f(z) 6 mouxe 2° maseBaeTca byuxuna

df (%) = fi, (@1 + fo, (&%) he + ..+ f1, (2)hn,
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rae h; — HE3aBUCHMBIE TIeDEMEHHBIE.
3ameuanne 4.1. Iycrs f(z1,...,z,) = 4, Torga df (z°) =
fg’h(xo)h,- = h;, TO ecTh B of11ieM CIydae IpaBOMEPHO PaBEHCTBO

df (%) = f;l(:co)dxl + f;z(mo)dxz + ..+ f;n(xo)dxn,

opmaeM dr; = Az;.

4.2. Onepauum Hajg auddepeHupyeMbIMHA
dyHKIINAMM

JemMma 4.1. Ecau gynxyua f(z) duddepenyupyema 6 mouxe
2%, mo f(z) nenpepvisna 6 mouxe x°.

[doxaszaTenncTBO. s pnddepennupyemocru f(z) B

TOYKE CL‘O

F2®+Az) - (=% = f1,@")Az 4.+ f, (z))Az, +
+ a1y + ..+ apAx,,

rae o 0V i, roects lim [f(z0 + Az) ~ f(z%)] =0. a

Ar—0

Teopema 4.3. ITycmy f(z) u g(x), z € O(z%), v f(z) u g(x)
dugdepenyupyemvt 6 mouxe r0. Tozda
1. gynxyua F(z) = f(z) + g(z) duddepenyupyema 6 mouxe
20, npuvem dF(z°) = df (z°) + dg(z®);

2. gﬁymcuux F(:z: f(zx ) ( ) dugﬁg‘)'epenuupyema 6 mouxe z° u

dF(z°%) = f(2%)dg(z°) + g(2°)df (2°);
3. ecau g(z°) # 0, mo pynryus F(z) = é—f]% dudpepenyupy-
20
ema 6 moure z° u dF(z%) = 9(a?)d( [g)xO{](Q ")dg(z )

AUPPEPEHIIMPYEMOCTD ®YHKITHU MHOIMX IEPEMEHHBIX 33

[Joxaxem 1A mpouw3BejeHus, 4iA n = 2 (OCTalbHBIE yTBEp-

X JeHus gokasaTs camum!). Wa guddepennupyemocTn dpyHKINM
f(z,y) B Touxe (z°,y°) mmeem

F(@® + Az’ + Ay) - f(2%40) =
= [fo(z%, ") Az + f(z° ) Ay +
+ pB(Az, Ay)Az + v(Az, Ay)Ay

u B(Ax,Ay) = 0, v(Az,Ay) — 0 nmpu Az — 0, Ay — 0.

W3 muddepennupyemocty GyHKIMHA g(:c y) s Touke (z°,y%)

cregyer HempepsiBHOCTB g(z,y) B Touke (20, y°), To ecTn

9(z° + Az,y” + Ay) = g(z°,3°) + a(Az, Ay)
a(Az,Ay) — 0 npu Az — 0, Ay — 0. Kpome Toro,

9(z® + Az,y° + Ay) — g(=°,4°) =
= go(z% y") Az + g, (2%, 4°) Ay +
+ oAz, Ay)Az + r(Az, Ay)Ay

o(Az,Ay) — 0, r(Az,Ay) - 0 upu Az — 0, Ay — 0.

Toraa

F(z® + Az, y® + Ay) — F(z°,4°) =
= fla®+ Az, y® + Ay)g(z® + Az, y° + Ay) -

— f(2% %90 4% - f(2°,4°)g(z® + Az, + Ay) +

+ f(0 )(9: + Az, y’ + Ay) =

= g(a° +Afv VO AY)f(® + Az, + Ay) - F(2°0)] +
+ (2% 30)[g(z" + Az,y® + Ay) — g(2°,y%)] =

= [g(z° o )+ oAz, Ay)] - [f2(2°, v") Az +

+ (2% y0) Ay + B(Az, Ay)Az + v(Az, Ay)Ay] +

n

F(2%, 1% g, (2, y%) Az + g, (2°,4°) Ay +
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+ o(Az,Ay)Az + r(Ax, Ay)Ay] =

= (9% ") fa(=®,y" )+f( )95 (2%, 3% Az +

+ [g(2% y0) % 0°) + (20, 9%)g, (2, 4°)) Ay +

+ (95+f,':a+ax3+fa)Am+(afy+a7+g'y+rf)Ay,
riae

(98+ foa+aB+ f6) — 0,
Ar — 0
Ay =0

(afy+ay+gy+rf) — 0
' Az -0
Ay — 0
(B mocregEux JBYX CKOBKaxX y YHKIHUH ONyIEHB! apryMEHTEI),
TO €CThb

dF (2% y°)

I

(9fy + fo)dz + (9fy + fay)dy =
g(fedz + fydy) + f(g,dz + g,dy) = gdf + fdg

Teopema 4.4. (IuddepeHuupyeMocTs CIOXKHOM PyHK-
umu). Tycme Pynwyuu 01(t, u), @2(t, u), .. ., pn(t, u) onpedesenst
6 O(t% u®) u JudPepenyupyemn 8 mouxe (t°,ul); nycmo (¢, u)
nepesodam O(t®,u®) 6 O(x9,29,...,20), 2de 2¥ = ¢;(¢9 ).
Iyemos  Pynwwyus  f(z1,...,2,) onpedesena 6 O((z?, ..., z2))
u dupdepenyupyema & mouxe (z¥,...,2%).  Toeda dynxuyua
Fltw) = fler(tu),oaltyu),- .., o(t,w)) dudepenyupyena s
mouxe (t°,u®), npuuesm cnpasedausvr Gopmyant

@_:8“ dzl_*_af.axz +_(?L£)_x_n

ot Odxr; Ot  Oxp Ot 8z, Ot’

?;F_ 8f 8$1+8_f 6I2+ _+_8_‘[_%

du Oy Ou | dzy Ou 8z, Ou’
2’(96 z; = pi(t,u); 66_};’(;—5’%’% eaamut 6 mouxe (t° uY), a
of _ 6 moure (29,..., 20, ..., 20).

Bxi
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[oxa3aTesnbCTBO npoBefemM MId n = 2.

F(t' + At u® + Au) — F(1°,40) =
= fler(t® + At u® + Au), a(t° + At, 0’ + Au)) -

— Fgt® u), o2 (t%,u%)) =
= gf( 1,1’2)A 1+—a—(a:1,:c2)Ax2+

+ (ASL‘l, Awg)Adfl + ﬂ(,Axl, Al‘z)A.’Ez =

(a(Azy, Azy) — 0, 3(Azy, Azy) — 0 mpu Azy — 0 u Azy — 0)

of [5901

0%1
oz, | ot (t%, u") At + —= W (1%, u®)Au + v, (At, Au)At+

+ (At Au)Au] + = [dt (8% u®)At + = (1 ul)Aust
i ys(At,Au)At+74(At)A“)A“]+°‘[?IN aasmAqu

+ mAt+ypAul+ 8 [%At + %‘pz

_ [0f 9p1  Of Op
= [8271 5t org 8t]At

Au + y3At + ’74AUJ =

of Odp1  O8f Ops

+ [d:cl. du +812 Ou

| au+

3} 0
+ [——’714-7’73-{*0(—(‘01--%- ay +B%+,@t3} At +
2

L0z, 0 ot
af of Ol B2 ,
+ [8.7;172 + 89;274 + a 50 +ay, + —= ™ +[7‘74} Au

apl(to + At ul + Au) = :1:(1) + Az,
0o (t® + At,u® + Au) = 25 + Az,

gal(to,uo) = a:?, wg(to,uo) = a:g.
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IycTs
of of 1 dp2
= 1'71+(9 2’73+Ol 5 Tem + 5 ey + i,
0 0 0
o2 = alf +8—f74+a—af—l+a 2+ﬁ——+/@74

Ipu At — 0 vt Au — 0 byuxmun ¥1,v2, Y3, 74 4 @, 5 CTPEMATCA K
Hy10 (TaK Kak ) U @ Henpepseaet B Touxe (10, u0), To Azy — 0

u Azg — 0 npu At — 0, Au — 0). To ects F(t,u) auddepenun-
OF OF

pyema B Touxe (t°,u0) u cnpapegruBLr hopMynb Kaa T
U

3

4.3. IIpousBoguble 1 auddepeHITuaILl BBICIIAX
MOPAJKOB

Onpepenenne 4.4. Hycrs dyskuna f(xy,zy,...,z,) onpe-

gerena B O((z9,29,...,2%)) u B aTOH OkpecTHOCTH CymecTByeT

af

o, o,
npousBoAHai o ¢; B Touke (23, 29,...,2%), T0 3Ty mpouaBOHYIO
HA3LIBAIOT 8MOpol npoudsodnot om f(x1,...,Z,) no nepemen-
HbIM T;,T; 6 TOUKe (w?, —..,z2%). Ecau i # j, To Takas npoussoj-
Has Ha3LIBAETCA CMEWaHHol U 0603HAAETCA

Bf (Of\, o _ Of
8.1] (53:) (=) = Oz;0z; (mo)

(z1,...,2y). Ecm nas T1,...,ZTn) CYWECTBYET 4ACTHAA

nm fg,, (z9).

Ananorudaso onpegengeTcd

k k—1
OL (o= C < At )<az°>
71

Oz Oz, , ... 0T;, Oz, \ Ozy_, ...
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NI ,

FE w00 = (5 ). (&),

T

3aMeTmM, 4TO B O0IIEM CIydae CMEIIAHHBLIE TPOU3BOLHBIE O/
HOT'O IOPAJKA IO OJHUM M TEM XK€ IeDEMEHHLIM, HO B3ATHIE B
PAa3JMYHEIX LHOPAJAKAX, He COBNaAaloT. OQHAKO HMEEeT MeCTO Cle-
OYIOUIAasd TeopeMa.

Teopema 4.5. I[Iycmo gﬁyﬁmum flz,y) onpedeaena
6 O((z% %), & omou oxpecmmocmu cywecmeyrom foy(@,y)
U fyy (r y) womopbze nenpepoienbt 6 mouxe (z° y°). Tozda

xy(l y°) = £ (2% 9%).
MoxaszareascrBo. llycrs
Asf = f(2° + Az,y) - f(z°,y) = o(y),
Ayf = f(2,4° + By) - f(2,3°) = o(=),
Ay(Axf) = 145(7! + Ay) — ?L(yo):

= f@"+ Az, "+ Ay) — F(2° 00 + Ay) -
— f(@%+ Az, y®) + (20,97,

A(Ayf) = o+ Az) - p(z°) = f(=° + Az, ¢’ + Ay) -
f(mo + A‘T"yo) - f(Iouyo + Ay> + f(IO)yO)'

3amernM, 9T0 Ay(ALf) = Ax(Ayf). Ucnomssys dopmyry Jla-
rpaHka, TOXyIuM

Ay(ALf) Wy’ + Ay) - /<y°) =1 (" + 01 4y) Ay =
(o2 + Az, y® + 61 8y) — f(2°,0° + 61 Ay)]Ay =

foe(2® 4+ 6:82,4° + 6, Ay) AyAx,

]

li

{l
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0<h <1, 0<b:<1,
MDA, F) = e+ Az) - p(a®) = (e + b:A2) =
[f1(® + 034z, y° + Ay) — fo(2° + B3A0,y")] Az =
= | J'c'y(:lc0 + 03Az, 4% + 04Ay)) Az Ay,
0 <3 <1, 0<bs <1, TOCCTB

fin(2® + 602,30 + 61 Ay) = fo,(«° + 0342, 3° + 64 Ay).

1.
B cuay Toro, uro 0 < §; < 1, a f;, n f,; HEMpepLIBHBI B TOYKeE

(z°,¢°), mpu Az — 0, Ay — 0 moxyaem

" 0.0 n 0,0
yz(mvy):fzy(‘rsy ) 0
Onpegeaenue 4.5. llycts dyskuua f(zy,22,...,%,) onpe-
aexena B O((29,29,...,2%)) u B 3TOH OKPECTHOCTH CYIIECTBYIOT
BCE YaCTHLIE HPOU3BOAHBLIE 5;(1‘), 1 = 1,2,...,n, KOTOpHIE

i .

auddepeHIUpPyeMbl B TOYKE 0 = (3:?,1:8,.‘.,1:2). Torgpa
dudPepenyuatom emopozo nopadka Pywxyuu f(xy,...,T2) 6

moure z° (d*f(z°)) maspiBaeTca KBagpaTHUHAL HOPMA, COOTBET-
crByIomad AudgepeEunary OT IepBOro audpepennuaia, To ecTh

0
dzf(x?,:cg,...,a:n) =

= d(fél(r)dl'l + .f;z(r)dl? + . frlz(ir)dxn)x:zo =

T1T1

+ fr @b+ fL, (2%)dzobrn, + ...+

Ty
+ fa‘:iz] (xo)d‘ri&rj A a::/”tn(l‘o)dl’naxn
upu dr; = 6.
Hanpumep, npun = 2
dgf(:lro,yo) = ;’Z(xO,yO)(dz)2 + f;'y(ro,yo)da:dy +
ve(2®, y0)dzdy + f,,,(=°,4%) (dy)*,

! (Jfo)dl‘ld.’lfl -+ f;llrg (a:o)dxlé;rg +...+ fglx,, (:Ilo)d.r1(51'n +
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Ecma (f7,(z° y°) = e(2%,4°) (cm. Teopemy 4.5), To
& (2% 4°) = [ (%, y0)(de)* 4217, (2%, 4" ) dedy+ £, (20, 4°) (dy)*.

Aupdepenyuan  k-2o0 nopadca dynwxyuuw f(z1,22,...,2p)

6 mouxe ¥ = (29,...,20) (d*f(2°)) ompemermercs xak
d(dk_lf(.rl,...,xn))rzzo, ectn B O(z) ompegerens! Bce wact-

Hble npom3BogHele (k — 1)-ro nopagka, auddgepeRuUUpyeMbie B

TOYKe IEO .

