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ITpenuciaoBue

JlamHoe 3/IeKTPOHHOE 110cOOMe eCTh KOHCIEKT JIEKIIUN JBYXCe-
MecTpoBOTO crernikypea " lomomanrensupie TaaBsl GyHKIIMOHATH-
HOro aHaJm3a'", YUTaeMoro aBTopoM MarucTpaM IIePBOro Ioja 00y-
TCHS.

OHO 1pe/IHA3HAMEHO JIJIST MAUCTPOB MATEMATUIeCKUX (DAKYITh-
TETOB, N3YUaBIMNX Kypc " PYHKIINOHATLHBIN aHAIN3 U HHTETPATh-
Hble ypaBHeHusi". 3/1eCb pacCMOTPEHBI BOIIPOCHI, KOTOPBIE B OCHOB-
HOM Kypce JiyTsi 6aKaJIaBpoB JuOO He 3aTparnBajiCh COBCEM, JIU-
60 paccMaTpPUBAINCH HEIOCTATOTHO TTOJIHO. B gacTHOCTH, TIOHSATHE
TOIIOJIOITYIECKOT'0 IIPOCTPaHCTBa, JIOKa/JIbHO BBITYKJIOI'O IIPOCTpaH-
CTBa, TeOpHUsl TBOHCTBEHHOCTH JIOKATBLHO BBIMYKJIBIX TPOCTPAHCTB,
TOHKME BOIPOCHI TEOPUHM HOPMUPOBAHHBIX MPOCTPAHCTB (HAIPH-
Mep, Teopust Dbepiieitna — [IIMmyiibsina, onepaTopbl ¢ HHIECKCAMH,
Teopema JIIocTepHUKa 0 KacaTeJbHOM IIPOCTPAHCTBE).

Kax mpaBuio moKazaTenbcTBa YTBEPKICHUI, MOy IAIONTIe-
Cs HEIIoCpeACTBEHHBIM IIPpUMEHEHNEeM COOTBETCTBYIOIIUX OIIpe/ie-
JICHWIT, He TPUBOAATCs. V3moKeHne Marepuaia B 3HAYNTETLHOM
cTerieHn 3aMKHYTO.

B mocobun ncnonb3yroTest cieayronime o003HAUEeHUs U COTJIa-
e

Bamuce A:=B umu B =: A o3naudaer, uTo A oupejesisieTcs
mocpeJicTBoM B.

Jlsisi obo3HadeHMsT MHOYKECTB HATYPAJBHBIX, IIEJIbIX, Pallio-
HAJILHBIX, JIEHCTBUTENBHBIX W KOMILJIEKCHBIX UHCET MCTOIB3YIOTCS
cumBosibl N, Z, Q, R u C.

Z4:=NU{0}.

Cumpour P ucnosib3yercst B Ka4ecTBe 00IIero 0003HaAYeHNUs JIJIsT
RuC.

B(X) — MHOXeCTBO BCEX IOJMHOXKECTB MHOXKecTBa X, WK
oynean.

Maremarnaeckasi crpykrypa (X, R), rae X — MHOXKeCTBO, a
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R — uabop pas3/invIHbIX OTOOPAYKEHUN U OTHOIIEHU, JacTo 000-
3HAYAETCS OJHUM CHUMBOJIOM X .

MHozKecTBO, Ha KOTOPOM OIIpEjie/ieHa MaTeMaTudecKas CTPYK-
Typa, 9acTo 0DO3HAYAETCd TaK »Ke, KaKk W CTPYKTypa, Halpu-
Mep, obosHavdeHne HopMEpoBaHHOrO mpocrpancTBa Cla;b] wacto
UCIIOJIb3YETCsl Jjisi 0003HAYEHKs] MHOYXKECTBa HEIPEPBIBHBIX HA OT-
peske [a;b] dyHKIMii (HA KOTOPOM 9TO HOPMUPOBAHHOE [IPOCTPAH-
CTBO OIPE/ICJIEHO).

Samucr A C B wim B D A o3Hadaer HeCTpPOroe BKJIIOYEHHE,
T. e. paBeHCTBO A = B He UCKJIOUYEHO.

f(x) — snauenue orobpakenusi (pynknuu) f B TOUKe T, a
f(-) — cama dyukus f (ucnosb3yercst Jis MOAUEPKUBAHUST Xa-
pakTepa 00beKTa, 0003HAYEHHOIO CHMBOJIOM f).

Ecmm f: D(f) C X =Y, o Im f:= f(D(f)).

YacrTo y cemeiicTBa MHOYKECTB WJIM JIEMEHTOB MHOXKECTBA He
YKa3bIBa€TCsl MHOXKECTBO WHJIEKCOB, HALIPUMED, BMECTO { €4 }acA

u |J F, numercs { e, } u|JF, coorBercrBeHHO.
acA a
Ok,n — cumBosl Kponekepa.

Ecin B yrBepK iernn, cchopMyIMpPOBAHHOM C TIOMOIIBIO [IPE/TH-
KaTOB, He yKa3aHbl KBAHTOPbI, TO KO BCEM MEPEMEHHBIM I0Jpa3y-
MeBaeTCsi KBAHTOP BCEOOIHOCTH.

Bce BBOJMMBIE TEPMUHBI IIPU TIEPBOM YIIOMUHAHUN BbIEJISTIOT-
csl KYpPCUBOM.

KommenTapuu BuyTpu mernouku hopMmysi JaroTcsd Jud0 BHYTPH
KBa/IPATHBIX CKOOOK, NGO HAJ| CUMBOJIAMU OTHOIIEHUI.

Ecyin B Teopeme chopMyImpoBaHO HECKOJIBKO Y TBEPKIEHUIT, TO
HOMED JIOKA3bIBAEMOI'O YTBEPXK/ICHUSI 3aK/II0UaeTCs B paMKy. Pas-
JIMYHbIE STAIbI JOKA3aTe/IbCTBa KOHKPETHOTO YTBEPKICHUS HYMe-
pyloTca 06e3 3aKJII0UeHNs HOMEPA B PAMKY.

CumBoJiOM m 0003HAYAETCS OKOHYAHUE JOKA3ATEbCTBA UJIH
3aMedaHnil (KOrJa 9T0 HEOOXOIUMO).

Jlannoe mmocobue siB/sieTcst IPOJIOIKEHIEM TI0CO0Ms aBTOPA JIJIst
bakanaBpos [3|. B cBs3u ¢ 9ruM, npn HEOOXOIMMOCTH CCHLIKU Ha
TEOpEMBI, HE paccMaTpUBaeMble B JIAHHOM IOCOOMM, HO JIOKA3aH-
Hble B Hocobum jyist GakaaaBpoB, cChbUIKH Jatorcs Ha [3]. Kpome
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9TOI'O 663 JOIIOJIHUTEJIbHBIX IIOSICHEHU 1 HCIIOJIB3YIOTCA IMOHATUA 1
obo3HaueHNus1, BBEJCHHbIE B [3].

Huke npuBOAMTCS CIIMCOK TaKUX 0DO3HAYEHUI.

(X, p) — MeTpuvecKoe NpOCTPAHCTBO ¢ HOocuTeeM X U MeTpU-
KOl p.

p(x,y) — paccrosHue MeKy SJIEMEHTAMU T U Y METPUIECKOrO
IPOCTPAHCTBA.

Ty — Tp — MOCJEJOBATEILHOCTD { Ty, } CXOAUTCS K T OTHO-
CHTENBIO METPUKH p.

pT — TpuUuBHaJIbHasA METPHKA.

(X, || - ||) — mHopMmupoBaHHOe HPOCTPAHCTBO ¢ HOcHTeNeM X u
HOpMOIL || - [].
||z|| — HOpMa ssIeMeHTa T HOPMUPOBAHHOIO IIPOCTPAHCTBA.

(x,y) — cKaJsIpHOE IIPOM3BEJIEHIE JIEMEHTOB €BKJIMI0BA IIPO-
CTPaHTCBA

c*, l]]; (p > 1) — KOHEUHOMEpHbIE HOPMUPOBAHHBIE IPOCTPAH-
cTBA.

¢, cp, m, l, (p > 1) — HOpMUPOBaHHBIE IIPOCTPAHCTBA IIOCJIE-
JIOBATEJIbHOCTEI. -

M]a;b], Cla;b], C(X), C*a;b], Ly(a;b), Ly(a;b), W;(a;b) u
Wk(a;b) (p > 1) — nopuupoBammble IpPOCTpancTBa (KIacCoB)
by HKITHIL.

B(a,r) wm B(a,r; X) — OTKPBITBIH 1ap ¢ IEHTPOM B TOUYKE @
u pagmyca r > () B METpUIeCKOM IPOCTPAHCTBE X .

Bla,r] nin Bla,r; X| — 3aMKHYTBIi 1ap ¢ IEHTPOM B TOUKE ¢
u paguyca r > (0 B MEeTpUIeCKOM IPOCTPAHCTBE X .

7(p) — MHOXKECTBO BCEX OTKPBITBIX MHOXKECTB B METPUIECKOM
upocrpancrse (X, p).

({ eq }) — nuneitnas 060I09Ka CHCTEMBI BEKTOPOB { €4, } B JIn-
Heitnom npocrpancrse. Bumecro ({ eq, ..., e, }) gyacro numercs mpo-
CTO (€1,...,€n).

T — KJacC 3JIEMEHTOB, SKBUBAJEHTHBIX 3JEMEHTY X OTHOCH-
TeJIbHO 3aJaHHOI'O OTHOIIEHHNS 3KBUBAJIEHTHOCTHU ~~.

w(9; f, M) — Mozysib HEIPEPBIBHOCTH OTOOpaykeHusi f Ha MHO-
xkectBe M.



I nm Ix — ToxKjaecTBeHHOE oToOparkeHne MHOxKecTBa X Ha
cebst, T. e. [x:=ux.

L(X,Y) — HOpMHUPOBaHHOE IIPOCTPAHCTBO JMHEHHBIX HEIpPe-
PBIBHBIX OIIEPATOPOB, OIPEJIEJIEHHBIX Ha HOPMUPOBAHHOM IIPO-
crpancTBe X €O 3HAYEHUAMU B HOPMHUPOBAHHOM IPOCTPAHCTBE Y .

(x,2*) — 3HaveHue JuHEHHOro (DYHKIMOHAIA ¥ Ha JIEeMEHTe
x, T. e. z¥(x).

Ty —% 20 — TOCIIEI0BATETLHOCTD 3JIEMEHTOB {z, } mopmupo-

BAHHOIO IIPOCTPAHCTBA CJIa00 CXOMUTCS K SJIEMEHTY X().
*
* O x *
&} —> x{ — IOCJIeIOBATEILHOCTD 3JIEMEHTOB { Z) } HOpMEPO-

BAHHOTO TPOCTPAHCTBA JMHEHHBIX HENPEPLIBHBIX (DYHKITHOHATIOB
*c1abo CXOAUTCS K JIMHEHHOMY HEIpPepPBIBHOMY (byHKIHOHAILY I().
0(A) — cmexrp smHeitHOTO OnIEpaTopa A.

B zakmiodenne aBTOp BbIpakaeT CBOIO OIPOMHYIO OJrarojap-
noctb M. U1. [oMOI0HOBY, BHUMATEILHO IPOYUTABIIEMY TEKCT JTaH-
HOT'O TI0COOMS, OOHAPYKUBIIIEMY B HEM MHOI'OYUCJIEHHbBIE ITOIPEI-
HOCTU HAOOPA U BBHICKA3ABIIIEMY MHOIO ITOJIC3HBIX 3aMEUAHUN C TOU-
KU 3PEHUs PEAJILHOIO MOJIB30BATE s JAHHOTO TTOCOOHS.

I'masa 1
TomoJjiornyeckue NpocTpaHCTBA

§ 1. OcHOBHbBIE TIOHATUS

VYrepxkaenue 1.1.1. B mmnoorcecmee Cla; b neavsa esecmu
MEMPUKY, NOPOHCIWOULYIO NomoveuwHyro crodumocms. [19, T 0,
§ 2, c. 25, Yupaxnenue 1%

Hokasarenscrso. 1. Ilycrs (C,p): ((2,(-) —b]>0 HOTOYEYHO )
a;

= 2, (-) — 0). Tlokazem, uT0
p

Vitp € (a;0) Ve>03Ih>0Vz() € Cla; b

(Vt e [to;to+h] z(t)=0) = p(z(-),0) <e. (1.1.1)

[Ipe/inoIoKuM IIPOTHBHOE, T. €.
Jtg € (a;b) Jeg >0V h >0 Jz(-) € Cla; b]

(Vt & [tosto+hl  an(t) =0) A p(aa(-),0) = eo.

Tak kak xp(-) HempepbiBHa Ha [a;b], To xp(tg) = 0. Ilycrs
h(n) = 1/n m x,(-) = Ty, (), Torma Vi € [a;b] z,(t) — 0, HO
p(@n(-),0) > €o.

2. Ilycte p xaxk B mymkTe 1. Ilokaxkem, 4UTO cyIecTByeT
{zn(:)} C Cla;b]: p(xn(-),0) =0 u z,(-) /0 norouedso.

Monoxum ty:=(a + b)/2, 1:=1, a hy — ynoBreTBOpsIOINICE
(1.1.1) nyist 3a1aHHBIX t1 ¥ €1, U Takoe, uro Iy :=[t1;t1+h1] C (a;b).
[Torom BosbMeM to :=1t14h1/2, 9 :=1/2 u hg — ynoBierBopsitomiee
(1.1.1) nyrst 3a@HHBIX to U €9, U Takoe, 9T0 g :=[te;ty + ho| C .;1
u T I

[Tpomoskas ONMCAHHBINA WHIYKIMOHHBINA IIPOIECC, IOCTPOMM
IIoCJIe 10BaTE/JIbHOCTDL  BJIO2KEHHBIX W CTATHUBAIOIIUXCA OTPE3KOB
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{1, }. Paccmorpum { z,,(+) } C Cla;b], onpeieneHuyo ciie Ly oM
obpaszoM:
0, t&1I,
Tp(t):=< 1, te
muneiina wa I, \ In41.
Torga no mocrpoennto { z,(-) } p(zn(-),0) < &, u, TeM cambIM
o0
zp()—0. Homna tpe (| I, VneN z,(tp) =1. =
p n=1
Onpenenenue. B(X) D 7 — monosoeus na X, eciu
1. X,0 er.
2.GoeT=JG,€ET.
«

k
3. Gi,...,GyeT= ) G, €T.
=1
Onpegesieane. MHOXKeCTBA U3 T HA3BIBAIOTCS OTKDLIMbLMU
MHOKECTBaMU, UX JOIOJHEHUS — 3AMKHYMbLMU MHOKECTBAMU, a

(X, T) — monosozuseckum npocmparncmeom.

IIpumep 1.1.1. Merpuueckoe NPOCTPAHCTBO SIBJISIETCsI TOIIO-
JIOTMIECKUM TIPOCTPAHCTBOM € T = T(p).

IIpumep 1.1.2. 75:=B(X) = 7(pr) — Jduckpemnas monono-
eus na X.

ITpumep 1.1.3. 7,:={X, 0} — anmuduckpemnas monorozus
na X.

ITpumep 1.1.4. X :=R (moboe Gosee YeM CUETHOE MHOXKE-
crBo), T.:={G C X : G=0V X \ G — He Gojiee ueM CUETHO}.

IIpumep 1.1.5. X :=R (11060e GeCKOHEUHOE MHOYKECTBO),
Tp={GCX:G=0VX\G — Kone4yno}.

ITpumep 1.1.6. Ilycts (X, 7) — Tomosormyeckoe MpOCTpaH-
crBo, a M C X. Torma myp:=7NM:={GNM: Ger1} — ro-
nostorust Ha M. (M, Tpr) — nodnpocmparcmeo monoaozuseckozo
npocmparcmsa X .
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Ormerum, aro eciiu M T-OTKPBITO, TO BCE T)/-OTKPBITHIE TIOJI-
muOo)kecTBa M OyAyT U T-OTKPBITHI.

Amnamornano, ecun M T-3aMKHYTO, TO U BCE Tj/-3aMKHYTHIE
noamuozkectBa M OyIyT T-3aMKHYTHI.

Bameuanme. Eciu (X, p) — Merpudeckoe mpoOCTPAHCTBO, a
M C X, ro (M, p), paccMarpuBaemMoe Kak TOLOJIOIMYECKOE IIPO-
CTPAHCTBO, SIBIAETCA MOANPOCTPAHCTBOM TONOJOTUIECKOTO MPO-
crpancrBa (X, 7(p)).

Ounpenesniennsi. Ilycrs (X, 7) — Tomnojorunyeckoe mpocTpaH-
CTBO, a Tg € X.

1. U(zg) — oxpecmmocmov mowku xo := 3 G € 7: G C U(xg) u
o € G.

2. OKpecTHOCTD TOYKH, SIBISIIOMIASICS OTKPBITHIM MHOKECTBOM,
HA3BIBACTCS OMKPLIMOLT OKPECTIHOCTIDIO TOYKU.

3. llouatus "mpemempHast Touka', "BHyTpemHss TOUKa',
"sHyTpenHocTh", "saMmbikanue", "mpemes MmocienoBaTeILHOCTH B
TOMOJIOTMIEeCKOM TTpocTpancTee, "pejes B TOUKe 0TOOpasKeHUsI
OJIHOTO TOIOJIOIHIECKOTO IIPOCTpaHcTBa B Apyroe", "Hempepbis-
HOCTBb OTODpazkeHust B ToUKe", "HEPEPBIBHOCTH 0TOOPaYKeHNsT Ha
MHOYKeCTBe" OMpesieSTIoTCsT B TOMOJIOTUIECKOM TTPOCTPAHCTBE JT0-
CJIOBHO, KaK B CJIy9dae METPUYECKHUX [IPOCTPAHCTB, C 3aMEHOil OT-
KPBITBIX TIAPOB Ha MPOU3BOJIBLHBIE OKPECTHOCTH COOTBETCTBYIONTIX
TOYEK.

Hampumep, z¢g — npedeavras moura mmoorcecmea M, ecu
VU(xzo) M N (U(xo) \ {zo}) # O, U(M) ectb oxpecmmocmo mHo-
orcecmea M, ecou 3G € 7@ M C G C U(M), a orobpaxkenue
f: X—=Y, e X, Y — ronosorndeckne MpOCTPAHCTBA, HA3bI-
Baercst Henpepvishoim 6 mouke x € X ecom YU(f(x)) FU(x):
fU@) € U(f(a)).

5. Iycrs (X, 7) — Tonosoruueckoe npocrpancrso u M C X.

o
Buyrpennocts muoxkecrsa M oboszmauaror uepes M, wan
int(M), wim int(M;T), a 3ambikanue M — depe3 M, win cl(M),
win cl(M;T).
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Teopema 1.1.1. 1. ITycmo XLYLZ, X, Y, Z — mono-
NO2UMECKUE NPOCMPAHCTNE, [ HENPEPBIBHO 68 MOYKE T, A § HEnpe-
poeho 6 mouke f(xg). Tozda g(f(+)) nenpepvisho 6 mouke xg.

2. llyemv f : X =Y, X, Y — monoaoeuueckue npocmpan-
cmea. Tozda (f nenpepuweno na X )<= (VG ey f71(G) € 7).

CaencrBue. Illyemo f @ X =Y, X, Y — mononoeuueckue
npocmpancmea. Tozda (f menpepwvisno na X) <= (VF cCY
(F — samxnymo = f~1(F) — samrxnymo)).

3ameuanus. 1. [Ipegen B TOIOIOrnIeCKOM IPOCTPAHCTBE MO-
2KeT ObITh He €JIMHCTBEHHBIM, HAIPUMED, B TOIOJOIUIECKOM IIPO-
crpancree (X, 7,) V{z,} € X Vzo € X z,—x0, Tak Kak
U ($0) = X.

2. Ilpenesr mocIeq0BaTeILHOCTH B TOIOJOIMICCKOM IIPOCTPAaH-
CTBE MO2KET HE XapaKTepnu30BaTb OTKPLITbhIC U 3aMKHYTbIC MHOXKe-
cTBa (TOIMOJIOTHIO), IIPEJIEST U HEIPEPBIBHOCTH OTOOPAYKEHMUIA.

ITpumep 1.1.7. B ronosoruyeckom upocrpancrse (R, 7.)
(xp —x0) <= (Ino Y n > ng x, = xp). llosromy cBoiicTo

(xp— 20 € M)=(3nogVn >ng x, € M)

BBITIOJTHSIETCST JIJTsT JTI000TO MHOXKecTBa M, a He TOJIBKO JJIsT OTKPbI-
TOro, KaK 9T0 ObLIO B METPHYECKUX [POCTPAHCTBaxX, Xorsd B (R, 7,)
eCTh He OTKPBIThIE MHOXKeCTBa, Haupumep, {1,2}.

Omnpenenenue. [lycrs X — Tomosioraaeckoe mpocTpaHCTBO U
McCX.

1. MuoxkectBo M HA3BIBAETCH CEKBEHUUAALHO OMKPLIMDIM, €C-
m (x, —xg € M) = (Ing ¥V n >ng x, € M).

2. MuoxkectBo M HaA3BIBAETCH CEKBEHUUANDHO 3AMKHYMBIM, €C-
m (M >z, — xg) =>(xg € M).

YrBepxkaenue 1.1.2. [lyemv X — monoaozuueckoe npo-
cmparcmeo. Cnpasedausvl caedyrowgue ymeepirHcoeHus.:
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1. Ob6sedunenue 2106020 cemeticmea CeKGENUUANDHO OMKPDL-
MBLT MHOICECTNG CEKBEHUUAABHO OMKPBIMO.

2. Ilepeceuenue 1106020 KOHEUH020 CEMETCMEA CEKGEHUUAABHO
OMEPBIMBLT MHOHCECTNE CEKGEHUUANHO OTKDBLINO.

3. Obsedunenue A106020 KOHEUH020 CEMETCMBA CEKGEHUUAABHO
BAMKHYMBLT MHOINCECTNE CEKGENUUAALHO 3AMKHYMO.

4. Ilepeceuenue 106020 cemelicmea CeKGEHUUAALHO 3AMKHY-
LT MHOIICECTNG CEKGEHUUAADHO 3AMKHYMO.

5. Mnoorcecmeo CeksEHUUAALHO 3AMKHYMO M020a U MOALKO
mozda, xo2da donosrenue 00 He20 CeKBEHUUAALHO OTKPBLMO.

6. Cemeticmeo 6CET CEKBEHUUAALHO OMKPLIMBLT MHOHCECTE
eCmb HEKOMOPAA TONOA02UA HA HOCUMENE UCTOOH020 MONOA02U-
YECKO20 NPOCTPANCMEA.

Onpenenenue. Ilycrts 71 u 79 — jaBe Tonosioruu Ha X. ['oBo-
PSIT, YTO TMONOA02UA T1 HE CAabee monosoeul T (Monosozus o He
CUADHEE TMONON02UL T] ), €CITH T] D To.

Yrepxkaenue 1.1.3. [lycmv 11 u 79 — dee monosozuu Ha
X. Tononrozus T He caabee monoso2uu To Mo20a U MoALKO moz2da,
rxo2da mootcdecmeenroe omobpasicerue I : X — X nenpepwvieno Ha
X xax omobpasicenue monoaozuveckozo npocmpancmea (X, 1) Ha
monoaozuseckoe npocmparcmeo (X, Ta).

3ameuanmne. OrmernM, 4To J060e oroOpazkenue f TOOJIO-
rudeckoro npocrpancTsa (X, 74) B IPOU3BOJIBHOE TOHOJIOIHYECKOE
npoctpancTBo Y HenpepbiBao Ha X . [Ipu sTom orobparkenue f u3
[IPOM3BOJILHOI'O TOIIOJIOTUYECKOI'O TPOCTPAHCTBa X B TOIOJIOTUYE-
ckoe npocrpancrso (Y, 74) HenpepbiBHO B Touke zp € X Torja u
TOJIBKO TOIJIa, KOrJia f MOCTOSHHO B HEKOTOPOil OKPECTHOCTH TOY-
K1 .

Ounpenesienne. Tomosormueckne npocrpancrBa (X, 7x) u
(Y, Ty) Ha3bIBAIOTCSH 20MEOMOPPHLIMU, €CIIU CYIIECTBYeT OUEKIUs
f: X —Y rakag, uro f u f~' menpepsiBEBl Ha X 1 Y COOTBET-
CTBEHHO.
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3ameuvanusd. 1. ['omeomopduzm — 310 nzoMopdu3M TOIMOIO-
FUYECKUX CTPYKTYD.

2. Hemzomerpuueckue MeTpuiecKue MpoOCTPAHCTBA MOT'YT ObITh
roMeoMOpMHBIME TOIIOJIOTUIECKIMHU TPOCTPAHCTBAMU.

YrBepxkaenue 1.1.4. [lycmov p, u p, — mempuru na X . To-
2da (p, ~ p;) <= (I : X — X ecmov 2omeomopfusm (X, 7(p,)) na

(X, T(P2)>)'

§ 2. AKCMOMBI OT/IEJIMMOCTH

Onpenenennsd. llepeunciiennnie auxke coiicra 17 — 1) To-
[OJIOTMYECKHUX IPOCTPAHCTB HA3BIBAIOTCS GKCUOMAMU OMOICAUMO-
cma.

Ty :Vz,y (z#y=3U(z) y ¢ U(z)).

T, (akcmoma Xaycmopda):

Va,y (v #y=3U(x),U(y) Ux)NU(y) = D).
Ty : (x9 € F) A (F — samxuyro) =
AU (20), U(F) Ulzo) NU(F) = Q.
Ty : (FiNFy =) A (Fi, F; — 3aMKHyTH) =

JU(F),U(F2) U(F1) NU(F) = 0.

Onpenenenusi. 1. Tomosornyeckoe TPOCTPAHCTBO, Y/I0BJIE-
TBOPSIOIIEe akcuoMe 15, HA3BIBACTCA 0MOICAUMBIM WA TaYCcIOp-
Pposvim.

2. Tomojioruvyeckoe MPOCTPAHCTBO, YIOBJIETBOPLIOIIECE AKCUO-
MaMm T u T3, HA3BIBAETCI De2YAAPHBIM.

3. Tomosormiaeckoe TPOCTPAHCTBO, YIOBIETBOPSIONIEE AKCHO-
mam 11 u Ty, HA3BIBACTCS HOPMANOHOIM.
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ITpumep 1.2.1. Tonosoruueckoe mupocrpanctso (X, 7,) He
yI0BJIeTBOpsieT akcruome 1.

ITpumep 1.2.2. Tonosoruueckue mnpocrpancrsa (X, 7,) u
(X, Tc) He yAOBIeTBOPAIOT akcuome Th.

YrBepxkaenue 1.2.1. Cnpasedausv, caedyrousue ymeepotcoe-
HUA:
1. B Ty -npocmpancmee {xo} samrrymo.

2. T; <:>VU(ZL'0) 3 Ul(iL'o) Ul(.%'(]) C U(ZL’())
3. Bcaxoe HOPMaALHOE NPOCMPAHCNEO PERYAAPHO, BCAKOE PE-
2YAAPHOE NPOCTMPAHCTNGEO OMOIEAUMO.

Moxazarenscreo. [1]. y € X \ {xzo} N AU (y):
w0 & Uy) == Uly) C X\ {zo}.

2. =] 20 & F:=X\ U () s, AU (), U(F) : O =
= Ul(ZL'()) ﬁU(F) - Ul(xo) C X\U(F) C X\U(F) -

Ur(zo) C X \U(F) C X\ F =U (z0) C U(o).
- o€ F= 3U(xg): Ulxo)NF =0 = JU;(xp) :

Ul(ZL'()) - U(ZL’()) — Ul(xo)ﬁF =0 = FC X\Ul(xo) =: U(F)
i Ur(20) NU(F) = 0. n

Yreepxkaenue 1.2.2. Mempuueckoe npocmpancmeo ecmb
HOPMAAHHOE MONOA02UYECKOE NPOCTPAHCNEO.

§ 3. Basbl TomoJIOTUN U OKPECTHOCTE TOYKH,
AKCHUOMBI CUETHOCTH

Onpenenenne. CemeiictBo 3 C T Ha3bIBAETCsl 6a30U MONOAO-

euu T, ecm VG € T: G# O I{W,} C 8 G=JW,.
«

IIpumep 1.3.1. B merpuueckom npoctpancTtBe X ceMeilcTBO
{B(a,r):a€ X, reQ,r>0} ecrb 6a3a To0JIOrUN.
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IIpumep 1.3.2. B Merpuyeckux HIPOCTPAHCTBAX l;f u cF

(P = R) cemeiicto { B(a,7): a € Q¥ r € Q, » > 0} ecrb 6a-
3a TONOJIOTMH, M OHA CYETHA.

Teopema 1.3.1. [Iycmo  C B(X). Cemeticmso 3 ecmv 6a-
3a nexomopot monoaoeuu na X mozda u moasvko mozda, K020a
BVINOAHEHDL CAEOYNOULUE YCAOBUA:

1L.Vee XadW e g xe W,

2.YVW i, We € Yz e Wi NWodW3 € 3 x € W3 C Wi NWs.

JlokaszaTeabCTBO. [<=]. T:= { UWy: W, € ﬁ} U{9D}, mo-

CKOJIBKY B cmiTy BTOporo ycaosus Wy N Wy = U W, =
WWCWUWWQ

ITpumep 1.3.3. Ilycte X = PM u W(f,t1,... tg,e) =
{9() € PM : Vi e 1,k |g(ts) — f(t:)] < e} Torma
B={W(f,t1,....tp,e) : f e P’ keNt € Me >0} Ga

3a Torojiorun "morouedHoi cxonumoctu' orobpazkenuit uz M B P.

ITpumep 1.3.4. Cewmeiicreo (:={[a;b) : a,b € R,a < b} —
6aza Tomosorun "crpesnkn" Ha R.

Onpepesnenne. Ilycrs w(zg) C B(X). Cemeiicto w(zg) Ha-
3bIBaeTCs 00301 okpecmmuocmet mouku xo (WIn onpedeaarowets cu-
cmemoti okpecmuocmeti MoKy T(o) B TOIOJOIMYECKOM IIPOCTPAH-
crBe (X, 7T), eciu BBITOJHEHBI CJIEYOIIe YCIOBHS:

1. W € w(zg) = W — OKpPEeCTHOCTb TOUKH Z();

2. VU(JJ()) dW e w(a;o) W C U(l’o)

ITpumep 1.3.5. B merpudeckom mpocTpancTtse X ceMeicTBO
{B(zg,7) : 7 € Q,r > 0} ecrb 6a3a okpecTHOCTEl TOUKH T(, U
ora Oasa He Oojiee UeM CUeTHA.

ITpumep 1.3.6. Ecim w(zg) — 6a3a OKpeCTHOCTEH TOUKU ),

o
[¢]
To u w(xy) :={W : W € w(xg)} — 6a3a okpecrHOCTEIl TOUKH X(),
IPUYEM COCTOSIIAs U3 OTKPBITBIX OKPECTHOCTEN (omxpviman 6asa
okpecmmocmets mouku w(xg)).
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Yrepxkaenue 1.3.1. 1. Ecau 0 — 6asa monoaozuu T, mo
w(zg):={W € 5 : g € W} — omxpwmasn 6asa oxpecmmocmed
MoYKY Xq.

2. Feau Y € X w(x) — 6asa omkpuimoir 0Kpecmmo-
cmeti mouku T 6 monoaoeuueckom npocmpancmee (X, T), mo
B:= U w(x) — 6asa monoaoeuu .

rzeX

Teopema 1.3.2. Cemeticmeo {w(x) C B(X): x € X } ecmo
cemeticmeo 6as oxpecmuocmet movex 6 HEKOMOPOl MONOAOUY Ha
X moada u moavko mozda, K020a bINOAHEHDL CACOYIOULUE YCAOBUS:

1.VV ew(x) z €V;

2.V, Vo ew(x) Vs e w(x) : V3 C VN Vs

3.VV ew(x) 3 17~€ w(x) : N

(VCcVI)ANyeV FUew(y):UCV).

HokazaresnbcTBo. [ <] Oupejemim Tonooruio 7 Ha X cie-
ayronwM obpasom: O # G € 7:=Vr e G IV cw(z): V C G.
CgoiicTBa 1-2 1OKa3bIBAIOT, YTO ITO JIEHCTBUTEIHLHO TOIOJIOTUS Ha
X. Tokaxewm, uro w(z) > V ecTb OKPECTHOCTL TOUKH T B ITOI
ronosiornu. JleficrBurebHo mycTh V' — MHOXKeECTBO u3 cBoiicTBa 3,
rormaV eETuxeVCVlV. n

Yrepxkaenue 1.3.2. [lycmv X — omdeaumoe monosozuie-
croe npocmpancmeo, ro € X uw(xg) — basa okpecmmocmets mou-

wu zg. Toeda [ W = {xo}.
Wew(zo)

HokazaresberBo. y # g — JU(y) € 7, W € w(xp):
Uy)nW =0 = W c X\Uly) = W c X\Uly) =
UPNnW=0=y¢W. u

Onpegnenenusi. 1. [oBopsT, 9TO mMonosozuieckoe npocmpat-
CcMeE0o Ydosaemeopaem nepsotl aKCUOME CHEMHOCTU, €CIIA KaXKIast
TOYKA 3TOTO IPOCTPAHCTBA MMeeT He Oojiee WeM CUeTHYIO 0aszy
OKPECTHOCTE.

2. ToBopsiT, 9TO MONOAORUNECKOE NPOCMPAHCNEO YIOBAEMBEO-
pAEM 8MOPotl AKCUOME CHEMHOCMU, €CJIA TOIOJOIHUS ITOrO IIPO-
CTpaHCTBa UMeeT He DoJiee deM CUeTHYI0 6a3zy.
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IIpumep 1.3.7. Merpuueckoe MPOCTPAHCTBO YIOBJICTBOPSIET
ePBOIi AaKCUOME CUETHOCTHU.

IIpumep 1.3.8. Merpuueckue mpocTpaHCTBa l’; u c* yrosie-
TBOPSIOT BTOPON aKCHOME CYETHOCTH.

3ameyanusi. 1. B TomosiornvueckoM MpOCTPaHCTBE C IIEPBOI
AKCHOMON CYETHOCTH CXOMAIINECS TOCTIEIOBATEIBHOCTH TIOJTHO-
CTHIO XapaKTepU3yloT TOIOJOIUIO0, T. €. B ITUX IIPOCTPAHCTBAX
CIPABEJINBLI  XapPAKTEPUCTUYECKNE CBOWCTBA OTKDPBITHIX U 3a-
MKHYTBIX MHOXKECTB.