Teopema 4.6. (MuBapuanTHOCTE GOPMBI NEPBOTO AUd-

dbepennunana). Hyeme  dymuxyur  @1(t1,t2, .. tm),
wolti, ta, oy tm),von(th ta, oy tm) onpedeaenv 8
O((t9,...,t%)) u omobpancenue, onpedeaennoe p = (@1, ..., ¢n),
nepesodum O((t?, ... %)) e nexomopyw O((29,23,...,29)), 20e
= 019,49, ,80), 1 = 1,2,...,n, & xomopoi onpede-

aena gynxyua f(zy,x2,...,2,). Hycmv sce dynwyuu ¢(t),t =
(t1,...,tm) udbepenyupyemvr 6 mouxe t® = (t9,...,t2), a Pynux-
yua f(z) duddepenyupyema 8 mouxe z°. Toeda

df (20) = fl dei(t%) + ...+ fl dza(t0),

mo ecmb Popmyaa dax onpedeaenus duPdepenyuasa nepsozo no-
padra das Pywkyuu f(x1,T2,...,2Ts), 2d€ T1,2Z2,..., Ty — HE3a-
BUCUMBLE NEPEMENNDBLE, NPUMEHUMAE U Jaf cayuad, Koada T; =

@ity tm).

JoxasareascrBo. Paccmorpum cayygan f(z,y), z = (¢, v)
uy=1p(t,v).

[Iycrs F(t,v) = f(p(t,v),¥(t,v)), ona gudbdepenuupyema B
rouke (t°,u®) mo Teopeme 4.4,

dF(t° 2% = F/(#°,v%)dt + F(1°,4%)dv =
of bz of &y

oz - dt
BI (9t + (9y at t:tO,v:vO +
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of o0
L [9f o= Of Oy

. dv =
b Ov By Ol

0
= —f(aro, yO) 2} (8%, 0%)dt + @ (1%, 00)du] +

oz
; g—g@(’,y“)w;(t“,v")dt T (0,40 d] =
bS]
= 900 0 00) + 2L (a0, 40y (10, 0).
Oz oy

Ecan xe paccmoTpers guddepeHnyual BTOPOro nopajka, To
IOy YUM
df(2%0°) = ddf(2,Y))ome0 y=yo =
d(fo(z,y)dz + fo (2, Y)AY) gm0 y=yo =

df3(,9)z=a0 y=yodz + fo(2®,y")d?2(t%, %) +
+ dfy(z,y)dy + f(2°,y)dy(t%,00) =
(20,00 (dx(t%,0))? + £, (20,90 )dedy +

+ Syl y0)dady + f (2% y%)(dy)? +

+ fal@® Y0t 00) + £,(2,y°)dPy (1%, 00),
TO ecTh B obumeM caydae dopma gudpepeHnynara BTOPOro No-
PAIKA AIA CIydas 3aBUCUMBIX IIEPEMEHHBIX UMeeT APYTOU BHJ.

i

]

I

Teopema 4.7. (Dopmyaa Tewnopa). Tycms dynryua f(z)
onpedeaena 8 O(z0), 2de O(z®) C R™, u umeem 6 amoti oxpecmmuo-
cmu dudgepenyuaant do (k+ 1)-20 nopadka. Toezda cnpasedausa
gopmyaa Teidaopa

flo) - f(z%) = df(mo)—l-%de(xO)+...+%dkf(xO)+
1

0T 1)!dk+1f(:c0 +6(z — 29)),

2de 0 < 8 <1, adr; = Axy = (z; — 2Y), 2 = (z1,22,...,%a) €
O(2%), 2% = (29,25,... 20).

+
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JokaszaTeabcTBo. Paccmorpum dbyHKIHIO
p(t) = f(z" +t(x —2%), 0<t<1, zeO()

Pyukmua ¢(t) auddepenunpyema na [0,1] g0 (k + 1)-ro mo-
panka no reopeme 4.4, npmaem, pF) (t) = d¥ f (20 + t(x — %), rae
Az; = dx;. [dna dynxkunm o(t) MOXHO 3amucaTh dopmyry Tei-
J0pa 1o cTeneHaM t ¢ 0cTaTkoM B ¢opMme Jlarpanxa npu t = 1

©"(0) 1

o(1) = 9(0) + ' (0) + T + ...+ W(k)(o) +

rae 0 < 8 < 1, a Torna (yumreman sug o*)(t) npu t = 0)

. dkf(x[)) dk+1f( 0_*_9(‘ —:CO))
f@) = f(=") +df(z°) + ... + P gzk+1)!T ’

npudeM BO Beex auddepenuumanax dr; 6epyTca paBHbiME Ar; —
(z; — 29). a

i
5. T'eomeTpuyeckue NpPUIOKEHUA

Onpegenenune 5.1. Kacameabnoli naockocmv K epae-
duxy dywwyuu f(x,y), onpegerennout B O((xg,y0)), B TOUKe
((zo,y0), f(z0,y0)) Ha3LIBAETCA TAKadA MIOCKOCTb, YTO Pa3HOCTh
ee ammI¥KATH 2z B Touke (x,y) n f(x,y) ABigeTca GeCKOHEUHO
MaJolt 60ee BLICOKOT'O MOPAAKa, deM p = \/{x — 7¢)% + (y — yo)?
npu p — 0, To ectb z — f(z,y) = o(p).

Ecan dyrkuna f{z,y) auddepenunpyema B Touxe (g, Yo), TO
IIOCKOCTD )

of
oz

o
g = <ro,yo><x-xo>+%(xo,yoxy—yo),
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rae zg = f(Zo,Yyo), ABIAETCA KacaTeJIbHOM K I'paduKy QyHKIMU
f(z,y) B Touke (zg, Yo, 20), TAK KaK

few) =z = f(5,9) =2~ 30,0~ 20) -

- g—g(xo,yoxy-yo) = olp)

(a0 crefyeT u3 onpeneneHus AubGEPEeHIUPYEMOCTH (BYHKIMH
f(z,y) B Touke (zg, yo)).

Takum 06pa3om, reOMeTPUYECKHI CMBICH IIOJAHOrO AuddepeH-
nuana dz GyHKUYM B TOUKE (Lo, Yo) COCTOUT B TOM, YTO OH PaBEH
NPUPALIEHNI0 AINILIMKATHEL ILUIOCKOCTH, KAaCaTEeIbHOH K rpaduKky
dyukuun f(z,y) B Touke (2o, Yo, f(To,¥0)), KOrja mpupalienue

¢yuknuu pasHo Az = f(zg + Az, yo + Ay) — f(zo, o) (prc. 5.1).
0

A

Lo

4

(g tAXygTAY)
X

Puc. 5.1

W3 reomeTpun u3BeCTHO, YTO BEKTOP

i) ] '
N = (Eg(mOyyO), ‘55‘(5’30,3/0), "'1)
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nepreH Ky IApeH 3Ton miockocTy. Toraa ypasnenue nopmaau x
epaguny f(x,y) 6 mouxe (z9,yp), TO €CTH NPAMON, NEPHEHIUKY-
JAPHOW KaCaTeIbHOM ILIOCKOCTH B TOYKE (Tg, Yo ), Oyaer

0
r=xz9+ t'a-i(iﬁo,yo),
X

of teR
- +t5-( ) 3 '
y Yo ay("';O yO)

z=2zy—1t,

Onpeaenenne 5.2. Ilycte dysxuma f(z,y,z) ompenerena
B okpecraoctu O((xo,yo,20)). Ilycrs 3agamo nHanpasieHue
1 = (cos o, cos B, cosy), rae «, 0,7 — yrau BekTopa 1l ¢ ocamum xo-
opausar OX,0Y,0Z. Torga cos® a + cos? 3+ cos’y = 1. Tlycrs

T =g+ tcos
y=1yp+tcosf
z2=zp+1tcosy

0 <t < tp — orpesok, aexamun B Oz, yg, 20), COREPKAMMA
toukun My = (@g,y5,20), M = (z,y,2z) U mapamierbHEU Bek-
topy 1. Ecau cymecrByeT mpegen

i LM - f(Mo) _
p2(M,My)—0  p(M, My)
f(zo + tcosa,yg + tcos B,z + tcosvy) — f(zo,vo, 20)

= lim ,
t-++0 t

TO 3TOT npegen obo3HaIaeTCA (2o, Y0, 20) ¥ HA3BIBAETCA NPO-

al
u3sodnoli no nanpasaenuro eexmopa 1 6 moure (xo,yo,20) (cM.
puc. 5.2).

3aMeTnM, YTO YaCTHBIE NPOU3BOAHBLIE ABIAIOTCS MPOM3BOI-

HBIMH II0 IIOJOXNTEJAbHBIM HAIIPABJACHUAM ocen KOOpAHAT.
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»VY

Pue. 5.2.

Teopema 5.1. Eciu gynxyus f(z,y,2) dufdepenyupyena 6
mouxe (Tg, Yo, 20), MO CYWECMEYEM NPOUIBOONEAR N0 A10OOMY Ha-
npasaenuio 1 = (cosa,cosB,cosy) 6 mouxe (2o,Yo,20) U 6bINU-
CAREMCA N0 Popmyae

_6{(1'0;3/0)20) = ‘a—m—(wo,yo,ZO)COSa-f-
0
+ g—i(xo,yo,zo)cosﬁﬁ- a—i(xq{yo,zo)cos'y.
Hokazarennctro. llycts F(t) = f(zo + tcosa,yo +

tcos B, zp + tcosv), F(t) umeer npousBoinyio B ToukKe fg = 0
(reopema 4.4) u
flzo +tcosa, yo + tcos B, 20 + tcosy) = f(zo, Yo, %0)

1 IRT
F(0) = lim t ’

a Torjga

%{'(m()ayﬂ)z()) = . FI(O) =
af

= —=(zo,Y0,20)c0sx +

Oz

0 15}
+ %(ﬂfo,yo, zg)cos 3 + a—i(wo, Y0, 20) COS 7Y
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(mo Teopeme 4.4). _ C
PaccmoTpum BexTOp
of of of
5 \Zo, :20), 3\ T 3 » 3 \Z20, y )
(ax( 0, Y0: 20) 0y( 0,40, 20), 5~ (20, %0 ZO))

koTopbl o6o3nagaercsa grad f(zg,yo, 20) U Ha3LBaeTCA 2paduen-
mowm Pynxyuu f(z,y,2) 6 mouxe (g, yo, 20). Ha npoussoanyro mo
HAIPABIEHMIO MOXHO CMOTPETH KaK Ha CKAJIAPHOE IIPOU3BEIeHIe
BexTopa ! u grad f(zo, Yo, 20), @ TOrga moIyHaeM, 9TO eCIu

— grad f(xo, ¥o, 20)
lgrad f(foayo,zo)l,

TO B 9TOM HAIPaBIeHUX Upou3BoaHas byakuuu f(x,y, z) B TOUKe
(0,0, z0) OyaeT HamboALIIER.

Onpepgenenne 5.3. Orobpaxenue, 1eMCTBYOUIECE N3 HEKOTO-
pOT0 MHOXECTBA YUCJIOBOU IPAMOU B N-MEPHOE IPOCTPAHCTBO R™,
HA3BIBAETCA 6eKMOp-Pynxyuet, TO €CTh 5TO OTOOpAKEHUE, KOTO-
poe kaxaou touke t € T C R (kak npasmno T — IPOMEXYTOK)
CTAaBUT B COOTBETCTBHE eIUHCTBEHHYIO TO4kKy M(t) € R". 3ITo
MOXHO 3alUCAThb, HAPUMeED, CIeAyoumM obpa3oM:

Iy = Wl(t),

M(t) = T2 = 2(t),

rae t € o ), win v() = (p1(8), @2(t)s s on(0)), ¢ € o, ]

B caywae, xorja Hagaao KaXjgoro u3 BEKTOpOB r(t) cosma-
AaeT € HAYaJOM KOODAMHAT, 3TH BEKTODPHI HA3bLIBAIOT paduyc-
éexmopamuy, a MHOXECTBO MX KOHLUOB — z2odozpadom eexmop-
dynxuyuu r(t), t € T, KOTOPHIA MOXHO PAcCMATPUBATL KaK TPa-
exTopuio Touku M (t) — koHna BexTopa r(t), ecau cyuTaTh, YTO ¢
~ BpeMm1.
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Omnpexpenenue 5.4. BexTop a HasmBaeTcsa npedesom Pynxyuu
r(t) 6 mouxe ty (o6o3HaueHNE tlintl r(t) = a), ecan z]int] Ir(t)—al =
—to o

0, rge |r(t) — a| - nauHa BekTOpa (r(t) — a).

Teopema 5.2. Ecau r(t) = (z(t),y(t), 2(t)) v a = (a1, a2,a3),

mo tlincl r(t) = a moeda u moavko mo2da, ko204
—to
lim z(t) = a7, lm y(t) = as, lim z(t) = as.
t—ig ( ) 1y t—)tou< ) > t—tg ( ) 8
JencTBUTENBHO,

2(t) — al = /(2(t) — an)? + (y(t) — a2)? + (2(¢) — a5)2.
Orcioga cregyer, 4rto |z(t) — a1 < |r(t) — a], To ecTs
ir(t) —al = 0 = |z(t) —a1] b 0. Ananormuno mas y(t) u z(t).

F—to — 1o
O6parro, ecmm z(t) — a1, y(t) — az, z(t) — a3z, TO
V(@(t) —a1)? + (y(8) — a2)? + (2(t) — a3)? = 0. O
OTMeTHM HECKOIBKO CBOMCTB BEKTOP-GYHKIAN (CBA3AHHBIX C
npeneaom). A

1. Ecam lim r(t) = a, To lim |r(t)| = la|.
=10 t—1

JTO CAeAyeT U3 HEPABEHCTBA: ‘lr(t)i — jal’ <r(t) —al. -
2. Ecmu r(t) —» anpu t — tg, a ckatapuaa dynkmua f(t) — A
opu t — ty, 70 f(t) - r(t) > Aamput — tg.

Hencreurensro, r(t) = a+ a(t), rge a(t) — 0 u f(t) =
A+(t), rae ¢(t) — 0. Torga f(t)r(t) = Aa+y(t)a+ Aa(t) n
p(t)a = 0 (lp(t)a] < |e(t)llal), Aa(t) — 0 (|Aa(t)] <
[ Alla(t)]).

3. Ectury(t) — a; rz(t) — b mpu t — tg, To
lim[r1(6) + r2(t)] = a+ b, Jim (a(t), 12(8)) = (a,b),

TO €CTh Hpejen CKAIAPHOIO HPOU3IBEACHUA DABEH CKAIAP-
HOMY IIPDOM3BENEHUIO MPEeIOB.
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HanomuuMm, 9T0 cKa4aphbim npoussedenuem ABYX BEKTOPOB
HA3bIBAETCA CKATAPHAA PYHKIMA CO CBOUCTBAMH:

1. (a,a)>0u(a,a)=0=a=0;

2. (Aa,b) = A(a,b);

3. (c,a+b)=(c,a)+ (c,b)).

Eciu a = (ay,az2,a3), b = (by, b2, b3), TO
(a,b) = a1b; + azby + aszbs.

[MoxaszareabcTBo Teopemnl. Ilycts ri(t) = a+a(t), ra(t) =
b + b(t), rae a(t) — 0, b(t) — 0. Torzaa

ri(t) + r2(t) = a+ b+ (a(t) + b(t)),

rae a(t) + b(t) — 0 (la(t) + b(¢)] < |a(t)] + |b(t)]), To ecTs
rl(t) + rg(t) — a+b;

(ri(t),r2(t)) = (a+a(t),b+b(t)) =
= (a,b) +(a,b(t)) + (b,a(t)) + (a(t), b(?)),

a m3 HepasercTna Komm-Bynakosckoro (1.1) caegyer, 4To
[(a,b(t))| < lalib(t)], |(b,a(t))] < [bla(t)],

l(a(t),b(t))] < |a(t)] - [b(t)],
To ects (a,b(t)) — 0, (b,a(t)) — 0 n (a(t),b(t)) — 0. O
Onpegenenne 5.5. DOynxuns r(t) HA3LIBACTCA HENPEPLIEHOT
8 mouxe tg, ecan lim r(t) = r(tg).
t—tp
U3 teopemur 5.1 cregyeT, WTO HempephBHOCTH Tr{t) B
TOYKe {() PABHOCU/JIbHA HCIPEPBIBHOCTH KOOPIUHATHBIX PyHKIMY
z(t), y(t), =(t) B Touke tg.
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Ecna Ar(ty) = r(to + At) — r(tp), To ects Ar(ty) — mpupa-
menue r(t) B TOUKe ty, TOTJA HENPEPHIBHOCTL T(t) B TOuke tgy
sxBUBaJdeHTHA TOMY, 4T0 Ar(ts) — 0 npu At — 0.

A
Onpeaenenne 5.6. Ecix cymectsyer lim ——r, TO 3TOT IIpe-
At-0 At
[ieJl HA3bIBAETCA NPou3eoonot sexmop-dynxyuu r(t) 6 mouxe ty
n o6osnagaerca r'(fp).
3amedganue 5.1. Ecam r(t) = (z(t),y(t), z(¢)), mo r'(to) =
(2'(t0), ' (t0), #'(t0))- _
JokasareascrBo. Ecau r(t) = z(¢)i + y(t)j + z(t)k, To

. I‘(to + A?f) - I‘(to) _ :L‘(t() + At) - l’(to) .
Aliglo At B /_\]firilo [ At e
y(to + At) —y(to), z(tg + At) — 2(tg) J B

+ At ] + Ar k| =

= a'(to)i + y'(t0)j + 2'(fo)k. 5

3ameuanue 5.2. Ecau r(t) onpesenser HEKOTOPYIO KPUBYIO,
TO r'(tp) — ®TO BEKTOP, KOTOPHIN HANPABIEH 11O KACATETHLHOU K
STOU KPUBOH B TOUKE I'(tg).

CnpaBegiuBbl  cregyiomue npasuita  AuddepeHupOBaAHNEA
BEKTOP-PyHKIUN:

L (ra(t) + 12(0))' = ¥4(8) + ().
2. Ecim f(t) - ckanapras dyHKuma, TO

(f(8) - x(@®) = £(t) - x(t) + f(t) - x'(2).

3. (ry1,r2)’ = (r},r2) + (r1,rh) npu ycroBum, 9TO CYmMECTBYIOT
npomsBogHsie f(t), ry(t) u ra(t).
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Hokaxem 3, a 1, 2 — 10Ka3aTh CAaMOCTOATENBHO.

(I‘l(t), r2(t))2:‘t0 =
(rato + At), ra(tt AY)) — (ra(to), T2(t0))

At—0 At
~  lim [(I‘l (to + At), rz(to + At)) — (I‘l (to), I'z(to -+ At)) n
A0 At
(r1(to),ra(to + At)) — (I‘l(to),rz(to))} _
+ fouad
At :
. . ri(to -+ At) — ry(tg)
= i, [(FEE T e+ 00) +
ra(ty + At) — I‘z(to))] B
+ (rl(to)v At *'
_ . rl(to + At) - Iy (to) . 3
= <A1§I_I>lo A: , AI%E)]O rs (t(} -+ At)) +
. r2(to + At) — r2(t0)> _
 (rateol, Jom, BTG -

= (r1'(to), ra(to)) + (r1{te), ri(te))-

34eChb MBI BOCIIOIB30BAIUCH TPABIIOM IEPEX0/A K NPEJEIy B CKa-
JAPHOM IIPOM3BEIECHUN. O

3ameyanue 5.3. [l1g BexTOp-QYHKINH HMEET MECTO ClIe-
aywomee yrBepxaenue (popmyna Jlarpamxka). Ecau r(t) Hempe-
pHIBHA Ha [a, 8] n numeer r'(t) Ha (o, §), TO

3 (a,p): Ir(B) —rla)] < IF(OIB - a)

3ameuanne 5.4. J1s BekTOp-HYHKLINY, IMEIOIIEN TIPOU3BOA-

HEIE 10 k-TO mopAAka B TOYKE tg, uMeeT MecTO dhopmyia Temropa
€ OCTATOYHEIM wIeHoM B dopme Ilearo

"L e (t)

r(t) =Y —k!—(t —t0)* + o((t — to)"),

k=0
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rae of(t — tp)") — BEKTOP-PYHKIUA, KOTOPAA MOXKET OLITH 3aIlH-
CaHa B CAEAVIOIEM BHE:

o({t —to)") = (t —to)" - e(t),

rzae BexTop e(t) — 0 upu t — tg.

6. HeaBunie pyuxuun
6.1. OmnpegeneHus, npegsapuTeabHbIE CBeJEHNA

3aBUCEMOCTE OJHOM TIEDEMEHHOM OT APYTOl (WIM OT APYrux)
He 06432 TeNbHO MOXKET OBITH BRIPAKEHA ITPY ITOMOIIN TAaK HA3LIBA-
€MOr'0 ABHOT'O NPEACTABICHUA, KOTJa 3aBUCHMAA NepeMeHHad 3a-
AaeTCs AHATUTUIECKON HPOPMYION, COAepKAIEN HE3ABUCHMYIO II€-
pemennyio: y = f(z). acro 3navenns Apyx mium 6oree mepeMen-
HBIX CBA3AaHBI MEX Y COG0M KAKHMU-TO ypaBHeHHAMU. Hanpumep,
ypaBHeHHe r° + y? — 1 = 0 cBa3HBaeT MeXAY cOO0U KOOP AUHATEHI
TO4eK OKDYXHOCTHU Ha IIockocTu £0y, ypasHenne 22 —z2—y2 = 0
3a4aeT B TPEXMEPHOM HPOCTPAHCTBE KOHYC, CUCTEMAa YDABHEHUM

a:2+y2—|~zz—1:O
z+y—-1=0

3ajaeT B TPEXMEDHOM IPOCTPAHCTBE OKPYXKHOCTH (TNepecedeHne
cepsl u nockocTu). Boobule, nepemennbie MOryT 6BITH CBA3AHEL
MeX Iy CO60M OZHUM MK HECKOJLKUMY YPABHEHUAMY BHIAA

F(z,y) =0, (6.1)
Flzy,...,zn,y) =0, (6.2)

Fl(rl>~~'7$n7ylv-->ym):O
F2(x1;---;37my1,---,‘ym):0
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rae F, F1, ..., Fpp, — GyHKUMM COOTBETCTBYIOINETO YUCIA IEPEMEH-
HBIX, T, T3, .- -, Ty — HE3ABUCHUMBIE IIEDEMEHHEIE, Y, Y1, . . . , Ym — II€-

peMeHHbIe, /A KOTOPBHIX M3Y4aeTCA MX 3aBUCAMOCTb OT & WIH
Ziy.--3Tn-

Ecau B ciayuae (6.1) a1 Kax4oro 3HAYEHUA T U3 HEKOTOPOI'O
9UCI0BOr0 MHOXeCTBa X CyUIeCTBYET POBHO OJHO 3HA4YEHUE Y U3
IPYroro YUCJAOBOTO MHOXECTBA Y Takoe, 4TO mapa (T, y) YAOBIe-
TBOpAET ypasHeHMIO (6.1), TO 3TUM OIpEeNeIFeTCA OXHOIHATHAL
dynkmua f : X — Y, aas koropon ypaeHenue (6.1) mpespaia-
eTca NpM KaXxjgoM 3HadeHud ¢ € X B BEPHOE YHCIOBOE DaBeH-
cteo F(z, f(r)) = 0 (Toxzecto Ha MmuOoxecTse X ). Ilpm aTom
rosopAaT, 4To ypasHenue (6.1) ompegenser Ha MHOXecTse X CO
aHaveHUAMH B Y weasnyro Pynwyuro y = f(z).

B cryuae (6.2) onpegeneHue HegBHON (PYHKIME aHATOTUYTHO,
ToabKO X ABIACTCA HE YUCIOBLIM MHOXECTBOM, d OAMHOXCCTBOM
N-MEepHOTO NPOCTPAHCTBA, & caMa GYBKIUA f 3aBUCHT OT N He-
PEMEEHBIX T1,. .., In.

B crywae cucTemsl ypaBHeHm# (6.3 peus maeT 0 TOM, ITO

aTa cucTeMa ompeferser m GyEkmEE Y1 = fi(Ti,. .., Za),-. .,
Ym = fm(T1,...,Zn). A ¥MEHHO, ecIMm ANA KaXAOU TOYUKH
(z1,...,T,) w3 mHekoTOpOro MHOXecTBa X C R" cymecTByeT
eIMHCTBEHHBIN Habop «umcenr y; € Yi,...,Yym € Ym (rae
Y1, ..., Y — HEKOTOpEIE YHCJIOBBIE MHOXECTBA), YIOBIETBODAIO-
X COBMECTHO € Zi,...,Tn BCEM ypaBHeHmaM cucTemst (6.3),
TO JTHM OIOpejelAloTca Ha MHOKecTBe X Hedenble Hynwxyuu
v = filzy,...,Tn)s -, Ym = fm(Z1,...,Tn) CO 3HAUEHMAMH CO-
OTBETCTBEHHO B Y], ..., Y, HpeBpamatomue cucremy (6.3) B cu-

CTEMY TOXIECTB HA MHOXKeCTBe X

Fi(zy, ..., zn, filze, o zn)y o fm(@, o 20) =0
FQ(l‘l,--.,-’L‘n,fl(-Tl,...,l‘n),...,fm(ilil,...,l'n)EO
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Paccmorpum i1 mpumepa ypaBHEHUE
2 +yt-1=0. (6.4)

Ecan nomoxuts X = (—1,1),Y = R, To Toukam z 6yAyT COOTBET-
CTBOBATHL B4 PAJIHEIX 3HAYEHUA Y, YAOBJIETBOPAIOLUIMX COBMECTHO
¢ z ypasrennio (6.4): ¥ = vV1—-z?uy” = —v1 - z? (puc. 6.1). A
B ciyqdae X C (-1,1),Y C (0, +00) ypasuenre (6.4) onpeaenser
oAHO3Ha4HYIO0 byHKIMIO ¥ = /1 — 2 (puc. 6.2).

}"”_"l
-1 x4 -1
|
yll

pme s

Puc. 6.1. Puc. 6.2.

Ha npaxTuke 14 uccie10BaHnA CBOMCTB HEABHLIX DYHKIUN He
o6a3aTeIbHO paspemaTs ypasrenns (6.1), (6.2) win cucremy (6.3)
OTHOCHUTEIbHO NEPEMEHHON Y (IEPEMEHHBIX Y1, . . . , Ym ), T.€. HAXO-
AUTH ABHYIO 3aBUCHMOCTB Y OT T (Y1,...,Ym OT Z1,...,Zn). da-
CTO yAaeTca JOCTATOYHO XOPOIIO M3yIUTh HEABHYIO (MYHKINIO [0
ypaBHeHMIO (CHCTEME), KOTOPRIMU OHA ONpEAeNseTca. lIpu 3ToM
[VIABHBIM OKa3biBAETCA BOIPOC O CyUeCTBOBAHUYU HEABHOM (DYHK-
muy. B nocaegyrommx myHxTax 3TOT BONpOC MEI OyZ€M peIaThb
JOKaJIBHO, T.e. GUKCHPOBATHL TOUKY C KOOpauHaTamu (g, yq) (co-
orsercreerHo (z9,...,2%, yo) u (29,...,28,49,...,4%)), yaosre-
TBOpAOWYIO ypasHeruo (6.1) (ypasrenmio (6.2), cucreme ypasHe-
Huit (6.3)), u ana HexoTOpOK OkpecTHOCTH ToukM Tg ((29,...,20))
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HCKATh OKPECTHOCTb TOYKU Yo (Towex ), ...,y%) rakywo, ko-
TOpad MO3BOIUT OJHO3HAYHO ONPENeIUTh HEABHYIO (BYHKIHIO
y = f(z) (pyskumo y = f(z1,...,%,), Habop dyHKIAE y; =
filzy, o Zn)y o Ym = fm(z1, .o, 20)).