2. Ecmm f: X —Y, X nu Y — Tonosiornveckne mpocTpaHcTBa,
npudem X yIOBJIETBOPSIET IEPBOIl aKCUOME CUYETHOCTHU, TO IIOHSI-
tust "upenen eyukuun no Komu" u "upenen dyukmun mo eitre"
9KBUBAJIECHTHBI.

VrBepxkaeuue 1.3.3. 1. Ecau monosozuueckoe npocmpar-
cmeo ydosaemaeopaem 6mopoti GKCUOME CHEMHOCTNU, MO 0HO YAO-
8AEMBOPAEM, U NEPBOTL AKCUOME CHETNVHOCTU.

2. Ecau monoaozuveckoe npocmpaHcmeo ydosiemaopaem nep-
601 (6Mopoti) akcuome cuemmocmu, mo u A1060€e €20 NOONPOCMPAH-
CMB0o YAoBAEMBOPAEM, IMOT HCE AKCUOME CHEMHOCTIU.

§ 4. CenapabebHOCTH

Onpenenenns. 1. Muoxectso M B TOIOJOIHYIECKOM IPO-

crparcTBe X HasbBaeTcsi 6C0dy naomuvim, eciu M = X, T e.
ecmVee XVU(zx) U(x)NM # Q.

2. MuoxkectBo M B TOIMOJOTHYIECKOM IIPOCTPAHCTBE X HA3bBI-
BaeTcs Huede e nAommbLM, ecid B M HeT BHYTPEHHHX TOYEK

(T = ).

VrBepxkaenune 1.4.1. ITyemwv (X, T) — monosozuyeckoe npo-
empancmeo. Tozda (M ectody naomno )<= (V G € 7\ {0}
MNG#Q).
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ITpumep 1.4.1. B (X, 7,) /1060e HEIyCTOE MHOKECTBO BCIOJLY
IIJIOTHO.

Ilpumep 1.4.2. B l’; u c® mag R muoxkecrso QF Beromy mor-
mo. B l]’,f i ¥ mag C muoxecrso QF 4 iQF Beromy mmoTHO.

IIpumep 1.4.3. Komneunoe MHOKECTBO IIPeIeIbHBIX TOYEK TO-
IIOJIOI'MYECKOr'0 IIPOCTPAHCTBA, YJIOBJIETBOP:OINIEro akcuome 17, —
HATJle He TIJIOTHOE MHOYKECTBO.

Onpenenenue. Tornojiorndeckoe MPOCTPAHCTBO HA3BIBAETCH
cenapabeavbHvim, €CIu B HEM eCTh He 0oJjiee UeM CUYETHOE BCIOIY
IIJIOTHOE MHOZKECTBO.

3ameuanwue. B Tomosornn 4acto cenapabebHbIM HA3BIBAIOT
TOIOJIOTMIECKOE TTPOCTPAHCTBO CO BTOPOIl AKCHOMON CIETHOCTH.

Ilpumep 1.4.4. Merpuueckue npocrpancrsa Cla; b, I, ¢, co,

l]]; u ¢* cemapabesbHbI.

IIpumep 1.4.5. Merpudeckoe MITPOCTPAHCTBO M He Ccelapa-
GesbHO, Tak Kak M := {{xn} : oz, € {0, 1}} KOHTHHYAIBHO 1

Ve,ye M (z#y=|lz —y|| =1).

Yrepxkaenue 1.4.2. Ecau monosozuveckoe npocmpaHcmeo
ydosaemeopaem 6mopotl GKCUOME CHEMHOCTU, MO OHO CENnapa-
benvHo.

Yreepxkaenue 1.4.3. Cenapabesvroe mempuueckoe npo-
CMPAHCMB0 YI0BAECMEBOPAEM. 8MOPOTE AKCUOME CHEMHOCTNU.

HoxkaszaresnbcrBo. [lycrs {a, } — cdyernoe Bciomy miorHOe
muOoKecTBO B (X, p). [Tokaxkem, uro { B(a,,1/m): n,m € N} —
6aza TOIOJIOrUN.

1. IlIyctb x € X u r > 0. Torma

Im(r): 2/m(r) <r In(z,r): Up(ar) € B(z,1/m(r)) =
r € B(ap(zm, 1/m(r)) C B(z,2/m(r)) C B(z,r).
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2.Vz € Ger(p) Ir(x)>0: Bla,r(z)) C G =

Im(z),n(z): v € Blay(y), 1/m(z)) C B(z,r(r)) C G =
G = | Blay), 1/m(z)). =

reG

CaencrBue. [lodnpocmparcmeo cenapabeabHoz20 Mempue-
CKO020 NPOCMPAHCMEA CENAPAOENLHO.

3ameuanmue. B obmem ciaydae, "cenapabeiabHocTh" He sBJIsI-
€TCA HACIEILyEMbBIM CBOMCTBOM.

3amanue 1.4.1. IlocTpoiiTe cenapabeabHOE TOMOJIOTTIECKOE
[IPOCTPAHCTBO ¢ HecenapabeIbHBIM MOIITPOCTPAHCTBOM.

3amanue 1.4.2. Ilocrpoiite cenapabesbHOE TOMOJOITIECKOE
[IPOCTPAHCTBO, HE Y/IOBJIETBOPLIONIEEe BTOPOil aKCHOME CUYETHOCTH.

§ 5. KommmakTHble MHOXKECTBa

Onpenenenuns. 1. Tomosornueckoe mpocTpancTBO X Ha3bI-
BAETCS KOMNAKMHbM (CHEMHO KOMNAKMHbLM), €CJIU U3 JIH0OOro
(CYeTHOrO) OTKPBITOrO MOKPHITHST X MOXKHO BBIJIEIUTH KOHEUHOE
IIOIIOKPbBITHE.

2. MHO2kKeCTBO B TOIOJIOIMYECKOM IIPOCTPAHCTBE HA3BIBALTCS
KOMNAKMHvuiM (CHEMHO KOMNAKMHBLM), €CJIT KOMIAKTHO (CUYeTHO
KOMIIAKTHO) HOJIPOCTPAHCTBO, UM OPOK ICHHOE.

YrBepxkaenue 1.5.1. [Tycmo (X, T) — monosozuueckoe npo-
cmpanemeo u M C X. Toeda (M xomnaxmmo ) <=

k
(GQGTAUGQDM:>E|C¥1,...,O£]€ UGaiDM).
« =1
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YrBepxkaeuue 1.5.2. [Tycmo (X, 7) — monoaoeuueckoe npo-
cmpancmeo, (M, Tyr) — ezo nodnpocmpancmeo u K C M. Mno-
orcecmeo K womnaxmmo 6 (M, Tpr) mozda u moavko moada, koz2da
K xomnaxmmno 6 (X, ).

3ameuanue. Eciu Tonosormaeckoe mpocTpancTBO X KOM-
HaKTHO, TO OHO M CYETHO KOMIIaKTHO.

Yrepxkaenue 1.5.3. Ecau X — cuemmno xomnaxmmoe mo-
NOAO2UNECKOE NPOCTPAHCTNEO €O 8MOPOT GKCUOMOT CUEMHOCTIU,
mo X KoMNaxmmo. m

OO611IeTONOIONMTIECKUMI SIBJISIIOTCST U TeopemMa 06 obpase KOM-
makTa n 0bobennas Teopema Beiteprrpacca.

Teopema 1.5.1. IIycmo f : X =Y, X, Y — monosoeuuecxue
npocmparcmea, f nenpepoisro na X u X O M womnaxmno. Tozda
f(M) xomnarxmmno.

Teopema 1.5.2 (06o6mennasi  Teopema  Beiieprirpacca).
Hyecmos X — monoaozuveckoe npocmparcmso, f : X =R, f
nenpepoieho wa X u X O M — xomnaxmno. Toeda [ oepanuvero
na M u docmuzaem Ha HEM CE0UX HAUOOALULE20 U HAUMEHLULE20
3HaeHU.

Onpepesenne. CemeiicTBo MHOKeCTB { Fy, } Ha3BIBAETCA UeH-
mpuposaHHviM 6 mHoocecmse M, ecnn

k
Vai,...,ap ﬂ(Faz NM) # Q.

i=1

Teopema 1.5.3 (kpurepuii KOMIAKTHOCTH B TOHOJIOTHIECKOM
upocrpancrse). [Tyemv X — monoaozuueckoe npocmpancmso u
M c X. Toeda M xomnaxmmo (cuemno xKomnaxmmo) mozda u
moavko mozda, kKozda aoboe (A1060€e cuemnoe) YenmpuUpoOSaHHoE 6
M cemeticmeo 3aMKHYMOLT MHOIICECNE UMEEM HENYCOE nepece-
yenue ¢ M.
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HoxkazarenscrBo. [—]. Ilycts { F, } — nenrpuposanHoe B
M cemeiicTBO 3aMKHYTBIX MHOXKECTB —> G := X \ F,; OTKDBITHL
B cuny nenrpupyemocru cemeiicrsa { Fy, }

k

k
Var,...,an M\ |JGa, = ((Fa, N M) # 0=
=1 =1

{Gy} — ne mokpoitne M = O # M\ | UGy = (ﬂFa> N M.
[e% [e%
[—=]. Hycrs G, € T u |JGo D M. Torna F,:=X \ G, 3a-
«

MrHYTBL. Tak kaxk @ = M \ |JGy = (ﬂFa> NM, 1o {F,} ne
« «

nenTpupoBantoe B M cemeiictBO =—>
k k
Jag,.. ..o O = (ﬂFa> AM=M\{JG,. =
=1 =1

CJ'IG,Z[CTBI/IG. S’aJvaymoe NOOMHOHCECTNBO KOMNAKMA €CMb
romnaxm.

Onpenenenune. [logMHOKECTBO TOIMOJOIUYIECKOTO TPOCTPAH-
CTBa HA3BIBAETCS NPEIKOMNAKMMHLIM, €CIU €ro 3aMBIKAHUE KOM-
IIaKTHO.

3amevyanue. B ommdane or METPUIECKUX MIPOCTPAHCTB KOM-
[AKTHOE MHOYKECTBO MOXKeT He ObITh 3aMKHYTBIM (IIOCTPOWTE CO-
oTBeTCTBYIOMMIT npuMep). Ho B OTIEIUMBIX TOIIOJIOMMYECKIX [IPO-
CTPAHCTBaxX 3TO CBOWCTBO COXPAaHAECTCH.

YrBepxkaenue 1.5.4. Fcau X — omdeaumoe monosozuve-
cxoe npocmparcmeo, o X O M xomnaxmno, mo M 3amxnymo.

HokazareabcTBo. [Ipeanonoxum nporusnoe. Torma naiimer-

¢t xo — lpeJiesibHast Touka MHOXKecTtBa M Takasi, ato xog € M.

[Tycts w(xg) — HEKOTOpasi Haza oOKpecTHOCTEH TOUKM xo. Torma B

cuty yreepxaenus 1.3.2 | X \W = X\ {xo} D M, r e.
WEW(SL‘Q)
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{X\W }Wew(wo) €CTH OTKPBITOE MOKphITHE KoMnakTa M. Onako

! X\Wi:X\ﬁWﬁM,T&KK&KMﬂ(ﬁW)#@.
= i=1 i=1

=1

CJ'Ie,H,CTBI/Ie. B omdeaumom monosrozuneckom npocmpaHcmee
A1060€ NOOMHONCECMEBO KOMNAKIMG €Cb npe@%omna%mHoe MHO-
IHCECMBO.

Teopema 1.5.4. [Iycmov f: X — Y — nenpepoisnan duexyus
0MAIENUMO20 KOMNAKMHO20 NPOCMPAHCMEa X HaA 0MOICAUMOE KOM-
naxmwoe npocmpancmeo Y . Tozda omobpascenue f~1 Y — X
HANPEPLIEHO HaA Y .

HokazareabcTBo. [lycrs F' — 3aMKHyTOE MHOXKECTBO B X,
TOIJA 110 CJIEJICTBUIO U3 TeopeMbl 1.5.3 F' KOMIIAKTHO U 10 TeopeMe
1.5.1 (f~1)"YF) = f(F) xoMmakTHO, TIOSTOMY IO yTBEDIKIEHIIO
1.5.4 f(F) 3aMKHyTO. m

YrBepxkaeune 1.5.5. [Tycmv (K,7) — omdeaumoe Kom-
naxmwoe npocmparcmeo. To2da T ecmv MUHUMAALHOLT INEMEHM, 6
YACTMUNHO YNPOPAIOUEHHOM MHONHCECTNEE OMOEAUMBLT TONOA02UT
na K.

HokazareabcTBo. llycts 71 ormenmmas Tomnosiorust na K,
7 C 7Tul : K — K toxmecrBennoe orobOpazkenme. Torma
I — wHenpepbiBHas GUEKIUs KOMIAKTHOrO mpocrpaHcra (K, T)
ma (K, 11). [lostomy (K, 7)) KOMIAKTHO U IO yTBepzKaenuio 1.5.4
orobpaxkenue I menpeppiBio Ha K = 7 C 7 = 7T =7T]. =

§ 6. HamrpaBsieHHOCTH ¥ TIO/THAITPABJIEHHOCTH

Onpenenenusi. 1. YacTudHO yHOPSIOUEHHOE MHOXKECTBO
(A, =) masbiBaercsa wanpasaernvim, ecin ¥V aj,as € A Jag € A:
(043 - 041) A (043 - 042).

2. Hanpasaennocmvio 6 X Ha3biBaeTCs OTOOpaykeHme Jirodoro
HaIPaBJIEHHOIO0 MHOYXKeCTBa B X .
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3. Ilycte X — romosiormyeckoe mpocTpaHcTso, a { x, } — Ha-
npassiernoctsb B X . Torma xq — xg € X :=VU (xg) Jay Ya = ay
Ty € U(JIQ)

IIpumep 1.6.1. Jluneiitno VIIOPsIJIOUEHHOE MHO>KECTBO
(N, >) — mampaBeHHOEe MHOXKECTBO, ITO9TOMY JIE00as MOC/IeI0Ba~
TEJIbHOCTDH B X €CThb HallpaBJICHHOCTDb.

IIpumep 1.6.2. Jluneiino VIIOPsIJIOUEHHOE MHO>KECTBO
(R,>) — mampaBieHHOe MHOXKECTBO, II09TOMY JII000E OTOOparke-
ure R B X ectb mHanpasieHHOCTH B X.

IIpumep 1.6.3. Basza okpecrHocreil w(x) ecTb HAIIPABIEHHOE
MHOKECTBO OTHOCUTENILHO CJIEJIYIONIEro OTHOMIEHUS YaCTHIHOTO
nopsiyika: Vi = Vo:=V; C V. B nanbreiimem Ha w(z) Mbl Oyaem
paccMaTpUBaTh TOJLKO 3TO OTHONIEHHE YaCTHYHOIO HOPsIIKA.

IIpumep 1.6.4. B(X) ecrb HampaBJIe€HHOE MHOXKECTBO OT-

HOCHTEJIBHO  CJIEJYIONIEr0 OTHOIIEHWs YacCTUYHOIO IOpsIKa:
My > My :=M; D M.

i
VYrBepxkaenune 1.6.1. Ecau (A;,>) (i = 1,2) — nanpasaen-
nole mmooicecmea, mo Ay x As ecmvb nanpasaennoe MHOAHCECTNEO
OMHOCUMENDHO CACOYIOUWLL20 OMHOULEHUA YACTNUNHO20 NOPAIKA:

1 2
(a1, a9) = (o, dh) :==(a1 = o)) A (g = o).

Teopema 1.6.1. Ifycmv» X — monosozuveckoe npocmpah-
cmeo u M C X. Cnpasedauso, cacdyroujue YymeepircoeHus:

1. X — omdeaumoe monono2uneckoe npocmpaHcmeo mozoa u
moavko moeda, xoeda aobas Hanpasienrocms 6 X umeem He 6o-
aee 0dHo20 npedena.

2. (xg € X — snympennan moura muoocecrnea M) <
((wa—>xo):>(5|a0 Va= oy Tq € M))

xg € X — moura npuxocnosenus mnootcecmea M) <=

3. (
(El{xa}CM : xa—>x0).
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4. (M — omxpwmo ) <= ((zq —z9 € M) =
(Fap Va = ag :UaeM)).
5. (M — samrnymo ) <= (M 3 zo — x0) => (0 € M)).

HoxkazareabctBo. |1, <. Ilycrs X ne saBisgercsa oriaesnn-
MbIM TOIIOJIOTTYIECKUM IIPOCTPaHCTBOM. TOF,ZL& Haﬁ,ﬂyTCﬂ TaKne Z/L'\
nz,aror #xzuVU(X),U(x) UE)NU(z) # 0.

Paccmorpum  nanpasiiensoe MHOKecTBO A:=w(T) X w(T) n
oupeienM { T4 } Caeayommum o6pasom:

T(U@),U®E) € U(Z/L'\) N U(%)
Torna o — 2T U T — T. ®

Teopema 1.6.2. [Tycmov X, Y — monoaozuveckue npocmpar-
cmea. Omobpasicenue f @ X —Y nenpepwno ¢ x € X moeda u
moavko mozda, kozda ((xo — ) =>(f(za) — f(2))).

Omnpenenenns 1. [lycts A n B — nanpaBiieHHBIE MHOYKECTBA,
{za} C X, a orobpaxenue ¢ : B— A y/0BIe€TBOPSIET YCIOBHIO

Vage APy € B(B = o= ¢(B) = ao).

Toryia HanpasIenHOCTD { T,(g) } HA3BIBACTCA NOOHANPAGAEHHO-
cmwvio nanpasaenocmu { o }.