6.2. CymecTBOBaHUE U CBOMCTBA HEABHOM bYyHKIIMH,
onpejenaeMOd OAHUM ypaBHEHUEM

Teopema 6.1. I[Tycmov dynxyusa F(x,y) onpedeaena u nenpe-
pLi6HA 6MecTEe €O CB0ell Yacmhuol NPou3eodnoli no y 6 Hexo-
mopot oxpecmmuocmu mowxy (2o,yp), npuvem Flrg,yo) = O,
Fy(z0,y0) # 0. Toeda das mexomopot oxpecmuocmu mowxku g
(kax obaacmu onpedesenus Gynryuy) v rexomopold oxpecmuo-
U TROUKY Yo (KAK MHoHMceCcMmea 3nanenutl) cywecmeyem edun-
cmeennas 00no3naunas Pynryua y = f(z), nenpepovisras na ecel
ceoetli obaacmu onpedeaenus, obpawarwwar ypasnenue (6.1) 6
seproe pagencmeo, u maxas, wmo yo = f{xg). Ecau, xpome mozo,
y pynxyuu F(x,y) cyyecmeyem Koneunas vacmuas npou3sodunas

no T, mo Pynxyus f(x) JuPepenyupyema.

HokaszareabctBo. Ilosoxum g1 ONpefeleHHOCTH, YTO
Fy(z0,90) > 0. Tak xak mo yc1osmio 3Ta 4acTHad NPOU3BOLHAA
HeTpephLIBHA, TO OHA MPUHUMAET TOJLKO IOJOXKHUTEIbHbIE 3HAYe-
HUA B IEJON OKPECTHOCTH TOYKH (g, Yo), T.€. CyIIECTBYeT TAKOe
I >0, yro gna scex r m y : |z — xo| < |y — yo| < | Bremmon-
userca Fy(z,y) > 0. Us aroro cregyer, uro dynxmua F(z,y)
Kak GYHKONA OJHOM HEPEMEHHOM Y IPH KaxX 10M (UKCHDOBAHHOM
smavenun T € [zg — [, 29 + [} aBrAeTca cTporo Boszpacraomes Ha
orpeske [yg —{, yo +!]. A mockonexy mo ycaopuwo F(zrg,yo) = 0, To
F(zg,yo—1) <0, F(zo,y0+!) > 0. Beuay nenpepbiBHOCTH DYyHK-
muu F(z,y) 5TH HEPABEHCTBA COXPAHATCA W A/IA BCeX TOYEK T U3
HEKOTOPOH OKPECTHOCTHU TOYKH Zg, T.€. CyUecTByeT Takoe o > 0,
YTO JJIA BCEX T, YAOBIETBOPAILINX YCIOBUIO |2 — Zp| < 0, BLIIOA-
userca Flz,yo — 1) < 0, F(z,yo + () > 0. Obosnauum 1uepes m
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HapMerbmee u3 wacen [ u o. Torga s Kaxa0oro GUKCUPOBAHHOIO
z € (zg ~ m, &g + M) HempepuBRas ¢pynxuua F(z, y), KaKk PyHK-
¥A OJHOM IEepEeMEHHON Y, NDHHUMAET Ha OTPEe3Ke [yo — I, yo + 1]
IpOMEXYTOYHOE 3HAUeHue, PaBHOe Hymo. B cmiy crpororo Bos-
PaCTaHuA ITOH PYHKIMU TAKOE 3HAYeHNE § e IUHCTBEHHO, T.€. A
K&K JOT'0 3HAYeHus T € (Tg — M, To + M) CyUWEeCTBYeT eQUHCTBEH-
woe 3nagenne y € (yo — [, yo + 1) Taxoe, uro F(z,y) = 0. Tem ca-
MEIM JOKA33HO CyLIECTBOBAHME Ha OKPECTHOCTH (Zg — M, To + M)
‘e XMHCTBEHHON OAHO3HaYHOU dyHKuMH y = f(T), yAOBIETBOPAIO-
et ypasrermio (6.1) 1 NpUHUMAONIER 3HAYEHUS U3 OKPECTHOCTH
(yo — 1, yo + !). Tax kax F(zo,yo) = 0, To, 6marozaps 0fHO3HAY-
Hocty, bynkuua f(r) DpMHMMaeT B TOYKe Tg 3HAYEHHE Yo, T.€.

vo = f(zo) (puc. 6.3).

4\
y0+1
/@117
Yo =11 T™
| i
I
| }
! f
}’0"[' ) | l ; | |
1 1 i 1 1 1 >
Xo—! Xo—m x Xo  Xotm Xot+l

Puc. 6.3.

Hoxaxem Temepsr HempepmBHOCTH (yHxmuu f(r). Paccmo-
TPUM CHAYAIa TOYKY Zg. JadukcupyeM mpoussoisHoe € > (.
Moxso cumTaTh, 9T0 € < l. A TOrAa mO nNpeABIAyIEd TaCTH
gpokasarenscTsa F(zg,yo — €) < 0, F(zg,y0 +€) > 0. U3 aToro
crexyer, 9To cymecrsyer ¢ > 0 (oHO mmeTca Tak Xe, KaK MCKa-
JOCh M B TPEeJRIAyLIEH YacTH AOKa3aTeIbCTBA) TAKOe, YTO AJA
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BCEX T, yAOBIETBOPAIOIMX YCIOBUIO [T — zg| < J, BRINOAHAIOTCA
Hepasenctsa F(z,yo —¢) < 0,F(z,yp + €) > 0. CregoBaTenswo,
OTBEaloIlee TOYKe T 3Ha4eHHe y = f(z) xexuT Mexny yo — ¢
Yo +¢€, Te |f(z) —yo] <e.

,ZIJIiI AOKa3aTeILCTBa HENPEPHBHOCTH ¢yHKunu f(r) B 1060k
Apyrou Touke 1 € (z9—m,2o+m) oTMeTHM, 4TO MApa (71, f(z1))
ABNAGTCA PellleHueM ypasHeHus (6.1) u A1a Hee BRINOXHEHBI BCe
OCTaJbHBIE YCJIOBUA TEOPEMBI (puc. 6.4). Cremosarenrno, B
CHIy KOKa3aHHOro, f(r) HempepriBHA B TOYKe Tj.

0
y0+[
i+l

Yot [TTTTTTTT
M= )= 1

VW=hr-p-———————— 1,
Yo=! i l' |

Xo—! Xo x1=1 X1 XoH -

Puc. 6.4. X1th
Hoxaxem guddepennupyemocts Gyrkuun f(z) opn ycrosmu
cymecrBoBanua Fy(z,y). CHavara omaTh paccMOTPHM TOUKY Zg.
ITo ycnosuro F(zp,yo) = 0. Ina 40CTATOYHO MAJIBIX OpUPALICHUR
Az B Touke o + Az onpegenena dbyHkuus f (z). IloaTomy napa
(zo + Az, f(zo + Az)) ToXe yHOBIETBOPAET yPABHEHHMIO (6.1).
CrepoBaTensHo,

F(zo + Az, f(zo + Az)) — F(zo, f(z0)) = 0.
Hpeobpasyem sTo paBencTso creyommmM 06pazom

F(zo + Az, f(zo + Az)) — F(zo + Az, f(zg)) +
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+F(zo + Az, f(zo)) — F(zo, f(zo)) =0. (6.5)
Tlo dpopmyre Jlarpauka KOHEYHHIX NPUPAILEHUNE UMEEM

F(zg + Az, f(zo + Az)) — F(zo + Az, f(z0)) =
= Fy(zo + Az, y1)(f (zo + Az) — f(z0)),

rxe ¥ — OpPOMeKyTouHOe 3HadeHme Mexny f(zg) u f(zg + Ax).
Ecng ucons3osats 5Ty dopmyay B (6.5) u nmogernts obe gacTu
TOJYYUBIIErOCA PABEHCTBA Ha AZ, TO U3 HErO MOXHO BHIDA3UTH
flxo + Ax) — f(zo)

Az '

flzo + Az) — f(zo)
Az
F(zo + Az, f(xg)) — F(zo, f(z0))

_ 6
Fj(zo + Az, y1)Az. (6.6)

Ilockonbky dynxmua f(r) HempepuisHa, TO y; — Yo = f(xg) mpu;
Az — 0. Fy(z,y) Toxe nenpepnisra, nosTomy Fy(zo + Az, y1) —
F,(z0,%0) npu Az — 0. Kpome Toro,

F(zo + Az, f(z0)) — F(zo, f(20))
Ax
npu Az — 0. Urak, npenen mpasoit yacTu pasenctsa (6.6) npu
Az — 0 cymecTByeT, 3HAYUT, CYWECTBYeT M IpeJeNt JeBOH JacTH,
T.e. f(z) nuddepennupyema B TOUKe Tg U

_Fy(zo, f(20))
Fy(zo, f(20))
[na pokasareascrsa gudbepeHIIPYEMOCTH B HPOU3BOILHOM

ToO4Ke & € (g — M,Zg + M) MOXHO BOCIONL30BATHECA TEM XK€
IPHEMOM, YTO M NPH AOKa3aTeIbCTBE HEUPEPHIBHOCTH. Teopema

— F(zq, f(x0)) = Fy(xo,y0)

fl(zo) =

MOHOCTBIO JOKA33aHa. 4
PeayneraT Teopemsr 6.1 MOXHO 0606IUTE Ha CTyYall HeABHOM
GbyHKIUN, 33BUCAIIEN OT HECKOILKUX [IEPEMEHHBIX.
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Teopema 6.2. IIycme gynwyus F(zy,...,T,,y) onpedesena u
HENPEPLIBRA BMECTRE CO CBOET YacCTHOT NPOU3E00HOT NO Y 6 HEKO-
mopot oxpecmuocmu mouru M(z?,..., 22 yo), npuvem F(M) =
0, F;(]\/[) # 0. Toeda 0dasa nexomMOPOU OKPECTIHOCTU TMOUKY
M'(2%,...,20) (xax o6aacmu onpedesenus Pynxyuu) u nexomo-
POl 0OKPECTNHOCTNU TNOUKY Yo (KAK MHONHCECMEa 3Knauenul) cywe-
cmeyem eduncmseennas 00no3nawnas gynkyua y = f(x1,...,Tn)s
HENPEPLIBHAA Ha 6CEl c80el obaacmu onpedeaenud, 00PAWANVULAR
ypasnenue (6.2) 6 seproe pasencmeo, u maxas, wmo yo = f(M').
Ecau, wxpome mozo, y dynxyuu F(x1,...,2Zn,y) cywecmsyem
wacmuas npoussodnas no nepemewnot z; (i € {1,...,n}), mo
y Pynryuu f(z1,...,2y) CYWECTMBYEM UACTIHAA NPOUIBOIHAA 1O
amoti xe nepemennot. A ecau Pynwxyus F dudpdepenyupyena,
mo u Pynxyua f Jufpdepenyupyema.

[loxazaTensCcTBO TeopeMsl 6.2 NPaKTHIECKHT He OTINIAeTCH OT
pokasarenscTa TeopeMmul 6.1. ITompo6ynTe mpoBecTH ero camo-
CTOATENLHO!

6.3. CyniecTBOBaHME M CBOMCTBA HEABHBLIX (PyHKIMH,
ompeeaseMbIX CACTEMON yPABHEHUM

Boaee CI0XHBIM OKa3bIBAETCA CIyYal HEABHBIX (DYHKIIH,
onpejeaseMbulx cucTemon ypasaexui (6.3). Cdopmyrupyem co-
OTBETCTBYOILYIO TeopeMy 6e3 nokasareabcTBa. [lag aToro Tpe-
OyeTcs HOBOE IOHATHE.

[Iycre dyuxuuu g1(z1, ..., k), .-, q{x1, ..., Tk) ONpPeeICHBI
n AuddepeHuMpyeMbl Ha HeKOTOpoM MHoxecTse (1. PaccmoTpum
MATpHLY
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991 9o 991
6.’1,‘1 81‘2 o al'k
992 09> 992
3.”61 (9122 o axk
991 99 99
81’1 8;132 o 3l‘k

JTa MaTpPULA ONpEJeTeHA B KaXAOW TOYKe MHOXkeCTBa ! 1 Ha-
seiBaeTca mampuyeld Axobu. Ilpu k = | onpegennrens 3Tol Ma-
D(g1,---,91)
—=- B
D(a:l:'-'axl)
crydae k # | MOXHO pacCMaTpUBaThb MUHODPHI MaTpuubl fxo6u,
I HAX OCTABUM TaKOe e 0003HAYeHME.

TPHIEI HA3BIBACTCA Axobuanom n 0603HAIAETCA

Teopema 6.3. Ilyemv  gdynnyun  Fi(xy,... . Tn. Y1 .. Ym),
S Fn(z w0, Ym) onpedeaennt u duddepenyupyesm
. S o 0 0
6 newomopold oxpecmuocmu mouxu M(z,... xd 4? ... y0),
NPUUEM UACTIHBIE NPOUIBOOHbIE IMUT GYnKUUl NO nepemenHbim
Y1, .-, Ym Henpepvienbl. Ilycmv, xpome mozo, das ecer i €
D(Fy,...,F,
{1,...,m} F(M) = 0, ——g—’———m)(]\/!) # 0. Toeda
h D(yr, . m)
das nexomopot oxpecmuocmu mouwku M'(20,... %) (xar 06aa-

cmu onpedeaenus GYrKYUL) U HEKOTMOPLIT OXpECMHOCTNET TMOYER
v, Y0 (xax muoscecms 3navenud coomeemcmeywur Pyrk-
yuti) cywecmsyem eduncmeenunl Habop 00HOIHAUNBIT PYHKYLT
y1 = flxy,o. o on), o Ym = fmlen,.. o 2p), Juddepenyupye-
MbIT Ha 6cell cooell obaacmu onpedeaenun, 06PAUAIOWUT CU-
cmemy (6.3) 6 cucmemy BepHbIT pasencms u MAKUT, UMO y? =
fi(M') das scez i€ {1,...,m}.
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6.4. BrurumcieHue NPOM3BOAHBIX U IUQ@PepeHIaI0OB
HEABHBLIX (PyHKIIHAN

B npoxasareascrse Teopemsl 6.1 nonyTHO BhiBegeHa GOpMyaa
JJIA TIPOU3BOIHON HEABHOM (hYHKIUH

_ Fi(z, (@)
Fifz, f(2))

NuddepeHuupys 3T0 PABEHCTBO AAIbIIE, IOXY UM (GOPMYJIBI AJIA
HIPOU3BOAHBIX HOJICE BLICOKOTO MOpAAKA (npu ycaosun guddepen-
nupyemoctu ¢yHKImu F(z,y) 40 COOTBETCTBYIOLErO HOPAAKA).
Ipaszga, BO BCex aTuX POPMyIaxX 3HAYEHUA MPOUIBOLHBIX BHIpPA-
KAIOTCA He TOJABKO 4Yepe3 3HAYeHMs MepeMeHHOM &, HO U 4epe3
3HAYCHUA CAMOW HEABHOU pyHKuMY f(Z), 4JACTO HEM3BECTHON HAM.
Ho gas msydenus cBoucTs ¢pyHKuuu f(r) ObIBaeT ZOCTATOYHO U
TAKOW MH(MOPMALNH.

AHanoruvYHO MOKHO PACCMOTPETH BONPOC O HAXOXK JEHUH HacT-
HBbIX [POM3IBOAHBIX HEABHON (PYHKOUA HECKOJBKHX IlepEMeHHBIX.
Ho MoxHO mocTynuTs u no-gpyromy. A mMeHHO, mo Teopeme 6.2
croxnas Gyuxnusa g(xy,...,zn) = F(z1,...,2q, f(z1,...,20))
TOXJECTBEHHO paBHa Hyaw0 B 061acTH OnpefeteHus GyHKINH
f(zry,..., zp). CaegoBaTensHO, PABHBI HYJNIO U €€ YaCTHBIC IPO-

fl(z) =

g
M3BOAHEIE [TO BCEM NMEPEMEHHBIM I, ..., Tn. Hampumep, o =
T

C Apyro#t CTOPOHHI, O HPABHAY ANGDdOEPEHUNPOBAHNA CIOXKHON
$yHKINU

dg oF of oF oF oF
— = = — —0+...+ - 0.
oz oy 8x1+8x1 1+3$2 + Oz,
B uTore
oF d
8—y(r11""‘I"nvf(xlﬁ"‘al‘ﬂ))'51{:—1("1:1)”-7xn)+
JaF

+—(x1,...,&n, flz1,...,2n)) = 0. (6.7)
81‘1
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af .
W3 aToro papeHcTBa MOXHO BHIDA3UTh e PapencrBo (6.7) mo-
1

Ka3bIBa€T, UTO (PYHKIMA NEPEMEHHEIX Xi,...,Ln, 3aIUCAHHAL B
J€BOM ACTH, TOXKe TOXAECTBEHHO paBHA Hy.iwo. Toraa 6yzyT
PaBHBI HyJIIO ¥ €e 4acTHble mpoumssoguele. Cocyumraem, Hampu-
Mép, JaCTHYIO [IPOM3BOAHYIO MO &p (411 KPATKOCTH OIYCTHM B
3aIUCH 3HAYEHUA TOYEK, B KOTOPHIX BRIYUCIAIOTCA POU3BOJHEIE )

(a?p af 32F>af OF  8%*f O*F  Of

+ T ot
dy? &zg O0xq0y | dxy 0y Ozy0x;  Oydr, Oxs
0%F
TR —
Jr2011
62

W3 aToro paBeHCTBa MOXHO BHIPA3UTh ————— (MACTHBIE HPOU3-

dr201

of of .
BOZHBIE —— H Hal/leHbl Ha II€PBOM 3Tare).

Jry  Ozs

B cryvae reaBHbIX (yHKUME, ONpEAEIAEMBIX CHCTEMONR (DyHK-

LHOHATLHBIX YPABHEHUH, 0A06HLIE PACCY K ACHAA MOKHO IpHUMe-

HUTb K KaXJOMY yPABHEHMIO CUCTEMBI. B pesyapraTe Ha mepsom

dTame DY BHIYNUCICHUA JaCTHRIX IPOU3BOAHBIX, HAIIPUMED, IO IIe-
PEMEHHOH I'1, OABUTCA CHCTEMA

OF, 0h  OF 0f; oFy Ofm OF

+ +. 4 : + = =0
c’)yl 01‘1 dyg ()171 0ym Oxq Jx,
aFm dfl aFm 0f2 aFm 8fm 8Fm
=y +.o =2 =0.
oy Om Y2 al‘l Oym  Oxy dz;
npejeruTeNeM JTOM CHCTEMBI OTHOCUTEILHO ——,..., ——=
31‘1 (9.221
D(Fy,..., Fp)
ABMAECTCA ————————~ # (, CIegoBATENbHO, CHCTEMA HMEeT
D(y1,. -, Ym)
€IMHCTBeHHOe pemeHue. Pemas ee, malifeM 3HAYEHNA YaCTHLIX
TIPOM3BOJHEIX BCEX MYHKIMHA f1, ..., frn 10 mepemeruon ;. Ilpo-

HAOJMIXKaA pacCyXaAeHuda AaJbHi€, MOAYYNM YaCTHBIC IOPOU3BOIHLIE
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foaee BLICOKMX MOPAAKOB (mpm ycaoBuu AuddepeHnnpyeMocTy
dyrxuuit Fy, ..., F;, [0 COOTBETCTBYIOIIETO MOPATKA).

Ansanornusbie paccyXJeHHA MOXHO INPUMEHHTh M JJIA BbI-
qucieHus AudGepPeHIHAIOB HEABHBIX (DYHKINI. Hanpuwmep,
B caydae ypasHeuua (6.2) croxHaa GyHKnuA ¢(Ti,...,Tn) =
F(z1,...,Zn, f(z1,...,%n)) TOXAECTBEHHO paBHa Hymi0 B 06ia-
ctu ompenenenus yskuuu f(z1,...,z,). CregoBaTenbHO, paBeH
gymo u ee nuddepenunan dg. C Apyrod CTOPOHBI, TPHU YCIO-
s anddepernupyemoctu dyuxuuu F(z1,...,2q,Yy), 61arosaps
CBOUCTBY MHBAPHMAHTHOCTH popMal Auddepernnala IepBoro mo-
pAIKa, UMeeM

: oF L OF oF

0=dg=—dzy +. —dT, + —

9= 5,1 e Ty

13 >TOro paBeHCTBa MOXHO BHIpa3uTh df. A ecin ellie pa3 mpo-
i depeHIPOBATE 3TO PABEHCTBO, MOLY IUTCA

df.

R2F &*F OF
+ ——dry, + ——dy | dry + ...+
<8$1 d-'l?l + axnaml ! 8 811 Y !
82F 82 0*F
d d n +
(Oxl(?mndxl Tt gadtn W)
9F 9°F O*F 0F
: ‘ " dx, + Iy | df + —d*f =0.
i (3:r18yd$1+ Doy T o) U &f

TMoxcTaBAa B HOBOE PABEHCTBO HAMAEHHOE HA IPeALLAYIIEM ITAlle
3Havennue df, Ml MOXeM BhIpasuTh d2f. U T.4. )

B npuBefeHHEIX HUXkE ONPUMEPAX IPOBEPKA YCIOBUI TEOPEM O
CyLIECTBOBAHNT U KU dEpeHIuPYeMOCTH HeABHEIX (PYHKIMY Ipe-
JAOCTABAAETCA YUTATENTIO.

Ipumep 6.1. Iycts dyukums y = f(x) onpenersercs He-
ABHO ypaBHeHueM ln /z? + y? = arctg —z— Tpebyercsa nantu f'(z)
u f"(z). MlogcraBras B ypaBHeRUe 3aBUCHMOCTb y = f(z), mO-
Jy4uM BepHOE paseHcTBO. lIpoiuddepeHuupyem 3TO PaBEHCTBO
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no xr
r+yy  zy -y

2+t 2y ztw =y -y,

rae y = f(z), ¥ = f'(z). Ipoanddeperunpyem norydennoe pa-
BEHCTBO elle pa3
1+ (yl)2 + yy/l — xy".

W3 nocnegnux asyx papeHncTs Buipaxaem y' = f'(z) n y" = f'(z)

f Tty i l+(yl>2 $2+92
y =—= = = 5.
Ty z-y (z—y)

Ipumep 6.2. Haiiru 2z, ecm Fz+y+z,2° +y* +22) = 0,

rxe F — geax bl guddepeHuupyeman GyHKIu.
[ogcrasaaa z = f(x,y) B ypaBHEHUE U HAXOJA YACTHBIE IPO-
U3BOJHBIC [0 2 U Y MOLYIeHHON DYHKIMY, KOTOPAA TOX € CTBEHHO

PaBHa HYJIO, IMEEM
Fl-(1+2;)+ Fy- (22 4 222,) = 0, (6.8)
Fl - (1+z)+F-(2y+ 2zz,) = 0.

W3 oTux paBeHCTB BRIpakaeM 2z, U z,

. Fl+%F, ,  Fl +F
2, = === =1 =772
T TR+ 2R VT TR 1 2:F)

Brrqucaum Temeps 4acTHYO IPOM3BOIHYIO 1O Y OT 06enX YacTelh
BepHOro paseHcrsa (6.8)

(FUy (1 + zy) + Fip(2y + 222,))(1 + 25,) + Fizg, +
+(Fy) (1 + z;) + Fih(2y + 22z;))(21‘ +2z20) +
+Fy (22,2, + 2225,) = 0.
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Bripaxas U3 5TOIO PAaBEHCTBA 2y, U MOJACTABIAA Hall/EHHbLIE HA

NepBOM JTale 2z, U Z,, IMeeM

4(1'_3)(9“2) N2 it Il it N2
A —_  — 5 2K EF + F F. —
~“zy (Fll +2ZF2’)3 (( 2) 11 142412 ( 1) .,2)

2(F] + 2z Fy))(F{ + 2yF3) F,
(F| +22F,)3 '

IIpumep 6.3. Haitu y'(z) u 2'(z), ecin

r+y+z=0
:v2+y2+22=1.

[oxcTaBass B ypaBHeHUA cucTeMmbl y(z), z(z) n guddepennupys
IO T NOJYYEeHHBIC BEPHbIE PDABEHCTBA, UMeeM

1+y' +2'=0
2z + 2yy' + 222" = 0.

Pemas a1y cucteMy, moaydaeMm

zZ—-X ’ r—Y

! 2 =
y-—z

V=17

. 2, .2 _
Ipumep 6.4. Hairu dz u d°z, ecan 2?2+ 9%+ 27 =1
Hoacrasisd B ypaBHeHue 3aBucuMocTs 2 = f(x,y) u gudde-
PeHIMpPYA MOIYyYeHHOe TOX JeCTBO, UMeeM

2zdz + 2ydy + 2zdz = 0,

OTKyJa 1
x
dz = ——dz — édy.

~
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[IpoanddepennnpyemM TOXIeCTBO eme pa3 (mocae COKpaIeHnsa
Ha 2)
dz? + dy? + dz? + zd*z = 0.

IoacTapasa B 3TO paBeHCTBO HAHAEHHOE 3HAUCHUE (2, BLIPAKAEM

d?z

6.5. 3ameHa nepemMeHHHIX B guddepeHnuaIbHBIX
BBIPAXEHUAX

MeTone! auddepeHUpoBaHNA QYHKIMHA, 3aTaHHBIX IIapaMe-
TPUYECKH, CJTOKHBEIX (DYHKIMHE ¥ HEABHO 3aJAHHBIX (hYHKIHUE MO-
T'yT UCNIIOAB30BATHCA JJIA 3aMEHEI IePEMEHHBIX B U epeHINATD-
HBIX BBIDAXEHUAX —~ OJHOT'O U3 OCHOBHBIX CIIOCOGOB peureHus gud-
depeRnMANLHBIX ypaBHEeHMH. B 3TOM IIyHKTEe MBI PacCMOTPHM
JUIIL BRIYUCIMTENILHBI aCHEeKT 3aMEeHbI NEePEeMEHHBLIX, He 3aTpa-
THBad IPOHAEMBI TEOPETUYECKOTO OO0CHOBAHMSA ITPOBOAMMBIX OIle-
panun.

I. 3amena nepeMeHHBIX B AU EPEHUNATLHLIX BbIpa-
JKEHHUAX, COAepXKAMX 0ObIKHOBEHHLIE IPOU3BO/JHbIE.

Ilycre gano auddepeHnnaIbrOe BhIpaKeHne

¢($7 y? y’? y//! ety y(n)>’
U B HeM TpebyeTca MepeiTn K HOBOM IePEeMEeHHON ¢ 1 HOBOH (yHK-
nuu u(t) mo popMmynam
T = f(t
z =1ty (6.9)
y = g(t,u).

Tak xax u spaserca dynkiuen ot ¢, To cucrema (6.9) npu we-
KOTOPHIX YCIOBHUAX OIpeJeNdeT MapaMeTpuieckt pyHkuuio y(zT).
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[losToMYy NpPOM3BOAHYIO y'(Z) MOXKHO BEIPA3UTH ClefyomuM obpa-

30M
!

! ot
fon_ Y 9t U 6.10
y(z) = z) ftl_+_f1/lu/' ( )
O6o3uayum z = y'(z). Popmyra (6.10) moxasnBaeT 3aBMCUMOCTH
zortuu, e z=h{(t,u). PaccmoTpum cucremy

z = f(t,u)
z = h(t,u).

[IpoBoAs PpACCYX&JA€HUA, AHANOIMHHBIE MPEIBIAYINEM, HauIeM
2, T.e. y’;. DTa NpOM3BOJHAS OKAKETCA BHIDAKEHHOW Hepes
t,u, v u". Taxum 06pa3oM MOXHO HalTH MPOM3BOAHYIO PyHKINK
y(z) moboro nopagka. [logcraBus HayfenHbe 3HaYenHud B O, 10-

Ay9IuM HOBOE AuddepeHuualbH0oe BhIpaAXCEHRE
I 1 n
Ut u,u',u ,A..,u( )).