2. Ecm B C A, a ¢ — Bnoxenne B B A, ToO MOIHATTPABIEHHOCTD
{ zy() } Oyziem HasBIBATE MPUGUAALHOT NOIHANPACAEHHOCTIDIO Ha-
npasaeHnocmu { Ty }.

Ilpumep 1.6.5. Besikas 1mojmocsie [oBaTe IbHOCTD — sIBJISIETCST
[IO/THAITPABJIEHHOCTBIO MCXOJIHO T10C/IeI0BATEIbHOCTH.

IIpumep 1.6.6. VY i0060ii 1OC/I€10BATE/ILHOCTU €CTh IO/IHA~
IpaBJICHHOCTH, HE fABJIAIONINECHd ITOAIIOC/ICJOBATEC/IbHOCTAMMU.

Hamnpumep, B3ss B :=[1; 00) u ¢(3) :=[f], moryunm nogaampas-
JIEHHOCTb { T[] } TIOCTIEIOBATETLHOCTH { Ty, } HE ABJIAIOTILYTOCS O]~
[OCJIEIOBATEILHOCTBIO MCXOMHOI mocsieioBaTesbHocTa { oy, }.
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VYrBepxkaenue 1.6.2. [lyemv X — monoaozuueckoe npo-
empanemeo, { o } C X uxg € X. Coomnowenue xo — o umeem
MECO Mo20a U MoAbKo mozda, koz20a 04 10001 NOOHANDABAEH-
nocmu { T, 3) } nanpasaennocmu { T } umeem mecmo coommouse-
HUE Ty(3) — T0-

HoxkazarenscrBo. [<—]. [lycrb 2, /= o, Torma 3U(zg) Vo
da' = a:zy & Ulxg). Torma A D A':={d € A: 2o & U(xo) }
€CThb HallpaBJIEHHOE€ MHOXKeCTBO, HO TpUBHaJIbHAasA ITOJHaIIpaBJICH-
HOCTDb { Zo/ } HE CXOAUTCS K T(. m

Teopema 1.6.3. I[Iycmv» X — monosozuveckoe npocmpar-
cmeo u K C X. K xomnaxmno moezda u moavko mozda, xoz2da
Y M0000 HANPABAEHHOCTIU dINEMEHMO8 mHodcecmea K cywecmy-
em NoJHANPABAEHHOCTNDY, CLOOAULAACA K mouke u3 K.

HoxkazarennscrBo. [ |. [Iycts K — kommaxT u {2, } C K.
Paccmorpum nenrpupoBannoe B K ceMeiiCTBO 3aMKHYTBIX MHO-
xecrB Fo:={zy : o/ = a}. B culy KOMIAKTHOCTH MHOXKECTBA

K 1o teopeme 1.5.3 cymecTtByeT xg € (ﬂFa> N K. Ilocrpoum
o

IIO/THAIIPABJICHHOCTH HAILIPABJIEHHOCTH { T4 }, CXOUSILYIOCS K (.
Oupenenum B:= A X w(xg). [lycrs 8 = (a, U) € B. IlockobKy
Ty — TOYKA IPUKOCHOBEHUsI JJisi MHOXKECTBA { Ty : & = a}, TO
Haiinercs o Takoe, uTo o = o u oy € U.
[Monoxum p(8) = p(a,U) :=a/, Tem cambim,

Tuu) €U m (o, U) = a.

[TockonbKy B cumiy omnpefeinenuss () U3 COOTHOIIEHUs
B = (a,U) = By =: (a,Up) (Up — mobast u3 w(zp)) cremyer,
aro p(a, U) = a = ag, 10 { Ty(g) } — NOAHAIPABIEHHOCTD { T }.
[Tpu sTom, ms boit Uy € w(xg) B3sB [y :=(ag, Up) (g — r060€
u3 A) nojyqaum, 4ro

ecn 3 = (a,U) = Bo = (a0, Up), T0 T,y € U C Up.
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[<=]. PaccmoTpum Tenepb IPOM3BOJILHOE IIEHTPUPOBAHHOE B
K cemeiicTBO 3aMKHYTHIX MHO)KeCTB { Fly }yer.

IIycrs A — manpasiienHoe (OTHOCHTENBHO BJIOZKEHNSI) MHOKe-
CTBO BCEX KOHEUHBIX MOJMHOXKecTB MHOXKecTBa I'. Torma syist Jio-
6oro = {71, ,7, } B cuity nearpupoBanHocT B K cemeiicTBa
{ Fy }er, Haiinercs

k
Ta =00y € () Fo) NE (1.6.1)
=1

Tem caMbIM IOCTPOEHA HAIPABIEHHOCTH { Ty } 9JIEMEHTOB W3
K. Tlo ycioBuio y 3Toif HAIIDABJIEHHOCTH CYIIECTBYET TIOHAIPAB-
JEHHOCTD { Tyy(3) }, CXOJAMAACS K HEKOTOPOMY dyieMenTy zg € K.
ITokazkem, uro zg € [ F.

5
Hns npomsBosibHOro 79 € I' BosbMem «q:={7}. Torma us

oIpeae/IcHu A IMOHAIIPpaBJIE€HHOCTH CJIEYeT, ITO

360V B = Bo w(B) = ao,

aro B cuiy (1.6.1) maer: x5 € Fyy. Tem cambiv TpuBnamn-
Hasl TIOJHANPABICHHOCTb { Ty (g) } 3> [, HATPABICHHOCTH { Ty(g) )
JEKAT B Fly .

Ho F, — 3aMKHYTO, a T ,(3) 5>_5)0 xg, HoaToMy xg € I . Tenepn

OCTaJIOCh CHOBa IPUMEHUTH Teopemy 1.5.3. m



['nasa 2

JIokajibHO BBIIIYKJIbI€ IITPOCTPAaHCTBA

§ 1. JIuHeiinble TONOJIOTUYECKUE ITPOCTPAHCTBA

Hanomuum onpesiesienne ajarebpanieckKux Onepanii HaJi MHO-
2KECTBaMHU.

Onpenenenusi. [lycrs X — JjimHeiiHOE TPOCTPAHCTBO HAJL 11O~
gemM P, My, My C X, ACP,ae X, ueP.

1. My + Mo ::{:E1 +x9: 21 € My,29 € My }

2. My — M, ::{:E1 —x9: x1 € My, 29 € M> }

BA-My:={Xx: NeAxel}.

4. My +a:=M; + {a}. 5. pMy:={p} M.

YrBepxkaenue 2.1.1. [lyemv X — nopmuposarroe npo-
cmpancmeo, aij,az,b € X, A € P,r > 0, r1 > 0 ure > 0.
Cnpasedaueol caedyrougue ymeepatcoenus:

1. B(a,r)+b= B(a+b,r), Bla,7] + b= Bla+b,7].

2. B(al,rl) + B(az,’l“g) = B(al,rl) + B[GQ,TQ],'

B(al,rl) + B[GQ,TQ] = B(a1 +a9,r1 + 7"2),'
B[al,rl] + B[GQ,TQ] = B[a1 +ag,r1 + 7“2].

3. AB(a,r) = B(Aa, |A|r), ABla,r] = BlAa, |A|r].

4. M+B[O,T1] C B[O,TQ] — M C B[O,Tz — 7"1].

5. B(a,r) — B(a,r) = B(0,2r).

YrBepxkaeuue 2.1.2. I[Tycmv X — aunetinoe npocmparcmeo
nad noaem P, A,B C X, A\, u € P. Cnpasedausvt caedyrouwue
ymeepocoeHus.:

LA+ p)ACAA+pA. 2. M(A+ B)=)\A+ AB.

3. A+ B= | (A+x).

zeB
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Onpenenenune. Jluneitnoe npocrpancreo X Haj nojem P c
3aJIanHol Ha X TOMOJIOTHEHl T HA3BIBACTCI AUHETHBIM MONOA02U-
YECKUM NPOCTPAHCTMEOM, €CJTH OTIEPATINN CJIOYKEHUS W YMHOKEHUST
Ha CKaJIsip HelPepBIBHBI B 9TOI TOIMOJIOTUH, T. €.

1. Va0 € X VU(21 + 22) U (21),U(x2):
U(z1) + U(xg) C U(zy + x2).
2.Ve e XVAePVUAx) 3U(x),U(N):
UN)-U(x) C U(\x).

Onpenenenue. [lodnpocmpancmeom AutetiHo20 Monoso2uYe-
CK020 NPOCMPAHCMEa HA3BIBACTCA 3aMKHYTOE JINHEHHOE MHOI000-
pazue.

IIpumep 2.1.1. Besikoe mHOpMEUpPOBaHHOE MPOCTPAHCTBO €CTh
JINHEITHOE TOIOJIOTHIECKOEe TTPOCTPAHCTBO.

IIpumep 2.1.2. Ilycrs X — nuneitnoe mpoCcTpaHCcTBO HAJT IO~
nem P u X # {0}. Torma (X,7,) — JmmHeiiHoe TOIOJOrHYECKOE
IPOCTPAHCTBO, a (X, Tq) He SBJISAETCS JIMHEHHBIM TOOIOTTIECKAM
IIPOCTPAHCTBOM.

YrBepxkaeuue 2.1.3. I[Tycmo (X, T) — aunetinoe monoaro2u-
yeckoe npocmparemeo, a € X u 0 # A € P. Cnpasedausv caedy-
OWUE YMBEPHCIEHUA:

l.Ger<=G+acT. 22.GeT<=NGET.

HetictBurenbHo, orobpaxkenns fq(z):=x 4+ a u g)(z):= Az
ABJISIIOTCA HenpepbiBHbIMU Ouekrusivu X wa X, mputueM obpart-
HBle K HIM oToGpaxkenns f, '(y) =y —a n g;l(y) = \"ly Toxe
HEIPEPHIBHLL. m

CaenctBue. 1. Tonoso2us AuHEH020 MONOAOZUYECKO20 NPO-
CMPAHCMEA NOAHOCTDIO ONPEICAAENCA OKPECTNHOCTNAMU HYAA.

2. Ecau X — aunetinoe monoao2uyeckoe npocmparcmeo, G
X D A — omxpvimoe mmosicecmeo, mo oas awbozo B C X mmo-
orcecmeo A + B — omkpwimo.
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Onpenenenusi. [lycrs X — jimHeiiHOE TPOCTPAHCTBO HAJL 110~
anemPu M C X.
1. MuoxkecTtBo M Ha3bIBAECTCA N02A0UGIOWUM, ECITA

Vee XIANZ0VpueP (|ul 2 A=x € uM).
2. MuoxkectBo M Ha3BIBAETCH YPABHOBEWEHHBIM, €CITN

VAEP (N < 1= \M C M).

ITpumep 2.1.3. B HOpMHUPOBAHHOM IIPOCTPAHCTE JIIOOOI IIIap
¢ EHTPOM B HYJIE €CTh YPABHOBENIEHHOE U TIOTJIONIAIONIEe MHOXKE-
CTBO.

YrBepxkaenue 2.1.4 (cBoiictBa  ypaBHOBEIIEHHBIX — MHO-
xkecTB). [Tyems M — ypasHosewenoe MHoHCECTNBO 6 AUNETHOM
npocmparnemee X u A\, € P. Toeda cnpasediusv, caedyrougue
ymeepacoeHus.:

LA < |p| = AM C uM. 2. |\ = |p| = AM = puM.

3.0eM. 4. N=1=\M=M. 5 —M=M.

Onpenenennd. Ilycts X — nmneiitnoe mpocTpaHCTBO HAJL 110-
anem Pu M C X.

1. Touka g Ha3bIBaETCH NCeBIOSHYMPEHRHET MOYKOT MHOICE-
ecmea M,ecmVy e X e >0VAEP (N <e= zo+Ay € M).

2. MHO>KecTBO BCeX TICEBJIOBHYTPEHHUX TOYEK MHOXKecTBa M

°
HasbIBaeTcst Adpom mroxcecmea M n obosnauaercs: M.
°

2. Eciiu M # ), To MmHOKecTBO M HA3BIBAECTCS MEAOM.

YrBepxkaenue 2.1.5. [lyemv X — aunelnoe npocmpah-
cmeo nad nosem P u M C X. Toeda ((M — nozioularouiee

(]

mmoorcecmeo) <= (0 € M)).

YrBepxkaenue 2.1.6. B aunetinom npocmparcmee wad no-

aem P enpasedauenl caedyrowsue CoOmHOULeHUA:
LMcM. 2. (M+z)=M+z 3. (UMQ) > | J M.
« o
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Samanwne 2.1.1. IlpuBesure npuMep MHOMXKECTBaA, IJjisi KOTO-
[ ]

poro (M>. #* ]\.4

YrBepxkaenue 2.1.7 (cBoiicTBa OKpeCTHOCTEl HyJIsl B JIUHEH-
HOM TOIIOJIOTTIECKOM HpOCTpaHCTBe).

1.VU(0)3U(0) Uy (0)+ Uy (0) C U(0).

2. Beaxasa oxpecmmnocmv HYAA — NO2AOUGIOUEE MHOAHCECTNEO.

3. Cywecmsyem 6asza oxpecmmnocmets HYAA, COCMOAWAA U3
YPABHOBEULEHHHIT MHOHCECTNE.

JokazaTresbCcTBO. . Tak kak 0-0 =0, To
VU(0)3U1(0),0 >0V AeP (JA| <d=X-Ui(0) C U(0)).

Torna Usz(0) := |J (A-U1(0)) — ypaBHOBeIIEHHOE MHOXKECTBO U
[A|<8
Us(0) CU(0). m
Caencrsue. 1. Jhoboe aunetinoe monoio2udeckoe npocmpa-
cmeo ydosaemeopsem axcuome omaoesumocmu Ts.
2. Jhoboe omdeasumoe AuHelHOEe MONONOUYECKOE NPOCTNPAH-

CMeo pe2YynaApHo.
o .

3. B aunetinom monoaozuveckom npocmparcmee M C M.

dokazaTeabcTBO. . Ecniu U — okpecTHOCTb HyJIs, TO IIO
yrBepxkIenuio 2.1.7.1 maiinercda takas oKpecTHOCTL HyJssg Uy, 4To
Uy +U, CU.Ho U, C Uy +U; u ocTaoch NpUMEHATD YTBEPAKIe-
aue 1.2.1. =m

Ilpumep 2.1.4. B 060M HOPMUPOBAHHOM IIPOCTPAHCTBE
{B(0,r): r > 0} — 6a3a okpecTHOCTEIl HYJIsI U3 YPABHOBEIIICHHBIX
MHOYKECTB.

Teopema 2.1.1. Ilycmwv 6 aunetinom npocmparcmee X 3ada-
Ha cucmema noomroocecms w C B(X), ydosaemeoparowas caedy-
0UWUM C80UCTNBAM:

1. w3V — nozaowarowee u YypasHOBEUEHHOE MHOIHCECTNEO,

2.VVi,Vo ew AVacw: V3 C Vi Ny,
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3.VView dVh cw: Va+ Vo C V.

Tozda 6 X cywecmeyem monoioeus T, OMHOCUMEAOHO KOMO-
poti X A6AACMCA NUHETHDLM MONOAOLUYECKUM TPOCTNPAHCINGEOM, O
w — 6aza oxpecmuocmel Hyai 6 IMot MONONO2UL.

HokazareabcTBo. Tomosioruio 7 8 X omnpejiesiuM Tak ke, Kak
B Teopeme 1.3.2: O # G erT =V e G IV cw: 2+ V CG.
CBoitcTBO 2. MOKA3BIBAELT, UTO ITO JEHCTBUTEIHHO TOMTOJIOTHS.

ITokazkeMm, 9TO w 9TO Oaza OKPECTHOCTEN HYJIs B TOIMOJOTHH T.

B cuny onpenenenust T, mjist 9TOr0 JOCTATOYHO TIOKA3ATH, 9TO
s060e V' € w ecTb OKPECTHOCTD HYJId, T. €. COJIEPYKUT B ceDe OTKPbhI-
TOe MHOXKECTBO, KOTOpoMy Tpunaiekut Touka 0. [lycts V € w,
1o cpoiicTBy 2 naiftmerca Vi3 € w: Vi + V) C V. Torna Vy € Vi

y+ViCcVi+ Vi CV u, rem cambim 0 € V) C{?.

[Tokazkem, uro (X, 7T) — JMHEHHOE TOMOJIOIHIECKOe IPOCTPAH-
cTBO. HenpepbIBHOCTH CJI0XKEHUsI [OYTH OYeBUIHA. B CUly CBOJi-
cra 3 nosyunm (z + Va) + (y + Vo) C (z +y + V1).

[Tokarkem HenpepbIBHOCTDL MPOU3BeieHrs. B cuty cpoiicrsa 3
VVew dView:2ViCcVi+ W j V. Hpo;[omKaﬂ 9TO HPOIIECC
nostyunm, uro VV € w Vn € N IV ew: 2"V C V.

Myctb t € X w0 # X € P. lna V € w B cuny cBoiictBa 3
maiiem V) € w: Vi+Vi+Vi+V; C V. lorom most Vi mwn: 2™ > ||
naiinem Vo € w: 2"Vo C Vi. Torma, B cuity ypaBHOBEIIEHHOCTH
MHOXKecTBa Vo 1o yrBepxKaenuio 2.1.4.1 AV, C 2"V, C Vi, Jlajee
B CHJIy TOTO, 9TO Va5 — IOIJIONIAkIiee MHOXKECTBO, Haiiercs § < 1
Takoe, 4T0 |p| = 1/6: x € puVo nm |v| < 6: ve € Va.