B gacTHOM Ciyuae, KOTJa MEHAETCA TOAbKO He3aBUCUMAan Ile-
peMeHHaA T Ha IEpeMEHHYIO t, T.e.

z = f(t)
y(e) = u(t),

(pOpPMYIBI OKA3BIBAIOTCA 601ee IPOCTEIME. A NMEHHO, AndpepeH-
uupys seproe pasesctso y(f(t)) = u(t), moxyunm

2 poptt 1t
ypfi = up Ypa ()" + Uefpe = vz,

7 1ol gl ol
" Uy ‘—y:cftZ B Utzft utftz

V=TT (DB

uT.o
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Opumep 6.5. ®(z,y,y',y") ="+ (z+y)(1+¢)*, dopmyast
3aMeHBl: T =u+t,y=u—1{ raeu= u(t) Cocrapasem cucTeMy

{xzu(t)+t
y=ult) -t

HAXOJUM NPOU3BOAHBIE IIEPBOI0 M BTOPOrO HOPAAKA (DYHKIMA
y(z), 3aaBaeMOM HTOM CHCTEMON ITapaMeTPIYeCKH

' u; -1
Yo = up+ 1’
A R A e et R
- T} (up +1)3 (uj +1)3

[Mogcrasum suavenus z,y,y,y" 8 &

u” u = 1\°
22— +2u |1l
(u’+l)3+ u( +u’+1> ’

m(u“ + 8u(u')3).

I1. 3amena nepeMeHHbBIX B AN epeHInaTbHLIX BhIPa-
XKEHHUAX, COJEPKAITUX JACTHLIE IIPOU3BO AHBIE,
IIycre gavo auddepenunarsroe BeIpaXeHue

02 02 0 B o o2
q»( 2 0 : ) (6.11)

M B HeM TpelyeTcA NepeuTH K HOBBIM HE3ABUCUMBIM IT€DeMeH-

HBIM U,V U HOBOW ¢yHkumu w = w(u,v) mo dopMmyram z =
flu,v,w)y = glu,v,w), z = h(u,v,w). Hogcrabrgs B mo-
ClefHIo dopMmyny sHaverus z = z(z,y),z = f(u,v,w),y =

g(u,v,w), w = w(u,v), HOTYINM BepHOE PABEHCTBO

2(f(u, v, w(w,v)), g(u, v, w(w, v))) = hu, v, w(u, v)).
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Hafizem 4acTHble NPOM3BOJHEIC IO U,V OT 0OEMX HacTell 3Toro

paBeHCTBa
A+ Fowl) + 2yl + o) = ot Rl
S UFL o+ ) + 2){gh + ghwl) = i+ bl

Peias 5Ty CUCTeMY OTHOCUTEIBLHO 2y, 2,, HAHAEM UX BRIDAKEHUA
yepe3 YaCTHLIE POU3BOJHBIE GYHKIUA f, g, h ¥ YacTHBIE IPOU3-
BOJHBIE HOBON (PYHKUUU W.

Berymcaas 3aTeM YaCcTHBIE IPOU3BOJHEIE 110 U, U B YPABHEHUAX
cuctemnl (6.12), mOTYYMM HOBYIO CHCTEMY U3 YeTHIPEX yPaBHEHUM
1A ONpeJeJeHNA YeTHIPEX YACTHBIX IPOM3BOAHBEIX BTOPOIO IO-
pagka pyakumy z(r,y) 1 T.4.

B yacTHOM caydae, KOrjga MEHAKTCA TOILKO HE3ABUCUMBIE Ie-
peMeHHEIe, a 3HaAYeHUA GYHKUAY 2z = z(T,y) OCTAIOTCA NP EKHUMH,
re z = f(u,v), y=g(u,v), z(x,y) = w(u,v), GopMyIsl 0KA3LI-
BarOTCA Dosee MPOCTHIMHU

1 gt A A
{ zxfu + zygu_w

YR BV
":cf‘u + "“ygu -

Haxouen, eciu GopMy/sl 3aMEHBI BRIDAXKAIOT HE CTapHIE Ile-
peMeHHbIE “iepe3 HOBHIC, a Hao60poT, TO B dopmynax (6.10) u
(6.12) npoCTO MEHATCA POIAMH IPOU3BOJHBEIE CTAPOH ¥ HOBOM
PYHKIHH.

0z 0%z _ 0%z %2

IIpumep 6.6. @(myza ay)—ajz—+2m+

0%z

L hOpMYABI 3aMEHBL: U =T + Y,V =T — Y, W = XY — 2.

IMogcTaBuM B HOCIEfHEE YDABHEHNE 3HAYCHHA BXOJAIIAX B
Hero HYHKIMA OT I, Y !

w(z +y,z—y)=zy —2(z,9)
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Haitgem 1acTHBIE TIPOM3BOAHLIE TIO 2 1 y oT obenx Jacren 3Toro
BEDHOT'O0 PABEHCTBA

Haunem 4acTHbe mpoussoansie mo  u Y OT ypaBHEHUW 3TOH Cu-
CTeMBI

Wyo + wy, + wiy, + w!y = -2l

Wys = Wy + Wiy, —w!y =1 — Zgy

Wy + wiy, — wlh, — wy, =1-— Zys

wy — wi, - w + w!y = _21,1’2'
Orcroga

Z:Q = _w:t/"’ - wzlllv - wirlu - w;’g,

o1 o " " 7,
“zy 1 Wy + Wy, — Wy, + W, 2,

no_ . " " "
Zyz = Wy + Wy + Wy — W

Hoxcrasasem HalifeHHBIE 3HAYCHNS B P

_ " " "
2 — 4w,z + 2w, — 2w,

0z 0z 0z 0z
Ilpumep 6.7. & (m,y,z, -, —) =T +y— — 2, dop-
Oz’ dy Oz Oy
MYJBI 3aMEHBL T = 4,y = UV, 3HAYEHUA DYHKIUHA 2 OCTAIOTCA
npexHumy, T.e. 2(z,y) = wu,v).
CocraBuM BeprOoe paBeHCTBO 2(u,uv) = w(u,v). Nwem vacr-
HbI€ IIPOM3BOJHEIE 110 IEPEMEHHBIM U U ¥

/ . / . — /
2:?c 1+ 2y U=y,
. [ At
zp 0+ 2 u=w,.
Orcrona
!
w
r _ Yy ' ' ' ' v,
z, = — = — vz = _—
Y o Zp = Wy — vz, = w, uw“.
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IoncrasaseM HaWJeHHbIE BHIDAXEHUA MIA 2., 2,, & TaKKe T =
u, ¥y =uv, z(z,y) = w(u,v)s P

r vy Wy !
U W, — —W, | UV — W = UW, — W,
u u

7. OKCcTpeMyMbl (PYHKIUN HECKOJAbLKUX
1IepeMeHHbIX

7.1, JlokaabHBIE DKCTPEMYMBI

IIycts dyskumsa f(z1,...,2n) ONpeseIeHa Ha HEKOTOPOM OT-
kpeitoM muoxecrse D C R™ Touka M € D wuaswisaercs
TOYKOH 40KGALHOZ0 MAKCUMYMA (A0KAALHOZO MUNUMYMA) DYHK-
uur f, ecin 3Havenme f(M) aBagerca HawbGOAbWIMM (HAUMEHB-
IWMM) Cpeayn BCEeX 3HAYEHMM 3TOM QYHKIMU B HEKOTOPOM OKPECT-
Hoct Toukum M (r.e. cymecrsyer § > (0 Takoe, 4TO And
BCex TO4eK (Ty,...,Tn) € Os(M) Bomoanserca f(zi,...,xn) <
f(M) (f(zq,...,zn) > f(M))). Toukn TOKATLHOIO MAKCUMyMa
¥ JOKAJIBHOTO MUHMMYMA HA3BIBAIOTCA TOYKAME 40KAIbHO20 IKC-
mpemyma.

[lta noxadsHOTO sKcTpeMyMa AuddepeHnnpyeMor GyHKIMK
HECKOJBKMX MEePEeMEHHBbIX MOXHO 00061uThE HeoOxoguMoe u Jo-
CTATOYHBIC YCJIOBUA CYIIECTBOBAHMA CO CIyHai OZHOM IepeMeH-
HOH.

JJemma 7.1. Ecau dynxyus f(zr1,...,2,) onpedesena 6 nexo-
mopoti oxpecmuocmuy mouku M, asasowedcs Mowrol 40KaAb-
HOZ0 IKRCMPEeMyMa, u cywecmseyem 8 mouke M Koueunas wacm-
naf npoussodnas Pywxuyuy f no Kaxol-mo nepemennotl T;, mo
ama wacmuas npoussodnas pasua 0.
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Jloxa3aTenbCTBO. O6035aduM KOODAMHATEI TOYKHK
M(z?,...,2%) u paccMOTpuM (PYHKIWIO OAHOW NEPEMEHHOM Zi :
0 -
glzi) = f(z?,...,x?_l,:c,-,:c?H,...,:cn). CymecTBOBaHME KOHE

ol wacTHON mpom3pogHoR dyHkuum f(z1,... ,Tp) IO TIEPEMEeH-

HOMt T; B TO4ke M SKBUBAJIEHTHO nuddepeRIupyeMoCT QpyHKIIY
g(x;) B TOUKE z. OueBugHO, ITO cpym):unoﬂ g(z;) umeeT B TOUKE
2 JOKANBHBIA IKCTPEMYM. A rorga g'(z)) = 0. o oanaqaefg
aro f, (M) = 0. Jlemma foxasaHa.

Teopema 7.1. (HeoGxoanmoe ycioBue JOKAJIBHOI'C 3KC-
rpemyma). [Tycmo Fynxyus f(z1,...,&n) onpedesena na Hexo-
MOPOM OMKDPBIMOM MHONCECTNEE D u dufpdepenyupyema 6 mouxe
M € D, asasrowetica MowKol A0KGALHOZO IKCTRPEMYMA Pynx-

yuu f. Toeda df (M) = 0.
JloKa3aTerbCTBO HEIOCPECTBEHHO BHITEKAET U3 JEMMEL, €C/IH

ee IPUMEHHTH KO BCEM TEDEMEHHBIM I (i €{1,...,n})

Z N
ZAn

SO
RSSO O
‘R{S‘\‘Q%‘g\‘:“:\‘
R
N Wil
R

Puc. 7.1. Puc. 7.2.

Touxu MHOKEeCTBa D, B KOTOPEIX y GyHKIMNA f CYIWECTBYET U
paBeH Hyxo AudpdepeHuunal, 6yZeM HA3BIBATH CMAUUOHAPHDIMU.
U3 Teopemsr 7.1 caefyeT, 4TO TOUKaMU JOKAIBHOI'O SKCTPEMYMa
MOryT GBITH TOMBKO CTAUMOHADHBIE TOUKM ¥ TOYKH, B KOTO-
pex GyHKIUA HE Auddepernupyema. OxasuiBaeTcs, He JiO-
fag CTALMOHAPHAA TOYKA ABAAETCA TOYKOU JOKATBHONO SKCTpe-
MyMma y guddepeHnupyeMon QyHKIIH, Hanpumep, ana GyHKIUNA
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f(z,y) = 2 + y?, D = R? (em. pue. 7.1) Touxa (0;0) spas-
eTCA W CTAIMOHADHOW, M TOYKOM JOKAIbHOTO MUHEMyMa (T.K.
flz,y) = 2> +4* > 0 = [(0,0), a pan dynxunu f(z,y) =
2?2 —y?, D = R? (cm. puc. 7.2) Touka (0;0) aBaserca cramm-
OHADHOW, HO HE ABIACTCA TOYKOM JOKAIBHOIO DKCTpeMyMa (T.K.
B aobon okpecrHocTy To4k# (0;0) PYHKIMA NPUHHMAEET U HO-
soxurersube (f(g,0) = ¢?), u orpnnarensure (f(0,e) = —&?)
snadenus). CrefoBaTerbHO, IIA MCCIEJOBAHUA JOKATBLHOTO 3KC-
TPEMYyMa HYXHBl HEKOTOPEIE HOCTATOYHBIE YCIOBHA.

IlpeaBapuTenbHO BCOOMHUM M3BECTHOE U3 AdreOphl IOHATHE
KBAAPATHUYHON POPMBI.

Keadpamuunoti $lopmoti OTHOCUTEIBHO IEPEMEHERIX 11, . .., tn
Ha3bIBaeTCA QYHKIUA

n
&(ty,...,ty) = Z agjtity,
iy=1

rge mpu Beex 1,5 € {1,...,n} a;; € R, a;; = aj;.

Kpagparuunad ¢popMa HA3LIBAETCA NOAONCUMEAbHO onpede-
aennoli (ompuyameavno onpedesennolt), eciu NIpuU BCex 3HaGe-
HuAX t1,...,tp, € R, ogHoBpemenHO He obpamamwmuxca B 0,
dynknua $(¢;,...,t,) IPEHEMAET TOMBKO CTPOrO IMONOXKUTEdb-
HEIe (CTPOrO OTPUILATEIbHbIE) 3HAYECHUS.

KpajgpaTuunas GopMa HA3LIBAETCA 3IHAKONEPEMEHHOU, eCan
OHA IPUMHUMAET K3K CTPOI'O NOJOXKUTENILHBIC, TAK U CTPOTO OTPH-
aTelbHEle 3HAYEHUA.

Teopema 7.2. ([JocraTo4yHbIe YCJOBUA JOKAILHOIO IKC-
rpemymMma). [Tyemv dynrkyus f(zy,...,z,) onpedesena u dsa-
HeowL Juddepenyupyema 6 HEKOMOPOU OKPECMHOCTRU MONKY
M(29,...,20), npuvem 6 camot mouxe M ece uwacmnsie npous-
s800nbLE 8MOP0O20 NOPAGKA nenpepbienbl. [lycme, kpome mozo, M
- emayuonapras mouxa. Tozda, ecau d®f(M) npedcmasasem co-

601 3naroonpedesennyio K8aOPAMUUNYIO GOPMY OMHOCUMEALHO
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dzy,...,dz,, mo mouxa M asasemca moukol aoKatbHo20 IKC-
MPEMYMA (AOKAALHOZO MAKCUMYMA, €CAU OMPUYAMEAbHO onpede-
AEHHAA, U AOKAADHOZO MUHUMYMA, ECAU NOAONCUMEALHO onpede-
aennas Popma). Ecau d?f(M) npedcmasasem cobotd 3naxone-
pemennyto xKeadpamuunyio @opmy, mo 6 mouxe M aoxasvHoz0
IKCMPeMyMa Hem.

HJoxazarenscrBo. Pacmumwem npupamenne gysxmum f B
Touxke M no dopmyne Temropa ¢ 0CTATOYHEIM WIEHOM B ¢dopMe
Jlarpamxa

FME) = F(M) = dF (M) + S F(M +0(M; ~ M),

rae M] uMeeT KOOpPIMHATLI (:c%, by, dry = Az = 1‘11 — x?
n
e {1,...,n}), p =/ T (z} —29)2 Tlo ycrosmo df (M) = 0,

i=1
3Ha4YUT, HGOPMYIYy MOXKHO IEPENHCaTh CAeAYIOMHNM 06Pa3oM:

F(My) — f(M) = Zf;’%Mw(Ml M))Az;Az;.

1,j=1

- H P
Iockonexy Bce fa:,x, HEnpeprIBHEL B To4yke M, To upu Beex 1,7 €
{1,...,n} BumoaraeTcsa

i, (M +0(My = M) — £, (M),

TTosTomy
J/c/th(M +0(M, — M)) = ;:’lzj(]bf) + ag(Axy,. .., Azy),
rae a;; — 0. Takum o6pazom,
p—0

FOM) = FM) = 5 Y fl (M)AzAz; + a(p)e?
i,j=1
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rue _
1 & Az; Arx;
alp) = = a;i(Azxy, ..., Az, L ) )
=3 3 au(an oS
A

O6ozraaumM h; = —pf, (t€{l,...,n}). Torpa nas M; # M

fMy) = f(M) = 02 Z fana,( M)hih; + a(p)p® =

tj=1
= pz(@(hl,,hn)"_a(p)):

rjie

&(hy,... hy Z awh hJ, a;; = f;’ll.j(M).
5,j=1

n

OqeBUAHO, 4TO th = 1, r.e. pyukuua ®(hy,...,h,) onpene-
i=1 5

J€HA B TOYKAX 7T-MEPHOW Cephl eIUHUIHOIO Paluyca.

1. Paccmorpum cHadama CAydall MOJOXKHUTEILHO ONpeeNcH-
HOM KBajpaTuuHoit dopmer d°f(M). B aTom crywae dymkims
®(hy,...,hy,), ONpefeneHHAA HA €IWHUYHOM Cdepe, MPUHUMAET
TOIBKO TOJOKUTEIbHLIE 3HAYEeHUA. KpoMe TOro, 04€BHAHO, UTO
®(hy,...,h,) HempepHIBHA, a 06AACTE €€ OUpEeNeHys — OrPaHU-
YeHHOE 3aMKHYTOe MHOXecTBO. ClefoBaTelbHO, IO BTOPOR Teo-
peme Benepurrpacca ®(hq,...,h,) gocTuraer ceoero uHGUMyMa,
T.e. inf ®(hy,... h,) = ®(hY, ..., AY) = u > 0. Tak xax bynxmus
a(p) sBaserca 6ECKOHEYHO MAIOH, TO AAA NOCTATOYHO MAJBLIX P
BrumoHAeTca |a(p)l < p. Hosromy mna Takux p

FM) = F(M) = p*(@(Rh1,. .., ha) + a(p)) > p* (1 + alp)) > 0,

T.e. ToUKa M ABIAETCA TOYKOW JTOKAILHOIO MUHEMYMA.

II. B cryvae OTpHIATEIbHO ONPEAENEHHON KBAJPATHYHON
dopubr d’f(M) amasormiHO goKa3miBaeTCA, 4TO TouKa M -
TOYKa JOKATLHOTO MAKCHMYMA.
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IIL Hycts d?f (M) - amaxonepemensas KagpaTHdsas hopMa,
T.e. CymecTBYIOT ABa Habopa (ti,...,t,) u (t,...,t") sHavenn:
gas dry,...,dz, Taxux, 9T0 B TOYKaX IepBOro HaGopa d°f(M)
HOPUHUMAET TOJOKHUTEILHOE 3HAYEHUME, & B TOYKaX BTOPOrO Ha-
60pa — OTPUIATEIEHOE 3HAUEHHE. JTO SKBUBANEHTHO TOMY, YTO
®(hy,... k) >0 ®(hY,... A} <0, rge

rt'm

VR SR
n b n
\ > o()? \Z(té')z

1=1 1=1

(te{l,...,n}).

Paccmorpum nepemennrbre Toukn M’ ¢ koopguHaTamu z; = z) +
phi m M" ¢ xoopaunatamn zf = 20 + ph!, rpe p > O mi €
{1,...,n}. Jlerko mocumrars, urc p(M' M) = p(M" M) = p.
Kpowme Toro, gara npupamenns dysxuuu f(zy,...,z,) B Touke M
COpaBeNJIUBLL (POPMVJILL

FM') = f(M) = p*(®(h}, ..., hp) + &' (p)),

fIM") = f(M) = p*(B(RY, ..., hy) + a"(p)),

! "
rae o' (p)) u o' (p)) - Geckoneano mauste nipu p — 0. osTomy a1a
AOCTATOYHO MAJEHBKUX p BBLITOAHACTCA

&' (p)] < B(RS,... hY), e (o) < B(AY,... AL,

Urax, gna cxolb yrogHO MATOro p HaWAyTca Takue Touku M' u
M", aro p(M',M) = p(M",M) = p, f(M") > f(M), f(M") <
f(M), T.e. Touka M He ABRAETCA TOYKOM JOKAILHOIO IKCTPE-
myma. Teopema gokasana. O

Hns bynxmumid AByxX nepeMeHHBIX f(T,y) AOCTATOMHE YCIO-
BHS 3KCTPeMyMa MOTYT 6BITh CPOPMyAUPOBaHEI Horee y106HO 114
IpOBEPKU.
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Teopema 7.3. [Tycmo dynnyua f(z,y) deancdn duddepenyu-
pyema 6 nexomopot oxpecmuocmu mouky M u deaxcdvt menpe-
poisno Juddepenyupyema 6 camoti mouxe M, xomopas asasemca
cmayuonaphot. Tozda, ecau AC—B? >0, 2de A = fI,(M), B =

wy(M) = fe(M), C = fH{(M), mo M asaremca mourot ao-
KaibH020 IKCTPEeMYMA (10KabH020 Mmaxcumyma npu A < 0 u ao-
Kaavrnoz0 munumyma npu A > 0. Ecau AC — B2 < 0, mo M ne
ABAAEMCA MOUKOT AOKAALHORO IKCTNPEMYMA.

3ameuanue 7.1. B ciyuyae AC — B? = 0 nna uccrenosanua
H3, BKCTPEMYM HYXHO NIpHBIeKaThk Auddepennuansl 601ee BLICO-
KOr'0 MOPAJKA.

JokaszaTenncTBo Teopemnl. 11 GyHKINR IBYX INEepeMeEH-
uex f(z,y) ee mpupaiesue B Touke M MOXHO 3amucaTh Oosee

KOHKDETHO, 4€M B TeopeMe 7.2:
1
F(My) = f(M) = 5 (A(Az)? + 2BAzAy + C(Ay)") + alp)p’,

rge Touka M, ummeeT koopamHaTthl (zg + Azr,yo + Ay), p =
Ax Ay

V(Az)? + (Ay)?. Obosuaunm hy = 7', ho = e

(Ah% 4+ 2Bhihy + Ch3).

LD |

®(hy,he) =
Toraga ana My # M
F(My) = f(M) = p*(@(hy, h2) + a(p)),

rae alp) = 0 mpu p — 0.
I. PaccmoTpumM cayyain AC — B2 >0, A > 0. B srom cryqae

1
®(hy, hy) = E)E(A?hg + 2ABhyhg + ACH}) =
= -21—14((,(1;11 + Bhy)? + ACh3 — B?h3) =

- i((Ah,l+Bh2)2+(AC—BZ)h§). (7.1)
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IMockonbky h; u ho He MOUYyT OJHOBPEMEHHO COpDaTHUTBLCA B
sHoab, To ®(h1,hs) NPHHUMAET TOMBKO MOJOKUTETbLHLIE 3HAYE-
Hua. [lanbire paccyXAeHMA TAKWe XKe, KaK B JOKA3aTeIbCTBE Te-
opeMsl 7.2.

IL. B cayaae AC — B? >0, A <0 dopwmyaa (7.1) nokasnisaer,
aro dyrkuns (hi, hy) DpUHUMAET TOILKO OTPHUATEILHELIE 3HA-
9E€HUA, ¥ MBI IpUX0AuM K c1ydaro 1T fokasarenscTsa Teopemsr 7.2.

III. Hycrs AC — B? < 0.

a) Eciu A # 0, To, monaras B (7.1) A} =1, h, = 0, noryumm
®(hi, hh) = —, a monaras b = ———=, h) = ——e,

PR = g e W= e T T e
57 (AC - B*)(h3)?. Tak kax AC — B? <
0, To ®(hy,hy) u ®(h{,h}) mveroT MpOTHBOMOOKHLIE 3HAKH,
T.e. ®(hy,hy) ABIAETCA 3HAKONEDEMEHHON KBAaJDATHYHON (BOp-

mon. J0Ka3aTelbCTBO 3ABEPIIAET CCHLIKA HAa COOTBETCTBYIOLIMN
cIydalt TeopeMsl 7.2.

"

nonyumm ®(hY, hY) =

6) Ectm A =0, a C' # 0, TO MOXHO HOBTODHTH PACCY X JCHUA
CIy9as a), IOMEHAB POLAMHA [EPEMEHHbIe T U .

8) Ecm A = C =0, To B # 0, nockomsky AC — B2 < 0. B
stoMm cay4ae ®(hy, hy) = Bhihy — TOXE 3HAKONEPEMEHHAA KBa-
IparudHaa $bopMa.

IIpumep 7.1.  f(z,y) = 22 + y°. Exuncrsensnas Touka
BO3MOXHOI'O 3KCTpeMyMa — cramuoHapHas Touka (0,0). B men
A =2>0,AC—- B? =4 > 0. Creposarenso, Touxa (0,0) —
TOYKA JOKATHHOI'0 MUIHUMYMA.

2
IIpumep 7.2. f(z,y) = z? —y* Touxa (0,0) Toxe aaserca
€IMHCTBEHHOR TOYKOU BO3MOXKHOrO skcTpemyma. Ho AC — B? =
—4 < 0, moaToMy y PYHKIMHE HET JOKATHHBIX SKCTPEMYMOB.

Ipumep 7.3. f(z,y) = 23 + 32y — 39z — 36y + 26. Haitaem
YaCTHBIE IpPOU3BOAHBIC IIEPBOI'o nOpAaKa

fo=32>+3y" ~39, f) =6ay— 36.
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CocTaB/1geM CHCTEeMY yPABHEHUHN A HAXOX JEHUA CTALMOHAPHBIX
TOYEK
2 4+y% =13
zy = 6.
Bripaxas y M3 BTOPOrO yPaBHEHHA M IOACTABIAA B IEpBOe, IIO-
ay4uM OMKBaAJPATHOE YPaBHEHUE

221322 +36=0 wm (2?—4)(2?~9)=0.
Takum 06pa3soM, CTAIMOHADHBIME ABIAIOTCA YETHIPE TOYUKH
(3,2),(-3.-2),(2,3), (-2, -3). Beraucasem HacTHBIE OPOM3BOJ-
Hble BTOPOI'O NOPAIKA

fir =62, fly=f =0y fp=0r

T
Ias Touxu (3,2) A = 18 > 0, AC — B = 182 — 122 > 0.
Ce10BaTeIbHO, B 3TOM TOYKE QYHKUMA HUMEeT JOKATbHBIA MHU-
wnmysm f(3,2) = —100. laa Touxu (—3,-2) A= ~18 <0, AC —
B? = 182 — 122 > 0. CregoBaTeanbHO, B 2TON TOYKe (YHK-
nua uMeeT JokaabHbBIM MakcumyMm f(—3,—2) = 152. Jaa Tovex
(2,3),(-2,-3) AC - B? =12° - 182 < 0. CregoBaTenbHO, B 9THX

TOYKAaX JOKAJBHOI'O SKCTPEMYMa HET.

7.2, YcaoBHBIE 3KCTPEMYMBI

YJacTO Ha MPAaKTUKe NPUXOJUTCA MCKATb 3KCTPEMyMbl PYHK-
UM HECKOJbKUX IepEeMEeHHBIX HpPU YCIOBMM, HYTO NepeMeHHBIC
KAK-TO CBA3aHbl MexAy cobou. A HMeHHO, MOMHUMO (YyHKIMU
f(zy,...,x,), ONpefeIeHHOW HA OTKPHITOM MHOXECTBE D, pac-
emoTpum eme dyaxuan Fi(z1,...,%n), ., Fm(T1,. ,on) (m <
n) ¢ ot xe obaacTeio onpexenerus D. Obosnauum £ ~ MHOXe-

CTBO PENIeHUH CHCTeMBbI

(7.2)
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Bynem rosopute, ¥To GyHKunA f UMeeT ycao6nblil Ixcmpe-
mym (Ycaosubllli MAKCUMYM HIM YCAOBHBIL MUNUMYM) B TOUKE
M € D orrOCHTEIBHO YpaBHEHMH CBA3M (7.2), ecau 3Ha<eHue
f(M) aBaserca skCTPEMATLHBIM (HAMGOMBIINM MIM HAUMEHBIINM )
Cpeau BCeX 3HAYEHUU, TPUHNMAEMbIX (PYHKINeN f Ha nepeceveHnu
MHOX€CTBa F ¢ HEKOTOpPOHM OKpecTHOCTBIO ToukH M.