Ormernm, aro |v| < § u vVo C Vo B cuily ypaBHOBEIIEHHOCTH
muozkecrsa V. Torna V|| < §

A+v)-(z+Va)C e+ Ao +ve+ vV C A+ Vi+ Vo4 Vo C
Cx+Vi+Vi+Vicrxae+Vi+WVi+Vi+ViCAe+V. =

Onpenenenue. MuoxkectBo M B JIMHEITHOM TOIOJIOTTIECKOM
[IPOCTPAHCTBE HA3BIBAETCHA 02PAHUMEHHDLM, ECJIU OHO TIOTJIONIAETCS
JI06011 OKPECTHOCTBHIO HYJIS, T. €.

YU0) IA> 0V (|u] = A= M C pU(0)).
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YrBepxkaenue 2.1.8. [lycmv X — aunetinoe monoso2uve-
crxoe npocmparcmeo u M C X. Toeda (M oepanuveno )<=
(V{zn} T M V{X} CP (\y = 0= Az, —0)).

HokaszaresnbcTtBo. [—]. Ilycrb M orpanudeno. Torna
VV e w0) 36 >0 Viul > 1/6§ M C pV, nmm, aro TO X)e ca-
moe, VV € w(0) 36 >0 V|v| <6 vM C V. llosromy npu Bcex n:
Nl < 8 A € V.

[<=]. llycrs M neorpanmdeno Torma 3Vh € w(0) Vo > 0
v < §: vM ¢ V. Bzas 0:=1/n, naitnem v,: [v,] < 1/n u
Tn € M:vpx, €V, 1. e. vpxy /~0. =

§ 2. BeinmykJible u aOCOJIFOTHO BBIMMYKJIbIe MHOXKECTBa
B JINHENHBIX TOMOJIOTUYECKUX ITPOCTPAHCTBAX

Onpenenenud. Ilycts X — jimneiiHOE TPOCTPAHCTBO HAT 11O~
adgem Pu M C X.
1. MuoxkecTBO M Ha3bBIBAECTCA 6HINYKABLM, €CITH

Va,be M [a;b]:={(1—=X)-a+X-b: Ae[0;1]} C M.
2. MuoxkectBo M HaA3BIBAETCST AOCOAOMMHO BLINYKABIM, €CITHA

Va,be MV pelP (JN\ +|p| <1=Xa+ pube M).

YrBepxkaeuue 2.2.1. I[Iycmv X — aunetinoe npocmparcmaeo
nad noaem P, M C X. Tozda (M — evinyk.aoe mHosHcecmeo ) <=

(VA€ [0;1] (1 =AM +AM =M).

Yrepxkaenue 2.2.2. [[ycmv X — aunetinoe npocmpaHcmeo
nad nosem P. Tozda (M abcooMHo Sbmymw) <— (M 8YINYKAO
U ypaenoeewenno).

YrBepxkaeuue 2.2.3. [lycmv X — aunetinoe npocmparcmaeo
nad nosem R. Toeda (M abcosommo ebmyvmo) = (M BLINYKAO
U CUMMEMPUYHO OMHOCUMEADHO HYAR) .
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YrBepxkaenue 2.2.4 (CBOHCTBA BBILYKJIbIX 1 aOCOIIOTHO Bbl-
HyKJIbIX MHOXKeCTB). [Tycmov X — aunetinoe npocmpancmeo wad
noaem P. Cnpasedaueol caedyroujue ymeepotcdenus:

1. Ilepeceuerue arbozo cemeticmsea ewnykavz (abcosrommo
BHINYKABIT) MHONCECTNE eCMb 6binykaoe (abCosOmHo 6binyKa0e)
MHOIHCECNBO.

2. Ecau M — svinyxaoe (abCOMOMHO 8bNYKAOE) MHONHCECTNEO,
mo X - M — evwnykaoe (abCONMOMHO BLINYKAOE) MHOHCECTNEO.

3. Cymma 0dsyx evnykavix (a6COAMOMHO GLINYKADIT) MHO-
orcecms ecmuv 6vinykaoe (abCOMOMHO BHINYKAOE) MHOIHCECTNEO.

4. Ecau M — swnykaoe mnoorcecmso, 0 € M u « € [0;1], mo
aM C M.

5. Eeau M — abcosommo 8vinyxioe MHOHCECMEBO0, MO

VYA €P AM + puM = (|A| + |u|) M.

JokasareyibCcTBO. . Ecmm (A = 0) V (p = 0), 10 cupa-
BE/IJINBOCTL YTBEPZKJICHUA CJIelyeT H3 CBOIICTB YPpaBHOBEIICHHbIX
MHOZKECTB.

Ecin (A # 0) A (u # 0), To

|>\| i ’/J’ o YT 2.1.44
AL T I AT+ [l [ul

A Iz
M +
Al + [wl Al [l

(A + 1)~ A+ )M =

TB. 2.2.1
MYPETT M. a

VYrBepxkaenue 2.2.5. [lycmv X — aunetinoe monoao2uve-

ckoe npocmpanemeo u M C X. Ecau M — swnyxaoe (abcorrommo
(o]

suinyka0e) muoocecmeo, mo M u M — ewnyxavie (abcoaromro
BHINYKABIE) MHONHCECTNEA.

HokaszaresnbcrBo. 1. Ilycrn ]\3[ < D uxy € ]\04 . Torma
AV ew0): (z+V CM)AN(y+V C M). Ilosromy VA € [0;1]

I=XNz+Xy+VCcA-Nz+Ily+ (1 -V 4+ =
(1= N@+V)+Ay+V)C (1= NM+AM = M.
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2. Tlyers v,y € M. Torma 3{za }, {¥a } C M: 24 — 2, yo —
(A =w(0)). Torma VX € [0;1]

M3 (1=XNza+ o) =(1=XNz+Ay) €M. =

ITpumep 2.2.1. B nopmwuposanuom mnpocrpancree B(a,r),
Bla,r] — Boimykisle muokectBa, a B(0,r), B[0,r] — abcomorHo
BBIILYKJIbIe MHOYKECTBA.

Onpenenenud. Ilycts X — jimneiiHOE TPOCTPAHCTBO HAT 11O~
aem P, M C X.
1. MuoxectBo conv(M):= (| V HaseBaercs sunyriol
MCV —
BBIILyKJIO€
06040uK0U MHootcecmea M.

2. Muoxecrso absconv(M ) := N V' maseiBaercs ab-
MCV —
abc. BBIIYyKJIOE

CONOMMHO 8VINYKAOT 000404K0T MHoocecmea M.

YrBepxkaeuue 2.2.6. I[lycmv X — aunetinoe npocmparcmeo
nad noaem P, M C X. Cnpasedauso, cacdyroujue ymeeprcoenus:

k k
1. conv(M) = { YAt keNw € MoA 20,30 A = 1}'
i=1 i=1
k k
2. absconv(M) = { Nzt ke N,z e M, Y |\ < 1}'
i=1 =1

YrBepxkaeuue 2.2.7. 1. Ecau M — svinyk.ioe mHootcecmso 6
°
aunetinom npocmpancmee nad nosem P, xg € M, a x1 € M, mo

[ ]
[x0,71) :=[z0; 71] \ {21} C M.
2. EC/lu M — Bbtny'lﬁ/loe MHOHCECIN B0 6 /LUHeﬁ,HO.M monoanoa2u-

o [¢]
weckom npocmpancmse, ro € M, a x1 € M, mo [xo;x1) C M.

dokazareabcTBO. . Tax kax xg € ]\.4, ToVee X degp >0
VIN < e mog+ Ae € M. Ilycrs x4 :=(1 — a)zg + oz € [T0;21).
Torna M 3 (1—a)-(zo+Xe)+ax; = (1—a)ro+ar;+(1—a)e =
=20+ (1—a)))e. =
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CaeacrBue. Cnpasediusv cacdyroujue ymeeprcoeru:

1. Fcau M — e6winyxaioe MHOMHCECTNBO 6 AUHETHOM NPO-
(]
cmparcemee nad nosem P, mo M — ewinykaioe mHodcecmeo u
L] [ ] L]
(M) = M.

2. Ecau M — svinyk.aoe MHONMCECTNBO 8 AUHETHOM MONON02U-
o] [} [ ]
weckom npocmparcmee u M # @, mo M = M.

o [ ] o
doka3zaTeabCcTBO. . [Tockobky (M ) C M, T0 octa-

JIOCh TIOKa3aTh CIPABEJIMBOCTL OOPATHOrO BKjOYeHus. IlycTb
xOEMHeEX,TOFILaE|£0>OV)\EIP’ (N < g0 =
xo+ Xe € M). B cuny yrBepxxaenus 2.2.7.1  [zg,z9 + Ae) C ]\.4
Mosromy xg/24 (xg+ Ae)/2 = zg+ (A/2)e € ]\./[, T. €. xo € (]\./[>.

[e] L)
. ITockosmeky M C M, To ocTrajoch MOKa3aTh CIIPABEIIN-
°

[}
BOCTb oOpaTHOro BKtodeHusi. Ilycte xg € M, a x1 € M, Ttorma
Haiimercs A > 0 Takoe, 910 21+ A(1—x0) € M. B cuny yTBepx ie-

Hust 2.2.7.2  [xg, (14+X)x1 —Azg) C M. Bosbmenm o :=1/(1+X). Ilo-
ckosibKy a € (0;1), 10 (1—a)zo+a((1+N)z1—Azg) =21 €M =

YrBepxkaenue 2.2.8. Fcau U — eswnykaas okpecmnocms
HYAA 6 AUNETHOM MONOAOZUMECKOM NPOCMPEHCMBE, MO CYuLe-
cmeyem Uge — abCOAOMHO BLINYKAGA OKPECTIVHOCTIVD HYAL MAKAA,
ymo Uy C U.

HokazarenbcTtBo. Ilo yrBepkienuio 2.1.7.3 cymecTByer
ypaBHoOBemennasi okpecraoctsb uysng Uy C U. B cuny yTBepxe-
aust 2.1.4.4 npu |A| = 1 6yaem umers Uy = AUy C AU, nosromy

Uo C () (ANU) =: Ue — BbityKJasi okpectHOCTH By 1 Uye C UL
I\=1
TTokazkem, uto U,. — ypaBHOBEIIEHHOE MHOYKECTBO.
IIycrs 0 < |p| < 1. Torma

e =10l ({100 ) = I i () = 1#=1a1) -
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yTB.2.2.4.4
= |M| ﬂ (BU) = ‘M‘Uac C Uge- =
18]=1

Onpenenenune. Jluneiinoe TOIOJIOrMYECKOE IIPOCTPAHCTBO Ha-
3BIBAETCS AOKAADHO BBINYKADM TPOCTPAHCMEOM, €CTIA B HEM CY-
mecTByeT 6a3a OKPECTHOCTEN HYyJIs, COCTOSINAS U3 BBITYKJIBIX MHO-
2KECTB.

Sameuanue. B cuty yrBepxkieHust 2.2.8 B JIOKAJBbHO BBIITYK-
JIOM TIPOCTPAHCTBE CYIIECTBYeT 06a3a OKPECTHOCTEN HyJIs, COCTOsi-
mas U3 abCOJIIOTHO BBIITYKJIBIX MHOXKECTB.

IIpumep 2.2.2. Beskoe HOpMHUPOBAHHOE MPOCTPAHCTBO €CThH
OT/IEJINMOE JIOKAJIBHO BBIIIYKJIO0€ TIPOCTPAHCTBO.

§ 3. IlonyHnopwmbl n pyHKIIMOHAN MUHKOBCKOTO

Onpenenenusi. [lycrs X — JyimHeliHOE TPOCTPAHCTBO HAJL 110~
gemMm P, ap: X —R.
1. Orobpazkenue p(-) HA3BIBAETCS NOAYAOOUNUCHIM, €CIIA

Vay,z0 € X p(r1 + w2) < p(o1) + p(a2).

2. Orobpazkenue p(-) HABBIBAETCS NOAOAHCUMEALHO 0OHOPOOHBLM
PYHKUUOHAAOM, €CITH

VA>0 p(Az) = Ap(z).

3. OroGpazkenue p(-) HA3BIBACTCH GLINYKALLM PYNKUUONAAOM,
ecm Va € [0;1] Va0 € X

p((1 — a)z1 + arz) < (1 — a)p(z1) + ap(zs).

4. Orobparkenne p(-) HA3BIBAETCS NOAYHOPMOT (MIH npednop-
MOT), €CJIM OHO TOJIYa JINTUBHO U

VAiePVzeX p(Az) = |A| - p(z).
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YrBepxkaeuue 2.3.1. Ilycemv p : X =R — noaynopma ma
aunetinom npocmpanemee X . Cnpasedauso caedyrousue ymeep-
otcdenua:

L.p(0)=0; 2.p(x)=>0; 3.p(—z)=p).

4. [p(z) —p)| < plz —y).

5. p(+) — noaoorcumenrvno 00HopoOHbIL GYHKUUOHAA.

CaencrBue. Ecau p(-) — noaynopma na sunetinom npocmpar-
cmee, mo p(-) — 6unyKkAbl GYHKUUOHAN.

YrBepxkaeuue 2.3.2. Ecau p(-) — noaynopma na aunetinom
npocmpancmee X, mo V:={zx € X : p(x) < 1} — abcomommo
EHINYKAOE U NO2AOUAIOULEE MHOHCECTNEO.

Onpepnenenne. [lycrs V' — mnoryomnarolnee MHOXKECTBO B JIH-
HeiiHom mpocTparcTBe X. OTobpakernne p, : X — R, omnpeesien-
Hoe (hopMyJIoit

pv(x):=inf{u>0:zepu-V},

Ha3bIBaeTCA PyHryuonarom Munrxosckozo, noposcdernvim MmHo-
orcecmeom V- (coomeememsyrowgum mroscecmsy V).

3ameuvanue. OyHkimonags MIHKOBCKOIO MOXKHO OIPEJIETUTD
U JJIs He TOIVIOIIAIONUX MHOXKECTB V| TOTJia IIPU HEKOTOPBIX ap-
ryMeHTax (He MOIVIOMIAeMbIX MHOXKECTBOM V') 3HaueHust (DyHKIU-
oHaJta OyIyT PaBHBI +00.

Teopema 2.3.1 Ilycmo V C X — aunetinoe npocmparcmeo.
Cnpasedaueol caedyrougue ymeepotcoenus:

1. Oynkyuonas Munkosckozo py () — noaoscumesvro 00Ho-
POOHBIT PYHKUUOHAN.

2. Ecau V' ypasnosewenno, mo py(Ax) = [A|py(x).

3. Ecau V' evinykao, mo py(-) — 6vnykaviid Gynkyuonan.

4. Ecau 'V nozaowarowee mnooicecmeo, moVx € X py(x) € R.

5. Ecau 'V abcomommo 8uinyki0e no2a0uaiouLee MHoNCECMBo,
pv(-) — mo noayrnopma na X u

{z:pv(x)<l}cV Cc{z: py(x)<1}
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6. Ecau p(-) — noaynopma na sunetnom npocmpancmee X,
mo Hatidemca makoe abCOMOMMHO 6BINYKAOE NOZAOUAIOUEE MHO-
orcecmeo V. .C X, wmo p(-) = py(+)

JlokazaTeJibCTBO. . Eciu A # 0, 10 py (Az) = inf {u > 0:

T e ﬁ%V} = [v:=p/|A,V — ypasn.|= inf{|[A|Jv: z € v-V} =

= [Alpv (x).
. [Iycrs pi:=py(z;) (i = 1,2). Torna mis moboro € > 0

HallIyTCs Takue /il-, qTo f; < /iz <p;+enx; € /iV. Torma

3 €
r1 + X2 My T Ha L2
it LR R <8 . ) —+ <ﬁ> — € [VBbiykioe| € V.
Hy T+ Hg e YA | Pyt g ) o

Mosromy py (21 +w2) < ju + iy — v (1) +pu (22).

. To, aro py(-) — moayHopma, caeayer u3 yTBEpIAeHUil 2 u
3 aroit Teopembr. Ecim py(z) <1, o pe (0;1):zepu-V CV.
Haxoner, ecmn z € V =1-V, 1o py(z) < 1.

@. ITo yrepxkuennto 2.3.2 V:={xz € X : p(z) <1} — abco-
JIOTHO BBIIYKJIOE TIOMJIOIIAIoNiee MHOXKeCTBO. [Ipu arom py (x) =
=inf{p>0:zep-Vi=inf{u>0:p)<p}=p). =

YrBepxkaeuue 2.3.3. I[lycmv p : X - R — noaynopma na
na aumnetinom monoaoeuneckom npocmpancmee X . Caedyroujue
YMBEPHCOCHUA IKCUCAACHITVHDL:

1. p(+) nenpepwena na X. 2. p(-) nenpepvisna 6 ny.e.

3. p(+) oepanuvena Ha HEKOMOPOT OKPECTNHOCTNU HYAA.

YrBepxkaenue 2.3.4. Fcau V. — abcomomno evinykaoe no-
2A0WAIOULLE MHONCECTNEO 6 AuHetHoM npocmparcmee X, mo

(py(-) mopma )&= (Vz #0 R-a ¢ V).

Teopema 2.3.2 (Koamoropos) (kpurepuii — HOpMHPYEMO-
cti).  Omdesumoe Aunetnoe MONOAOLUYECKOE NPOCTPAHCINGEO
(X, T) nopmupyemo (€20 monosoeus T noposcdaemcs Hexomopot
nopmoti na X)) moezda u moavko mozda, K020a 6 HeM CYWELCMBYEM,
BUINYKALA 02PAHUMEHHAA OKPECTHOCTIG HYAA.
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HoxkazarenscrBo. [—>]. B(0,1) — BblllyKJas u orpaHudeH-
Had OKPECTHOCTDb HYJIA.

[<]. 1. Ilycte Uy — BblmyKJlasg OrpaHu9eHHas OKPECTHOCTD
uyng. [lo yrBepxkaenuio 2.2.8 cyrecTtByer abCOIIOTHO BBIMYKJIast
okpecTHOCTD Hysist V' takas, aro V C Uy. Ilokaxkem, aro py(-) —
Hopma. Eciu py(-) — we mopma, To dxg # 0: R- 29 C V. Ho
V' orpammdeno, mosromy YU(0)IA > 0 : V C X-U(0) =
R-xzg CA-U(0) = R-2¢p C U(0) u rem campim X — He OT-
JIEJTIMO€ TIPOCTPAHCTBO.

2. TTokazkeMm, 9TO 3Ta HOPMA, IOPOKIAET UCXOHYIO TONOJIOIHIO.
[Tycrs U(0) — mpousBosibHAst OKPECTHOCTD HYJISL.

2.1. IockobKy py (-) orpanudeHa Ha OKPeCTHOCTU HyJisd V', TO
10 yTBepKIennto 2.3.3.3 oHa HenpepbiBHA U, TeM cambiM, B(0,1) =
={x € X : py(r) <1} ecTb OTKPHITOE MHOKECTBO.

2.2. B cuny orpanuuennocru V VU (0)3In € N: V C n - U(0).

Ho B(0;1) ¢ V C n-U(0), mosromy B(0;1/n) C U(0), 1. e.
{B(0;1/n); n € N} — 6a3a okpecTHOCTEHl HyJisi MCXOHON TOIO-
JIOTUH T. m

§ 4. CriocoObI 3a1aHMsl JIOKAJIBHO BBIITYKJIOM
TOMOJIOTUN

Teopema 2.4.1. Ilycmov 6 aunetinom npocmpancmee X 3a0a-
Ha cucmema nodmnoocecns w C B(X), ydosaemeoparowasn caedy-
OUWUM CEOTCTNEAM:

1. w 3V — noesowarwee u abcosommo eunykioe MHodce-
cmeo;

2.VVi,Vo ew FV3cw: Vs C Vi NVy;

3.V ew VA>0 AV ew.

Tozda 6 X cywecmseyem monoso2us T, OMHOCUMENLHO KO-
mopoti X ABAAECMCA AOKAANGHO BLINYKABIM MONOAOZUHECKUM NPO-
CMPAHCMBOM, a4 w — basda oxpecmrocmetl HYAA 8 IMOTL MONOAOLUL.

HeiictBuTeabHO, cBoiicTBO 3 u3 Teopembr 2.1.1 B ranHoM ciy-
4yae cjIejyeT U3 MOCJIEHEr0 CBOWCTBA CUCTEMBI, IIOCKOIbKY B CHJLY
BBIIIYKJIOCTH MHOXKeCTB u3 w umeeM 0.5V 4+ 0.5V =V. =
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Onpepenenne. Ilycrs { V,, } — npoussosnbhast cucrema abeo-
JIIOTHO BBIIYKJIBIX M ITOIVIOIIAIOMINX MHOXKECTB B JIMHETTHOM Ipo-
crpanctBe X. Jlokaavho ewnykaoli monoaozueti, noporcoennoti
cucmemoti { V,, }, HaspiBaeTcst ciabeiiiiast U3 BCeX JIOKAJIBHO BbI-
IMYKJIBIX TOIOJIOTHI, B KOTOPOil Bee Vi, SIBJISIOTCS OKPECTHOCTSIMU
HYJIS.

VYrepxkaenue 2.4.1. Ecau {V,} — cucmema abcomommo
BHNYKADT U NOZAOUWAIOUSUT MHONHCECTNG 6 AUHETHOM NPOCTNPAH-

k
cmee X, mo {8' ﬂ Vo, 1 K€ Nje > 0} — 6basa oxpecmmocmet
i=1

HYAA NOKAADHO BVINYKAOT MONOA0RUL, NOPOAHCICHHOT, 2MOT cucme-
MOT.

3ameuanwue. B cuiy yrBepxxkiennit 5 u 6 Teopembr 2.3.1 Jio-
KaJIbHO BBIIIYKJIYIO TOIIOJIOTUIO Ha JIMHEITHOM IIPOCTPpaHCTBe X
MOKHO 387]aBaTh C U TIOMOIIBIO CUCTEMBI TTOJTYHOPM.

Onpepenenne. Ilycrs { p,(-) } — npoussosbHas cucrema 1o-
JIYHOPM, OIPEJIEJICHHBIX B JIHHeiiHOM npocTpancree X . Jlokaavho
sunYKA0T monosozuets, noposcdenrots cucmemot { pa(-) }, Ha3bI-
BaeTca ciaabeilinas u3 Beex JOKAJIBLHO BBITYKJIBLIX TOIOJIOTHI, B KO-
TOPOIt BCe Py (+) HENPEPHIBHBI.

YrBepxkaeuue 2.4.2. FEcau cucmema noaynopm {po(-)} 6

AUHETHOM npocmparcmee X, mo {x © maxpy,(r) < g, k € N,
i€k

e > ()} — 0a3a 3aMKHYMBIT OKPECMHOCTET HYAA AOKAALHO Bbl-
nYKA0T MONOA02UU, NOPOHCIEHHOT IMOTL CUCNEMOT NOAYHODM.

Sameuyanne. Eciu Mbl 0T cucreMbl abCOMIOTHO BBITYKJIBIX W
norsomaomux Maoxkects { V,, } mepeiiziem K cucreme ux byHKIHO-
HasioB MunkoBckoro { py, (+) }, TO JIOKAJIBHO BBIILYKJIast TOLOJIOIHSI,
HOPOZKIEHHAsT CACTEMOIT STHX MOJYHOPM, COBIAJIET C JIOKATBHO BbI-
ILyKJIOI TOmOoJIOrnel, mopozK ieHHoii cucremoit { V,, }.
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U naobopot, ecim Mbl OT cucreMsl OJIYHOPM { po(+) } mepeii-
nem k cucreme { Vg }, e Vo :={x : po(x) < 1}, 1o sokanbHO
BBINTYKJIasl TOIOJIOTUS, TIOPOXK IeHHast cucremoii { Vy, }, coBnazer ¢
JIOK&JILHO BBIIIYKJION TOIIOJIOTHEHl, HOPOXKACHHON CUCTEMOM II0J1y-
nopm {pa()} -

VrBepxkaenune 2.4.3. IIyemv {py(-)} — cucmema noay-
HOpM, nopodcdarouas na Aunetinom npocmparncmee X AOKAAGHO
suinykAyto monosozuto T. Cnpasedauss, caedyrowgue ymeepotcde-
HUA:

1. (1 omdeaumasn ) < ((Voz PalT) = 0) = (x = 0))

2. (X D M oepanuueno ) <= (Yo po(M) oeparuyero).

3. (X 323> w0) <~ (Va pa(xﬁ)ﬁpa(iﬂo))-

Teopema 2.4.2. Omdeaumoe A0KAABHO BHINYKAOE NPOCTPAH-
Mo co cuemnoti 6a301 oKpecmHoCmel HYAL MEMPUIYEMO.

HoxkazaresnbcrBo. [Iycrs { V,, } — orkpbiTas 6a3a abcoaorHo
BBIMYKJIBIX BJIOYKEHHBIX OKPECTHOCTE HyJist, a P, (-) — dyHKIWO-
Hasi MuHKOBCKOrO MHOXKecTBa V. OTMeTnM, 110

Vi={zeX:p(zr)<l}u

Vee X,neN Prs1(x) = po(z). (2.4.1)
1. Onpenenum f : X — R dopmyioit f(x):= i Q—nl pn(z) .
n=1 +pn(x)

Ora QYHKIUS Oy IIUTUBHA, HEOTPUIATEIbHA U CUMMETPUIHA
ornocuresibao mynsa (f(—z) = f(x)). Kpome sroro, B cuy ot/e-
muvoctu 7 f(x) =0 <= x = 0.

2. Omnpenennm  Merpuky ©Ha X  cjaemyotein  hopMyJioii:
p(x,y):= f(z —y). [okaxkem, uro 7(p) = .

IIpexxze Bcero mokazkeM, 910 TOUKa & = ( €CTb BHYTDEHHSIs
TOYKa B CMbIC/Ie Torosornu 7 jnoboro mapa B(0,7). B cuy (2.4.1)
U TOrO, 4TO 1L+t 7 upu t > 0 u3 HepaBeHcTBa p;(r) < € ciemyer,

€

n
aro f(z) < 2~ "
f@) nz:l 14¢

u3 yeaosuit € < /2 u 277" < /2, nonyunwm, uro eV C B(0,7).
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+ 27" < e+ 27" TlosToMy, B3SIB € U N

3. Tenepn mokaxem, uro { B(0,7)} ecrb 6asa okpecTHOCTEI
Hysisi Tonojiorun 7. Ecim py,(x) > € > 0, 1o

-n pn(x) t _n €
> > 0] =2
/@) 1+ p(2) [1+tT 0

[Mosromy, ecom f(z) < 27" , 10 pp(r) < & T e

€
14+¢

B(O, 2_”1j_ ) C{z € X : pu(z) < e}. Takum obpasom (mpn
5
e=1)B(0,27") CV,. =
IMpuwmep 2.4.1. (Cla;b], { p(z;t1, -~ ,tx) = max |z(t;)]},
i€l,k

k € N, t; € [a;b]) — JIOKAJIBbHO BBIIYKJIOE IIPOCTPAHCTBO HEIPe-
PBIBHBIX Ha [a;b] DyHKIWIT ¢ MOTOYETHON CXOIMMOCTBIO. DTO MPO-
CTPAHCTBO He MeTpu3yeMo (B 6a3e KOHTHHYYM 3JIEMEHTOB U MEHb-
1€ B3ATh HEJIb3s).

IIpumep 2.4.2. (C™(R),{pgn(x):= ‘H|12<1X 2B @), k < m,

t|<n

k,m € Zy, }) — merpusyemo.

IIpumep 2.4.3. £(R) = (C®(R),{prn(z) ::IH\IEX |z (1),

t|I<n

k€ Zy,neN}) — merpusyemo.

IIpumep 2.4.4. S(R):=({z(-) € C®[R) : prn(x) € R},
{pEn(x) = max (14 [tM)]z®) (1), k,n € Zy}) — noxambno BoI-
€
[IyKJIOE MPOCTPAHCTBO OBICTPO YOBIBAOIMMX (DYHKIWIL. DTO IPO-
CTPAHCTBO METPU3YEMO.

IIpumep 2.4.5. Ilycts S — oTjiemMOe TOIOJIOTUYECKOE TPO-
crpancTBo, C'(S) — MHOXKECTBO HENpPepbIBHLIX 0TOOpaykeHuit S B
P u comp (S) — MHOXKECTBO BCeX KOMIIAKTHBIX MOJMHOMKECTB U3
S. Torga (C(S), {pr(z) = max |z(t)|, K € comp(S)} ) ecrs j0-
KaJIbHO BBIITYKJIOE IIPOCTPAHCTBO HENPepLIBHLIX (GyHKIMi n3 S B
P ¢ Torosiorueit paBHOMEpPHOI CXOAUMOCTH Ha KoMIakTax K us S.
Eciu cymecrByer nocsegoBaresibHocTh { K, } KOMIIaKTOB Takas,

aro K41 D K, u | K,, = 5, T0 970 IpOCTPaHCTBO METPU3YEMO.
n
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ITpumep 2.4.6. Ilycrs (S) — MHOXKECTBO HENPEPBIBHBIX HA
S dyukImit co 3HavennsiMu B P 1 ¢ KOMIIaKTHBIMU HOcuTeisimu. Ha
9TOM MHOYKECTBE MOYKHO BBECTHU CJICAYIOIIHE JTOKATBLHO BBIMYKIIbIE
TOIOJIOTUH:

1. Tomoormio paBHOMEPHON CXOTUMOCTH HA KOHETHBIX MHOYKE-
crBax (9TO TOMOJIOIUsI IIOTOYEYHOl CXOJUMOCTH).

2. Tomosrornio paBHOMEPHO CXOAMMOCTH Ha, KOMITAKTHBIX MHO-
JKECTBaX.

3. Torosoruio paBHOMEPHO# CXOJIMMOCTH HA BCEM S.

IIpumep 2.4.7. Ilycrs X — HOpMHUPOBAHHOE IIPOCTPAHCTBO, a
X* — MHOXKECTBO BCEX HEIIPEPBIBHBIX Ha X JINHEHHBIX (DOyHKIINOHA~
soB. Cnabast ronosiorust o (X, X*) na X, onpenensiemast X *, 3a/1a-
eTcs CJIeJIYIONIM CeMefiCTBOM MOJLyHOPM: Dy () = [p(x)|, ¢ € X*.

Ormerum, 910 ci1abast CXOMUMOCTb B X €CTb He UTO WHOe, KaK
CXOJIUMOCTB OTHOCHTEJIbHO 3T0ii Tornosorun o(X, X ™).

§ 5. llosHbIe JIMHETHBIE TOMIOJIOTTYECKIE
IMPOCTPAHCTBA

Ounpenenenne. Hanpasnennocts { x, } B JauHEHHOM TOMOJIO-
PUYECKOM TpocTpaHcTBe X HasbiBaeTCss GyHIGMEHMANYHOT Ha-
NPABAEHHOCTNBI0 W Hanpasaerhocmvio Kowu, ecim

VU(O) g Yag, a0 =y Tay — Tay € U(0).

YrBepxkaenue 2.5.1. [lycmv X — aunetinoe monoso2uve-
ckoe npocmpancmeo u {xqs} C X. Cnpasedausv, caedyrouue
ymeeporcoeHus.:

1. {za } — Pyndamenmanrvras ) <= ((xa —Ty) (a,o/_)é.AQ 0) .

2. (za—x0) = {2a} — Pyndamenmarvras).

3. ({ma} —  dyndamenmarvnazn) = ({zyps) }
Pyrdamenmanvhas).

4. ({za } — Pyndamenmanvras) \( Ty — o) = (Ta — o).
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Sameuanue. B obiem ciaydae dpyHIaMeHTaIbHAS HAIPAB/IEH-
HOCTb MOKeT ObIThb HeorpaHudeHHOI, Hanpumep { 27 },,cz dyH-
JIaMeHTa IbHas HeOTPaHUIeHHAs HAIIPABIEHHOCTD.

YrBepxkaenue 2.5.2. Qyndamenmanvras nocaedosamens-
HOCMD 6 AUHETHOM MONOAOLUMECKOM NPOCTMPAHCINGE 02PAHUNEHA.

HokazareascrBo. Ilycrs {x,} — dynnamenranbhas 1o-
crepoBaresbioct u Vo€ w(0) = dny € N Vny,ng > ny
Tpy —Tpy €V =V =2ny x, €xp, + V.

Ho V — moryomaromiee MHOXKeCTBO == )\ > 0 Vn € 1,ny
T €NV =VneNz, e \gV+V C(14+X)V. n

Onpenenenus. Ilycte X — juHeiiHoe TOMOJIOIHIECKOE PO-
CTPaHCTBO.

1. X maspiBaeTcs noAHbIM, €CIH B HEM CXOAuTcs Jobast (yH-
JlaMEHTaJIbHasl HAIIPaBJIEHHOCTD.

2. X Ha3bIBaeTCHd K6A3UNOAHBIM, €CJTU B HEM CXOJIUTCH JI0Dast
orpannvdeHnas pyHIaMEHTAJIbHAT HAIIPABJICHHOCTD.

3. X Ha3bIBaeTCH CEKBEHUUANDHO NOAHBLM, ECTTU B HEM CXOJUTCS
Jr0bast pyHIaMeHTAIbHAS TOCIe0BATETHHOCT.

4. MuoxectBo M C X Ha3bBIBACTCHA NOAHBM (KEA3UNONHDIM, CE-
KEEHUUANDHO NOAHBLM), €CJIU COOTBETCTBYIOIIME HAIPABJICHHOCTH
3JieMeHTOB n3 M cxondarcsad K HEKOTOPOMY dJieMeHTy u3 M.

Yrepxkaenue 2.5.3. 1. Fcau X — noanoe aunetinoe mono-
po2uveckoe npocmparnemso, a X O M — samxnymoe, mo M —
NOAHOE.

2. Ecau X omdeaumoe Aunetinoe monoso2uteckoe npocmpat-
cmeo, a X DO M — noanoe, mo M — 3amxrymoe.

Caencrsue. [Iycmo X — noanoe omoeaumoe unetinoe mono-
nozuveckoe npocmparcmeo u M C X. Toeda (M — noanoe ) <=
(M — samxnymoe).

3ameuanue. B JmHEITHOM TOMOJIOITIECKOM ITPOCTPAHCTBE
(X, T,) J11060€ MOJMHOMXKECTBO SIBJISIETCSI TIOJIHBIM.
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Teopema 2.5.1. CexgeHUUAAYHO NOAHOE NUHETHOE MONOAO-
2uMecKoe NPocmparcmeo co cuemmol 6a3otli oxpecmmnocmets HYAd
ABNAEMCA NONHVIM.