[aa Hax0X ZeHUA TOYEK YCIOBHOIO DKCTPEMYyMa MHOTZA BO3-
MOXEH CIeIyIOIMA JOCTATOYHO NPOCTOM CHOCO6: peuraeM CH-

creMy (7.2) OTHOCHTENBHO T1,...,Tm
Iy = 91($m+1, yTn),
Im = gm(xm—H) ce ;In)a

3aTeM TNOJCTaBIAeM HAWJEHHHIE 3HAYEHUA B QYHKIOUIO f
M uccregyeM  HOTYHYEHHYIH (QYHKOMIO N1 — M IIePeMeHHBIX
fg1(Zmar, - 2n) o gm(Tmats -y Tn), Tong 1y - - - 5 Tn) HA OOBIY-
HBIA JOKaTbHEI dkcTpemyMm. Bemm touxka (29,.,,...,28) asas-
eTCA TOYKOM JOKATBHOIO 3KCTPEMyMa TAaKOU CJOXKHOM (DYHK-

0 0 0 _ 0 0
mMu, TO TOYKa (73,...,Z,), rae r] = gi(ah, ..., T0),. ..,

2l = gm(:r?nﬂ, ..., 7)), aBageTca TO4KON YCJIOBHOT'O 3KCTPEMYMa,
dyHKImy f OTHOCHTCIRHO ypaBHeHun ceasu (7.2).

Mpumep 7.4. f(z,y) =22 +y% Flry) =z +y-— 1 {T.e.
ypapHenue cea3u & +y — 1 = 0). Bripaxaem y 4epes r us ypas-
HeHUA CBA3M u mojcrapigeM B f : f(z,y(z)) = 22% — 22+ 1. Jdan

1

9TON QYHKIUHN TOYKA Tg = 5 ABIAETCA TOUKON TOKAIBHOI'O MUHM-

11 .
—, = | ABAAETCA TOUKOH
22

ycrosrOro MuEMMyMa dyrkumn f(z,y) = 22 + y? oTHOCHTeIbHO
ypaBHeHRUA ¢BA3un T + y = 1.

myma. CregoBaTensHO, TOYKa (79, o) = (

Opraxo TakOH NPOCTON €rnoco6 He BCerja BO3MOKEH, HO-
CKOMBbKY cucTeMy (7.2) He Bcerga ygaeTca paspemnTs. B sTom
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cAydae MOXHO BOCTIONB30BATHCA MEMOTOM HEONPEIEACHHBIT MHO-
wcumeaet (memodom Jlaepanica), KOTOPLIX HTPUMEHAETCA 1A
nBax el muddepernupyembrx dynkmmi f, Fi, ..., F,, u cocrour
B CaefyiomeM (TeopeTudeckoe 060CHOBAHME METOJA M3-33 CIOXK-

HOCTH OILyCTHM).
PaccMOTpHM HOBYIO (QPYHKIMIO N + 1M TePEMEHHBIX

q)(l"lw'-amnv)‘la"'y/\’ln) = f(-zl»-~-u$n)+
+/\1F1(.”61,...,.’L'n)+..‘. + /\mFm(fL'l,...,ClIn),

KOTOpYI0 HazwBaloT dynkuuen Jlarpanxa.
I. Ha mepsom aTame HAXOAUM TOYKH BO3MOXHOIO YCIOBHOT'O
skcTpeMyMa. Jlng 3TOro HYKHO HAUTU CTALMOHAPHBEIE TOYKU

dyurung ¢, T.e. peIWKTHL CHCTEMY

li L.
(D‘I'l‘l =0 f.;‘l + )\I(Fl);l:] +o.H /\771(F7 ).’1:] 0
..................... RERREEEE oo
@'T =0 f:’c,. + )\1(F] )l‘n + ...+ ’\m(Fm)rn 0
Pl nin
= F, =0
A1
! 0 F,=0
)\7TI.
0 0y _ o :
Ecam (z9, a8 0 A)) - crammonapras TOWKa yHKIUU
®, To (29,...,2) - ToUKa BO3MONKHOTO YCIOBHOILO DKCTPEMyMa
$pyrxuun f. ;. .
II. Ha Bropom oTame J&iIf KaXIOM TOYKH (T7,... , T ),
HAMeHHON HA DEpBOM DJTale, pPacCMATPUBAEM CBOH (yHK-
: 0 0 .
mwmo g(ry,. .., Ta) = ®(z1,...,Tn, AL Sy Am)-  Beraucasem
d?g(x9,...,2%). Kpome Toro, aucddepeHumpys yPaBHEHNA CBAM
B Touke (29, ... ,20), mosyvaeM CuCTeMy BEPHBIX PaBCHCTB
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Ecau panr martpuust Axobu mas dbyexumir Fy,..., F, B TOuke
(z?,...,2%) paBen m, To u3 3TOi CHMCTEMH MOXKHO BHIPA3UTD
HeKoTOpele m JuddepeHunalos MePeMeHHEX Iy, ...,T, 4epe3
ocraiapHble fuddepennnanst. IfoagcTaBum HalileHHbIE 3HAYEHNIA B
d?g(2%,...,28). Honyunres nexoTopas xkBaspaTwanas GopMa oT-
HOCHTeILHO (n—m) mepemernslx. Ecam 5Ta xBagpaTuynas dopma
HONOXNTETLHO ONpefeneHHad, T0 B Touke (z),...,2%) ycrosHbt
MMHUMYM, OTPULATETLHO ONpPEJeeHHAA — YCAOBHBIM MAKCUMYM,
3HAKOIEepEMeHHAA — HeT YCIOBHOI'O SKCTPEMYMA.

Hpumep 7.5. f(z,y) =22 -y?, F(z,y) = z+y— 1. Cocra-
BsgeM ¢pynkmmo (z,y,\) = 22 —y? + Mz +y — 1). Cucrema aas
HAXOX JeHUA TOYEK BO3IMOXKHOIO YCJIOBHOTO BKCTPEMYMa

2r+A =0
—2y+A=0
r+y=1

Beryuras u3 nepsoro ypasHeHus BTOpoe, noay4aeMm r+y = 0, 9410
IPOTUBOPEYINT TPeThEMY ypaBHeHuIO. (C1eH0BATETBHO, CHCTEMa
HECOBMECTHA, U QYHKINA He UMEET YCIOBHEIX 3KCTPEMYMOB.

IIpnmep 7.6. f(z,y) = vy, F(r,y) = v +y— 1. Cocrasisem
dyrkumio ®(z,y, A} = zy+ Az +y—1). Cucrema 119 HAXOX JeHAA
TOYEK BO3MOXHOI'O YCJAOBHOT'O 3KCTPEMYyMa,

y+A=0
r+A=0
r+y=1

PemenneM 3Toll cucTeMbl ABIAETCA €IMHCTBEHHBIN HAGOD T =

1 1 1

5 Yo = 5 Ao = ~5 PaccmarpuBaem dyuknuio ge,y) =
: 1 11
®(z,y,ho) = zy — 5(;1: +y = 1). daa uee g, <§3> = 0,

11 11 11
93y (5, 5) = ng <§ 5) =1, g;/lg (5, 5) = (. CregoBaTeanHo,
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I

d%g <%, %) = 2dzdy. I3 ypaBHeHUA CBA3M HAXOAUM 3aBMCHMOCTH
M(:‘)K,II; dx u dy : dr + dy = 0. Hoxacrasnas 3navenne dy = —dr

B d° MOJAy4aeM OTPUUATEIBLHO ONpeIeIeHHYI0 KBaApa-

’ 22/ 11
ruaHyl0 popmy —2(dz)?. CregoBaTenbHo, TOUKa (-2—, 5) - 2TO
TO4KA YCIOBHOTO MakcumyMma ¢ysxumm f(z,y) = Ty OTHOCH-
TeIbHO ypaBHeHus cBasu  +y = L.

IIpumep 7.7. Ha gByx npeanpuaTuax oTpaciu HeoOXoaumo
M3rOTOBAThL 180 3K3EMIIAPOB HEKOTOPOU NPOAYKLUH. 3aTPaTH,
¢BA3aHHBIE C TPOM3BOACTBOM & M3Jeaud Ha [ nmpeanpuaTuu, pasHLl
4z + % ToicaY Py6., a 3aTPaTHI, O6YCIOBIEHHBIE N3TOTOBICHIEM
y uageanut Ha 11 nmpegnpuaTuu, cocraprawoT 8y + y? TICAY PY6.
Tpebyercsa oupefeauTh, CKOIBKO M3JeJIMM Ha KaXJIOM M3 Ipel-
OPUATHH CJAeAYeT NPOM3BECTH, YTOOB obmue 3aTpaThl OBLIN MHU-

HYMAJIBHBIMHU.
Pemenne. MarTemaTuieckas DOCTAHOBKA 3aJa4u COCTOUT B

OIpeeteHNN MIHIMAIBHOI'O 3HAYECHAS QYHKINY
flz,y) = 4z + z° +8y+y2

npu yeaouu x + y = 180 (u, xoneuso, x > 0,y > 0). Cocrasnm
dyukumo Jlarpasxa

®(x,y,A) =4z + 2% + 8y + y* + Mz + y — 180).

[IpupaBHAseM HyJI0 YaCTHBIE IPOU3BOAHbIC GyHKIMI P

4+2x+A=0
84+2y+A=0
T +y=180.

PenrenneM >Toi cucTeMbl ApageTca Habop g = 91, yo = 89, Ao =
—186. DroT Habop yAoBICTBOPsSET ycaoBuio g > 0,y0 > 0. [as
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dbyukunn g(z,y) = 4o + 22 + 8y + y? — 186(x + y — 180) audde-
peHnual BTOPOro MOpAgKa B TOUKe (Zg, Yg) paBeH

d?g(zo,y0) = 2dz® + 2dy>.

KsagpaTu4ysas ¢GopMa HOMOXHUTEILHO ONDEAEIEHHAA, I[103TOMY
HeT HeOoOXOZMMOCTHM HaXOAWTH 3aBUCHMOCTL Mexnay dr u dy us
ypasuenus ceasu. Wrak, Touka (91,89) — Touka yCcroBHOTO MH-
HUMYMA.

Oteer. OnTUMATEHEIN CIIOCOS pasMemieHus 3axasa — 91 us-
npenne na I opegnpusrun n 89 — wa 1l upegnpuarun. pr sTom
3aTpaTH 6yIyT MUEAMAJBHEIME K cocTaBAT 17 278 000 py6.

7.3. Hau6ousiue u HanMeHbIINE 3HAYECHNA (PYHKIIUU

[lo cux mop Mul npegnoraraiu, 4To o61acTh OnpefeeHus pac-
CMaTPUBAEMON (DYHKIMK ABIAETCA OTKPHITHIM MHOXeCTBOM. [lis
ClIydas 3aMKHYTOr'0 OI'pDAHMYEHHOIr0 MHOXeCTBa D U Hempepwis-
HOM dyskuun f(z1,...,%,) O6aarogapa Teopeme Bemepmrpacca
MOXHO HOCTAaBUTbL BOIPOC O HAXOKAECHMM HAMOOALINETO U HAW-
MeHBIero 3HadeHMH GyHKumu. Ecir Todka, B KOTOpOW mpu-
HAMAETCA OAHO U3 3THX 3IHAYEHUM, ABAACTCA BHYTDEHHEH, TO,
OYEBHAHO, B ITOH TOYKe (DYHKIUA UMEET JOKATLHLIM 3KCTpe-
myMm. Ho csoero naubonburero (HauMeHbIIEro) 3HaYeHUA QYHK-
oy MOXKET ZOCTHraTh M Ha rpanuie maoxectsa D. Takum obpa-
30M, 4TOOBI HaTH HaMboabIIee (HANMEHDIIEE ) 3HAYCHEE (DY HKITUH
f(z1,...,zn) Ha MHOXecTBe D, MOXHO HAWTH BCe BHYTDPEHHUE
CTalMOHAPHBIE TOYKH, TOYKH HeaudPepeHunpyeMOoCT QyHKINN
f, BHIMMCINTDL 3HAYEHHA QPYHKIUHU B HAX W CPABHUTDL UX MEXIY
cobort ¥ €O 3HAYEHUAMM GYHKIUM [ B TPAHUIHBIX TOYKAX MHO-
xecTBa D : pambonbinee (HaMMEHbIIEE) U3 BCEX DTUX BHAYEHUW U
OyneT HanboIbmUM (HAMMEHbUINM ) 3HAYEHHEM PYHKIUN fHa BCeM
MHOXecTBe D).
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Hpumep 7.8. Tpebyerca HauTH HanboIblllee X HAUMEHbIIEE
smadenns dyrkmmn f(z,y) = r’y Ha MHOXecTBe Touex (z,%),
yJOBIETBOPAIOIIAX HEPABEHCTBY 22+t <1

HangeM cHa%aza CTAUMOHADHLIE TOYKHM B OTKPBITOM KDyre
22 +yt <1

fa=2zy=0
fy = z? = 0.

PemernueM CUCTEMBI ABAAIOTCA BCE TOYKM OTKPBITOTO Kpyra, y
koTopeix z = (. 3HadueHus GYHKOUM f B 3TUX TOYKAX DAaBHBI
0. Jaa Baxox/eHWA SKCTPEMAILHBIX TOYEK Ha I'DAHUIE Kpyra
MOXHO MCCIeJOBATh QPYHKIUIO f HA YCIOBHBLIA JKCTPEMYM OTHO-
CUTeNbHO ypaBHeHus cBa3u x2 +y2 = 1. Bripasum us sToro ypas-
HeHI/IfI z? = 1 — y?® u moacrapmm B f(z,y), NOLydUM GYHKLNIO

=y — y°. ®yuxuua h(y) uMeer [JBe 3KCTPEMalbHLIE TOUYKN

\[ uys = \/— U3 ypasmenus 22 = 1 — y® HalgeM coOT-

BETCTBYIOLINE 3HAYEHMA T. Brraucanm 3Havenns pyskmun f(z,y)

B MOXYIEHHBIX 9eTHIPEX TOYKAX U CPABHUM HX CO 3HAUCHHAMHU

dbyaxumu f B TQYKAX €e BOIMOKHOI'O DKCTPEMyMa BHYTPU KPyra

22 +y? = 1. Tak Kak B HaleM IpUMepe 3TY 3HaYeHuA paBHel 0, TO

HauboubIIee 3HaYenue pyHkmuy f (2, y) Ha yKa3aHHOM MHOXECTBE
2 2

3V3'

paBHO HanMEHEBITEE pa.BHO —_——_—
3V3
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