HokazareabcTBo. 1. [Iycrs V,, — cuernaga 6a3a okpecTHocTeit
Hysist, a { T4 } — DyHIaMeHTaIbHAS HAIPABICHHOCTD. Toraa

VneNJa, Vo, =a, x4 —x00 €V,

He orpannumBasi oOIIHOCTH, MOYKHO CUUTATD, UYTO V1N Qi1 > Q.
2. PaccmorpuMm  1OCIIEIOBATENBHOCTD  { Zq, }. IlOCKOMIBKY
Vni,ma:ng 2 m ap, > Qm, T0 Ta,, — Ta,, € Vin, T €. {za, } —
dbyunamenranbhas = Jxg € X : 24, — 0. Ormernm, uro { z4, }
He 00st3aHa OBITH TIOIHAIPABICHHOCTHIO HAIIPABICHHOCTH { T4 },
MIO3TOMY BOCIOJIB30BATHCS yTBepKAeHneM 2.5.1.4 Heb3s.

3. Tlokaxkem, 910 T, — To. BosbMeMm mpousposbHOe V,,, 1 Haii-
neM Vi Vi + Vi € Vo B cmty Toro, 4to x4, — o, 3IM0
Vn =ng o, €20+ Vo, aB cuity dygaMmeHTanbHOCTH { T4 } 3 g
Va,o = oy x4 — o € Vi BosbMeM ap: ap = apy 1 G > Q.
Torna Vo = ag

To — Ty = (.Z'a — $a0) + ($a0 — .T()) eV + Vi CV,yo m

CaenacrBue. B 6a1aro6om npocmpancmee crodumcs aobas
PyHdamenmarvHas HANPABAEHHOCTIY.

Teopema 2.5.2. Jlasa 4106020 0mOesuM020 AOKAADHO GOINYK-
N020 MONON0RUYECK020 npocmparcmsea X  CYWECMEYem NoAHOE
omadeaumoe AOKAALHO GHINYKAOE TNONOAOZUNECKOE NPOCTNPAHCMGO
(X,7) u €20 _6c100y naomuoe aunetinoe mnozoobpasue X1 maroe,
wmo X = (X1, 7N X1).

HokazareabcTBo. Ilycts X — JIOKaJIbHO BBIMYKJIOE OTIIEJIN-
MO€ TOIIOJIOTMYECKOE IIPOCTPAHCTBO, TOIOJIOIHS B KOTOPOM OIIpe-
JleJISeTCsl CUCTeMOil oyHOpM { p~(+) }.

1. OnpejiesiuM HA MHOXKECTBE BCeX (DYHIAMEHTAJIBHBIX HAIIPAB-
JtenHocreit B X cJiejyroniee OTHOIIEHNE SKBUBAJIEHTHOCTH:

{xa } ~ {x’ﬁ}::(xa—x’ﬁ)mo.
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Ormernm, uto ecmn { g } ~ {73 } 11 24 — %0, T T —~ %o

2. Homoxxnm X :={{zq } : {24} — pynnavenrasbuas B X}
u X :={{z}e: z€ X}, e {x}.  TPUBHANLHAS OIHODIEMEHT-
Hasl HAPABJIEHHOCTH. [10CKOJIbKY TOIOJIOTHsI OT/emMa, T0 & 7# &/

—~

—~

= {z}. # {2 }¢, Tem campbim orGpaxkenue r — {z }. ectb Ou-
ekims X Ha )~(1.

3. Iomynopmer { py(-) } na X OIIPENIEJIAIOTCS CJICLYIOMIM 00-
pasont ({0 }) = lim p, (a2

4. B cuty cBOMCTB ABOMHBIX U MOBTOPHBIX IIPEIECIOB IIOJIY UM,
qTo

0= Pt = 2er) = J Pl = ) =

= lim ]77({ To — Ty }) = 5&%({ Ta te —{Tar }),

acA

T. €. {:Ua}cae—;‘{xa}.

5. Uz 1. 4 cnepyer coornomenne X, = X.
6. ITokaxkem, uro X — oTme/simMOe TOIOJIOTHYECKOE ITPOCTPAH-

crBo. Ecin Vy py({za }) =0, 10 lin}\py(:va) =0=2,—0=
ac

{za} ~{0}e

7. IlokaxkeM, uT0 X — TOJTHOE JIOKAJTHLHO BBITYKJIOE TOIIOJIOTH-
weckoe ipoctpancTio. [lycts { Zo } — dynnamenTanbuas nampas-
nenHocTh B X. PaccMOTpUM CTaHIApTHO HANPaBJIEHHOE MHOMKe-
creo Bi=Axw(0). Torna & cuny 1. 5V 8 = (o, V) Jajy = x’(a 7

P

{zfste € xa + Vu {zj3} — dynnamenTanbuag naupasienHocTh B

X, mpn stom (T — {5 }) r- 0. ITockobKy

xB
%a: (%a_{/x_gTC) + (@C_{/;\,ﬂ-/})—k{/:;/ﬁ_/}a

TO B cunty 1. 4 To — {2 }. =
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§ 6. KommakTHbIe MHO>KECTBA B JIMHENHBIX
TOIIOJIOTMYECKUX MPOCTPAHCTBAX

Omnpenenenune. [lycte X — JjimHEiHOE TOTOJIOTUYIECKOE MIPO-
crparctBo n M C X. MuoXkecTBO M HA3LIBAETCS 6N0AHE 02PAHU-
YeHH LM, €CTTI

k
VU(0) 3a1,... 2 M C | (w+U(0)).
i=1
VYrBepxkaeaue 2.6.1. B 11060Mm Auneinom monoao2u1eckom
NPOCMPAHCINGE CNPABEINUBHL CAEIYIOULUE YMBEPIHCICHUSA:
1. Jhoboe xoneuroe mHootcecmao 6noare 02PAHUYEHO.
2. Jhoboe enoane 02paHuUMERHOE MHOICECTIBO 02PAHUYEHO.
3. Bamvikanue 6noare 02PAHUYEHHO20 MHOHCECMBA GNOAHE
02PAHUMEHO.

JlokazaTeyibCTBO. . IIycte U — mpom3BOIbHAST OKPECT-

k
Hocrb nyssa. Torma M C | (:13Z + U ) Ho B cuiy Toro, uro U
i=1

k
norvornatoree I V|| = N x; € pU = M C | ((u+ l)U) =
= (,u—i— 1)U. u

YrBepxkaenue 2.6.2. Fcau K — xomnaxmmoe mHodcecmseo
8 AUHETHOM MONOAOUNECKOM Npocmparcmee, mo K enoane oepa-
HUMEHO U NOANHO.

HokazareabcTBo. 1. [Iycts U — 1npounsBosibHasi OKPECTHOCTH

o —
uyns. Torma M C | (w—i— U)) K_xoum Jxq,..., 2 M C
rzeK

k o
c Uy (:Ei+U).

i=1

. 1.6.
2. Iycre K DO {zq} — dynnamenranbhas TeOp:>63

yTB. 2.5.1.4
3{$¢,(5)},$0 e K: Tp(B) — L0 — Ty — To. ®
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Teopema 2.6.1 (O6o6menubiii  kpurepuii  Xaycaopda).
Iyemv X —  aunetinoe monoaozuveckoe npocmpaHcmeo U
K C X. Toeda (K xomnaxmmuo )<= (K enoane oeparuueno u
NOANO).

HoxkazarenscrBo. [<—]. Ilycrs {2, } C K.

1. Paccmorpum M — mMHOXKecTBO Beex cemeiicts F = { Fy }
nopmuozkects 13 X (Vv F, C X), yIOBIETBOPSIOIINX CJIe/LyOIe-
MY CBONCTBY:

F={F,}eM:=Yy,...,n Vadd -a:

A (2.6.1)
zo € ) Fy,.
i=1

Ormernm, 9T0 Takme cemeiicTBa ecTh, Hanpumep, M = { X }
wm M= {K}.

M ecTb YaCTUYIHO yIOPAJ0UEeHHOE 110 BKIIOYEHUIO MHOXKECTBO,
U OHO VJIOBJIETBOpsieT ycaoBusaMm JjeMMbl [lopua. HeitcTBurenbHo,

ecn { F, } nens rtakux cemeiicts, To u JF;, ToXKe Takoe cemeii-
n
CTBO, MOCKOJIbKY JIF0OOIT KOHEYHBIl HAGOD IIOJAMHOMKECTB U3 ITOrO

00 bEIMHEHIST _BCerjIa COMEPAKUTCSA B OJTHOM 13 F.

2. Ilyctb F — MaKCHMaIbHbI 9JIEMEHT 9TOI'0 YaCTUIHO yIOps-
Jo4YeHHoro MHozkecTsa. Torna F' € F=—TF 0, K € .7-" X e .7-"

F.Fbe F=FNFecF, (2.6.2)

FlDFQGﬁ:Fleﬁ, (2.6.3)

HOCKOJIbKY Tipu jiobasienun Fy B cemeiicrBo F, yciosue (2.6.1) He
ucnoptutcs. [Tokaxkem, 94T0

k
JAieF = Fielk: A eF. (2.6.4)

i=1
[Ipe/inonoKumM, 9To 9T0 He Tak, T. €. HU OJHO U3 A; Heib3s
nobasurh B F ¢ coxpanerneM cpojicrsa (2.6.1), uro B cuity (2.6.2)
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osnadaer: V¢ I F; € F Ja; Va = a; x4 € A;NF; . Baas a: Vi

k
a = o, moayanm 9to Va - a x4 € |J (Ai N Fi), TEM CAMbBIM
i=1

k
U (A4,NF) ¢ F. (2.6.5)

k 262)A

C apyroit cTOpoHBI U (A ﬂF ( U A; ) ( ﬁ ) F,

i=1
qr0 B cuiy (2.6.3) mporusopetunt (2.6. 5)

Tenepb ¢ HOMOIBIO ceMeificTBa F II0CTPOMM I0JHAIIDABIICH-
HOCTb HAIPABIEHHOCTH { T, }, CXOMSMIYIOCH K dj1eMeHTy u3 K.

3. yers B:={(F,a) € F x A : 2z, € F} ¢ orHOmeHueM
(F,a) = (F',d/):=(F C F') A (a > ). Dro 1acTuuHo yuopsi-
JIOYEHHOE MHOYKECTBO SIBJISITCsl HanpaBjeHHbIM. JleficTBuTesbHO,
st oobix (Fpyaq), (Fo,an) € B nonoxum Fs:=Fy N Fy. Tak
Kak B cuiy (2.6.2) F3 € F, To 1o (2.6.1) maiimercsa asg Takoe, ITO
az = 1, Q3 > Qg U Toy € F5. TTostomy (F3,Oé3) - (Fl,oq) u
(Fg,ag) - (FQ,QQ).

4. Onpenemnm o(3) = ¢(F,a):=q, TeMm caMbiM, B YaCTHO-
CTh, Ty(pa) € F. Tlokazkenm, uto {z,5) } — dynmamentambnas
Hanpas/jieHHOCTh. Bosbmem U € w(0) u waiizmem 1o et U us
w(0): Uy + Uy C U. B cuny snosme OFpaHI/I‘{eHHOCTI/I MHOKe-

2.6.3
crBa K maiinyrest x1,--- , 2, Takue, 9o K C U z; + Ul) 269

=1

k
U($i+U1) 6.7? (gl) 3?: :U;—&—UlG]?.

i=1
[ycrs a: x4 € 23 + Uy =: F € F. Torma ¥V (Fj,a;) = (F, o)
(j = 1,2) noayaum, uro
To(Fr,0n) ~LTo(Fa,az) = Tag —Tag € FF—-FCF-F=U+U; CU.
.25.14
5. Iockonbky K mosmHO, TO d1g € K ! Ty (8) = X0 Y22

Lo —To. W
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CaencrBue. B noaHom omoesumom AUHETHOM MON0A02UYE-
CKOM MPOCMPAHCMEE CNPABEINUBDL CAEIYIOULUE YMBEPHCICHUSA:

1. Mnootcecmeo Komnakmmo moz0a U moavko mozda, x020a 0HO
BNOAHE 02PAHUYEHO U 3AMKHYMO.

2. Mnootcecmeo npedkomnarxmmo moada u moavko moada, Ko-
20a OHO BNOAHE 0ZDAHUMENHO.

YrBepxkaenue 2.6.3 B omdesumom AO0KAALHO — GOINYKAOM
npocmpancmee abcoromuo 6vnykaas (6unyKAaa) 000404KA KO-
HEUHO20 MHOHCECTNEA KOMNGKINHG.

HelicTBUTEIbHO, OHA JIEZKUT B KOHEYHOMEDHOM  IIOIIIPO-
CTPAHCTBE IIPU 9TOM OI'DAHUYCHA U 3AMKHYTA. ®

YrBepxkaenue 2.6.4 B omdesumom AOKAALHO —GOINYKAOM
npocmpancmee  abcoaommno  eunykiai (6wnykaa)  060404Ka
BNOAHE 02PAHUMEHHO20 MHONHCECMEA, BNOAHE 02PAHUYECHA.

HokazareabcTBo. [lycts M — Brnosne orpanuveno B cuiry
toro, aro conv(M) C absconv(M), TO TOCTATOYHHO yCTAHOBUTD
BIIOJIHE OIPAHUYEHHOCTb MHOXKecTBa absconv(M).

[Iycte U — abcosioTHO BBIMYKJIAd OKPECTHOCTb HyJisd. To-

n

raa mafinyres xq,...,%, takue, uro M C J(z; + U) =

1=1
absconv(M) C absconv({x;}) + U. Ho absconv({z; }) — xom-
HAKTHO = OHO BIIOJIHE OrPAHUYEHO ——> HAWIYTCH Y1,...,Ymnm
m
rakue uro absconv({z;}) C U(yi + U) = absconv(M) C
m =1 m

C abscorv({z; })+U C U(yi+U)+UC U(yi+2U). =

IIpumep 2.6.1 Broinykias 006009Ka KOMIIAKTHOTO MHOXKE-
CTBa MOKET OBITH HE KOMIIAKTHBIM MHOXKECTBOM.

IIycts X — GanaxoBO HPOCTPAHCTBO C HOPMUPOBAHHBIM Oa-
sucom { e, }. Torna K :={e,/n} U {0} — xommaxrno. Paccmor-

m

puM T, = > (2"n)te, + (2™m)len1 € conv(K). Torma
n=1
oo
Tm— 0= Y. (2"n)"1 & conv(K). =
n=1
o1



§ 7. KoHeunomepHbie NOANMPOCTPAHCTBA JTUHETHBIX
TOIIOJIOTTYECKUX HPOCTPAHCTB

Teopema 2.7.1. Ilycmv eq,..., €y AUHETHO HE3ABUCUMDL 6
OMOACAUMOM AUHETHOM MOonoso2udeckom npocmpancmee X . Tozda

(i )\kﬂek — i )\kek) <~ (Vk S 1,—m >‘k,o¢ — )\k)
k=1 ¢ k=1 @

okazareyibcTBO. [<—]. DT0 yTBepXKIeHUe CIPaBeJINBO B
CHJIY ONpEJeIeHNs JTMHEHHOTO TOMOJOIMIECKOr0 IIPOCTPAHCTBA (B
HeM aJirebpanvecKue Olepalui HeIPEPHIBHbI ).

m m
[=]. lycre zo:= ) Aok — > Arep. He orpannunsas

k=1 @ k=1
m
OBIIHOCTH, MOYKHO CIUTATh, 9TO » , Ager = 0.
k=1
[Ipemonoxkum nporusHoe. Torya, He orpaHnyInBasi OOIHOCTH,
m

MOXKHO CUHTaTh, UTO [lo:= y, [Apo| = € > 0. B cuny orpa-

HIYEHHOCTH MHOXKeCTBa { Vi o }:={ Aka/lla } OHO IIPEIKOMIIAKT-
HO B PP, mosroMy OmIATH MOXKHO CUHTATh, UTO Ygo — Tk =
«

z m m
=2 =3 Vealk — Y. VkCk. B CHIIY OTIEIMMOCTH TIOLy UM, UTO
Mo k=1 & k=1

m
> ke = 0, 9To B crity JIMHEHHON HE3aBUCHMOCTH BEKTOPOB { ey }
k=1

_ m m
maer: Vk € 1,m v, =0. Tak kax ) [ykol =1, 101 > |78 = 1.
k=1 k=1

Ho sro nporusopeunr pasencrsam v =0 (k € 1,m). =

CaencrBue. Cnpasedasusnl cAedyrowue YymeepHcoeHua:

1. Bce omdeaumuie KOHEUWHOMEPHBIE AUHETUHDIE TMONOAORUYE-
cKue NPoCmpancmea 00uHak08od pazmeprocmu U 1ad ooHuM no-
AEM U3OMODPHDL.

2. Bce omdesumvie KOHEUHOMEPHDBIE AUHETHDBIE MONOAORUYE-
cKUE NPOCTPAHCNEA TLOAHDL.

3. B KOHEUHOMEDHOM OMOCAUMOM AUHETHOM MONOAOLUUECKOM
NPOCMPAHCIMEE MHONHCECTNEO KOMNAKIMHO M020a U MOoAvKo moada,
K0200 01O 02PAHUMENO U 3AMKEHYMO.
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YrBepxkaenue 2.7.1. B omdesumom AuHETHOM MONOAO2U-
yeckom npocmparcmee X cnpasediuso. caedyroujue ymeeporcde-
HUA

1. Jhoboe xonewrnomeproe mHoz2006pasue 6 X 3amkHymo, m. €.
Aasasemes noonpocmparncmeom X .

2. Jhoboti aunetinoill Gynkuuonas u A106a1 NOAYHOPMA HG KO-
HEUHOMEPHOM NOINPOCTMPAHCEE NPOCTMPAHCMEa X HENPePvIEH .

YrBepxkaenue 2.7.2. [lycmv X — omdeaumoe aunetinoe
monoao2uveckoe npocmpancmeo, X1, Xo — eeo nodnpocmpar-
cmea, npuvem Xo Koneurnomepro. Toeda X1+ Xo — nodnpocmpan-
cmeo.

HokazaresbeTBo. Tpebyercs 10Ka3aTh TOJIBKO 3aMKHYTOCTD
X1 + Xo n b B cayyae, Korja Xo = (e) nu e € Xj.

[yctb o + Ao — 20, {20 } C X1.

«

1. Ecam y manpasnennoctu { A\, } ecTh orpanndeHHasi mogHa-
[IPAaBJICHHOCTh, TO, HE OrPAHUYMBAs OOIHOCTU, MOYKHO CUUTATD,
IT0 Ay — A= Ty = —Ag€ + (Tq + Aae) — —Ae+ 19 € X1 =

(e «
xo = (xg — Ae) + de € X1 + (e).

2. Ecim y nanpasiensoctu { A, } HeT OrpaHUYEHHBIX I0JI-
HANIPABJIEHHOCTeH, TO y Hee ecTh TOJHANPBICHHOCTL { Ay(g) }:
|/\<,0(B)| —>ﬂ +00.

JleficTBUTEIbHO, PACCMOTPUM  HAIIPAB/JIEHHOE  MHOYKECTBO
B:=AxN. Torma V8 = (a,n) 3a': (&/ = a) A (|[Ar| > n), u60
B npoTHBHOM ciydae 30 = (a,n) Va: a = a || < 1), T e
TPUBHAJbHAS IOJHAIIPABICHHOCTb { Ay }osgq OrPAHHYCHA.

Omnpenemim p(8) = pla,n):=a: (¢ = a) A (M| > n),
TOrJIa \)\@(5)|?+oo. Tem campIM, He OorpaHHYNIBas OOITHOCTH

(mepexozist K 3TO NOJHAIPABIEHHOCTH), MOXKHO CUUTATh, HTO
|Aa| — 400. Torza
(&7

1 1 1
— (Ta+Aa€) = — 2o +e— 0= —x,— —c € X,
Ao Ao a Ao a

YTO IMPOTHBOPEUUT yCJIOBUIO € & X. m



['naBa 3

JIuHeiiHbIe orlepaTopbl B JIOKAJIBHO
BBIILYKJIBIX IIPOCTPAHCTBAX

§ 1. YciioBusi HENPEePbIBHOCTU JIMHEHBIX OMEPATOPOB
B JIMHEWHBIX TOMOJIOTUYECKUX IMPOCTPAHCTBAX M
OopHoOJIOTUYeCcKEe ITPOCTPAHCTBA

YrBepxkaenue 3.1.1. [lycmo X, Y — aunetinvie monoao2u-
yeckue npocmparemsa, a A : X —Y — aunetinoud onepamop. Cae-
dyrowue Yeao8us IKEUBAAEHIMHDL:

1. A nenpepwisen na X. 2. A nenpepueen 6 ny.ie.

3. A pasnomepro nenpepueen na X, m. e.

VUy(O) HU)((O) Vx,x’ e X

, , (3.1.1)
x—1' € Ux(0) = Ax — Az’ € Uy (0).

YrBepxkaenue 3.1.2. [lycmo X, Y — aunetinvie monoao2u-
yeckue npocmparcmsa, a A1 X —Y — aunetinoi onepamop. Ec-
au A oeparurer Ha HEKOMOPOTL OKpecHOCU HYyAi, mo A nenpe-
poisen Ha X .

CaencrBue. [lycmv X — aunetinoe mMonoso2uveckoe npo-
cmparcmeo. Cnpasedausvl caedyrowgue ymeeprHcoeHus.:

1. Ecau'Y — nopmuposanroe npocmpancmeo, a A: X —Y —
AUHETHBT onepamop, mo A nenpepueen na X mozda U moavko
moeada, xozda A oepaHuMEH HA HEKOMOPOT OKPECTNHOCTNU HYAS.

2. Jlunetinoi pyrrxyuonar na X nenpepvieer na X moada u
MOALKO Mo2da, K020a OH 02PAHUMEH HA HEKOMOPOT 0KPECTHOCTIU
HYAA.

Onpenenenune. Ilycte X, Y — jmmHelHbIE TOMOJIOIHYECKUE
pocTpaHcTBa. MHOXKECTBO BCeX JIMHENHBIX HENPEPBIBHBIX Ha X
oneparopoB A : X —Y 6yuem oboznadars L(X,Y).

o4

Yrepxkaenue 3.1.3. [lycmov X, Y — aunetinvie monoao2u-
weckue npocmparcmsa. Ecau A € L(X,Y), mo A oeparuuen, m. e.
nepesodum A10060e 02PaAHUNEHHOE MHOHCECTNEO 6 02PAHUYEHHOE.

3ameuanue. B ob6mem ciydae yTBep:kienme obpaTHOoe K
yrBepxkaenuio 3.1.3 uesepuo. [Iycts X — 6anaxoBo mpocTpancTBo.
TTokazkem, 9To JTH000E €71aOO OrpAaHUIEHHOE MHOXKECTBO SIBJISIETCSI
U CHJIbHO OTPAHUYEHHBIM.

[peamosnoxkum  nporusuoe. Ilycrs Vo € X* o(M) —
orpaHuveHo, a camo M He «BJdeTCs OrpaHUYEHHBIM. lora

IH{z,} € M: ||zp]| > +o0 = VYV € X* cp(xn/\/|\:nn\|)—>0
= zn/]|znl] 50w 2,//]|20|| — +oo. Ho Besikast ciabo cxo-

JISIIAsICST [I0CJIE/I0BATEIbHOCTD OIPAHIYeHa — IIPHUIILIN K IIPOTHBO-
petInio.

PaccMoTpuM  Temeph MPOCTPAHCTBO Iy U €y :={0pm | € .
[ocKombKy €, —=0 u e, /—0, TO TOXKIECTBEHHBI OIEpPATOP
I:(ly,o(lp, (1p)")) =y, || - ||p) sBIsSIETCA OrpaHMYeHHBIM, HO Ja-
7K€ He CEKBEHIMATIbHO HEIIPEPBIBEH.

Onpenenenue. JIoKaabHO BBIMYKJIOE MPOCTPAHCTBO X HA3bI-
BaeTcst boprosozuveckum (mmm npocmparncmeom Makxku), ecan B
HeM J11000e abCOJIIOTHO BBIIIYKJIOE MHOXKECTBO, ITOTVIONIATOIIEe JIIO-
6oe orpaHnYeHHOE MHOYKECTBO, €CTh OKPECTHOCTH HYJIS.

Teopema 3.1.1. Jlokaavro ewvinykaoe npocmpancmeo X —
boproaozueckoe mo2da U Moavko mozda, koz2da OAs 4106020 A0-
KAABHO BbINYKA020 NPOCMPaHcmsea Y MHOMCECMB0 SCEL 02PaHU-
weHHuT Aunelnur onepamopos uz X 6 Y coenadaem ¢ L(X,Y).

HoxkazarenncrBo. [ |. Ilyctb A : X —Y — ’mmeiinbrii
orpannveHHblii oneparop u wy (0) 3 U — abCoIOTHO BBIMYKJIOE,
torma nu A~ (U) — abeomorno Beimykioe. [Tyers M — orpanmden-
Hoe B X MHOXKecTBO, Tora A(M) — orpanudeHHoe B Y MHOXKECTBO
= IAN>0: AM) CNU = \"'M Cc A '(U) = A (U) —

OKPECTHOCTD HYJIsl B CHJIy OOPHOJIOIMYHOCTH IIPOCTPAHCTBA X .
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[<=]. Iyctb X — JIOKaJIbHO BBIILYKJIO€ IPOCTPAHCTBO C TOIO-
siorueit 7. Pacemorpum ma X errie ojiHy JIOKAJIbHO BBITYKJIYIO TOIO-
goruio 7/, nopoxiennyio cemeiicrsom w,(0)U S, rie [ — Bee abeo-
JIFOTHO BBINYKJIbIE MHOXKEeCTBa M3 X, TOTJIOIIAIOIINE JIF0Doe orpa-
anvyennoe Muoxkectso B X. Torma (X, 7') — GopHosoruveckoe u
7 C 7'. Ilpu 3ToM, eciiu M T-orpaHnveHo, TO OHO U T'-OrpaHuveHo,
MOCKOJIbKY Kazkoe V € 3 mormomaer M. Takum obpasom, TOXK 1e-
creennoe orobpaxkenue I : (X, 7) —(X,7’) ectb orpanudennoe Jiu-
Heitnoe orobpaykenne = [ HenpepulBHO =—> 7/ C T =7 =7". =

YrBepxkaenue 3.1.4. [lyemv X — —  6opHoaozuueckoe
npocmparcmeo, Y — AO0KAADHO 6BINYKAOE NPOCMPAHCME0,
A X =Y — aunetnwd onepamop. Tozda (A menpepwisen na
X) < (A cexsenyuarvro nenpepusen na X).

HokazaresbcTBo. [<=]. B cuiy npeapliymeil Teopembl J10-
CTATOYHO TT0Ka3aTh, YTO A — OrpaHUYIEHHBI.

IIycrs X D M — orpanuueno, {y, } C A(M), n P> A\, —0.
Torma Vn € N 3z, € M: y, = Az, = \yn = Az, =
= A(\uxn). Ho B cumny yrBepxaenus 2.1.8 Az, —0 —
A(Apxy) — 0, 1 ocTasoch CHOBA IPUMEHHUTH yTBep:KacHue 2.1.8. =

Teopema 3.1.2. X — 6oprosozuueckoe mozda u MoAvKO Mo-
2da, Kozda a0bas nosynopma p(-), ozpanuvennan Ha A1060M 02pa-
HUYEHHOM MHONHCECTNEE, HENPEPLIEHA Ha X .

HoxkazaresnbcrBo. [ |. Ilycrs p(-) orpanndena na o60M
orpanndennoM Muoxkectse n V:={z € X : p(x) < 1} — abeco-
JIFOTHO BBIMYKJI0e MHOXKecTBO. Ecimm X D M — orpaHuveHo, To

dK>0:p(M)< K = M C K-V = V — OKpecTHOCTb HYJI,

. y1B.2.3.3.3
a p(-) orpanmvena Ha neit © == p(-) menpepbiBHa Ha X.

[<=]. [IycTb V' — abCco/oTHO BBILYKJI0€ MHOXKECTBO, IIOIIOIIa-
folree Jioboe orpaHudeHHoe MHOKecTBO. Tora 1o reopeme 2.3.1.5
pv(-) — mosyHOpMa, IIPU TOM OHA OIPAHUYEHA Ha JIIOOM Orpa-
HIYeHHOM MHOXKecTBe. [losromy py(-) — mempepbiBHa Ha X —-
Vo{xeX: py(r) <1} — okpecrHOCTb HyJIs. m

o6

YrBepxkaeuue 3.1.5. Fcau X — mempudyemoe A0KANGHO
guinykA0e npocmparncmseo, mo X — 60pHoA02UNECKOE.

HokazareabcTBo. llycth Y — JIOKaJIbHO BBINYKJIOE IIPO-
crpanctBo, wx (0) = { U, }, Upy1 CUpu A: X =Y — jiuneiinbiii.
Ecm A ¢ L(X,Y), o 3V € wy(0): A~1(V) — ne oxpecrrocrn
nyna B X = ¥n € N nA~1(V) — ne okpecrnocts nynsa B X =
Jz, €Uy 2 €nA Y V) = Az, € nV = {x,, } — orpanuye-
na, a { Az, } — mer. m

§ 2. Jluneiiable (PYyHKIIMOHAIBI

Onpenenernuss 1. MHOXeCTBO BCeX JMHEHHBIX (DYyHKIMOHA~
JIOB, OIIpEJIEJIeHHBIX Ha BCEM JIMHEHHOM IIpocTpaHcTBe X, 0003HA-
qaercss X7 (OTMETHM, UTO OHO CAMO €CTh JIMHEHHOE IIPOCTPAHCTBO
Ha nostem P).

2. Ilycts X — JuHeHOE TOIOJIOIUYIECKOe ITPOCTPAHCTBO HaJl
nosteM P. Jluneiinoe npocrpancrso X* := L(X,P) naseiBaercs co-
NPAHCEHHBIM K AUHETHOMY Monoso2udeckomy npocmparcmsy X .

Yrepxkaenue 3.2.1. [lyemv X — aunetinoe npocmpar-
cmeo. Cnpasedausvl caedyrowgue ymeepircoeHui:

1.Vag € X g € X¥ 1 pp(mo) = 1.

2. Ecau 0 # ¢ € X7, mo Kero = ¢ 1(0) — aunetinoe eu-
nepmrozoobpasue npocmpancmea X, m. e. cywecmeyem e € X :
Keryp @ (e) = X.

Jdoka3aresbCcTBO. . [Iycrb e € X:p(e) = 1, rormaVa € X
x—p(x)e € Kergp. m

Yrepxkaenue 3.2.2. [lyemv X — aunetinoe npocmpar-
emeo, p € X7 ap(-) — noaynopma na X . Tozda

<pf$21 lp(z)| < 1) — (vm € X |p(a)| gp(x))_ (3.2.1)
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HokazaresberBo. 1. Ilycrs p(xg) = 0, Torma VA € P
p(Azo) = Ap(z0) = 0 = |p(Az0)| = Alp(0)| < 1 = () =
2. Hycts p(zg) # 0, morma p(zo/p(z)) = 1 =

[ (0/p(a0))| <1 = Ip(@0)| < plao). =
VrBepxkaeuue 3.2.3. B AuHelHOM MONos02UMECKOM NPO-

CMPAHCMBE AUHETHOE 2UNEPMH02000pa3ue AUDO 3aMKHYMO, AUOO
6¢100y NAOMHO.

Teopema 3.2.1. Ilycmv X — aunetinoe npocmparcmeo.
Tozda (X7 D {@p1,...,0n} Auneiino mnesasucums) <=
(El{el,...,en} C X : pilej) = b

HokazarenbcrBo. [=—|. 1. Unaykuueit mo n. Ilpu n = 1
yTBEpXKJIeHHEe O4YeBUIHO cipaBeyinBo. CrejlaeM Iar WHIyKIUH.
[Mycts { @1, ..., Pnt1 | TUHEHHO HE3ABUCUMBI, TOTJA TI0 IIPE/IIOJIO-
sxenmio naAyKImn 3{eq, ... e, |1 @i(ej) = d;j.

2. Pacemorpum muoxkecrso X :={z — Zn: pi(x)e; - v € X}
Ouesuyno, uro Xog C () Kerp;. Ilyers xg € () Ker ;, Toraa

i=1 i=1
n

o — Z tpi(wo)ei = x9, = xg € X, T€M caMbIM
i=1

{x—zn:api(x)ei : xGX} = ﬁKergoi. (3.2.2)
i=1 i=1

3. Ecim Ker ppy1 D Xo, ToVr e X
n

0= ¢n+ (x - Z wi(z) z) = Pnt1(z Z @i(®)oni1(e:),
i=1

n
TeM caMbIM @, 11(x) = Y Niwi(T), Ai == pnt1(e;i), 910 POTHBOpE-
YUT TIPEJITOJIOKEHUIO. =1
4. B mporuBHOM cilydae HaiflneTcs €n4+1: @n+i(€ny1) = 1, a
vi(€n+1) = 0, i € 1,n. Oupenesum HOBBIE BEKTOpa €, i € 1,n

o8

o dopmyne € :=e€; — @nii(e;)ent1. Torma ¢i(€;) = 6;; upm
,7€l,n+1. =

Cnencrsue. I[lyemv X — junetinoe npocmpancmeo u
{00, 0n } C X7, Cnpasedauevt caedyrousue ymeep:)fcdeuu.ﬂ:

1. g €< Q1,...,0n >C X7 <= Kergy D ﬂ Ker ¢;.

i=1
2. Kerpy = Kerpy <= 30# X € P p; = \ps.

Jlemma 3.2.1. ITyemv X — . uHetinoe npocmpaHcmeo,
o€ X? ec X:ple) =1, H= Kerp, X DU — ypasnose-
wennoe, V.={x € X : |p(z)| < 1}. Toeda ((e—i—U) NH= @)
— (U C V), m. e. V — camoe 6oavwoe ypasHOBEUWEHHOE
MHOIHCECMB0, YIOBAEMBOPAIOULEE COOMHOUEHUIO (e—i—V) NH=0Q.

HoxkazarennscrBo. [F—=]. ¢(e+ V) =1+ ¢(V) #
(=] lycrs U ¢ V. Torma Jxg € U: |¢(z0)| = 1 —

——eUng(e——-)=0= (c+U)NH#O.
o(0) o(0)
Yrepxkaenue 3.2.4. [lyemv X — aunelinoe monosozuye-

cxoe npocmpancmeo, 0 # ¢ € X7# . Tozda ¢ — omxpoimoe omob-
paoicenue, m. e. VG € tx ¢(G) € Tp.

HoxkaszaresberBo. [lycrs g € G € Tx, A\g:= p(x0). Tak kak
Gery,03U €wx(0): 2o+ U C G = ¢(G) D X\o + ¢(U).

[Mokazkem, aro ¢(U) — okpectrocTsb Hyis B P. Tak kak 0 # ¢,
To Je € X: p(e) = 1. B cuny Toro, uro U — moromiasoiree
Fpo >0 V|l > po e € pU = B(0,1/p0;P) C o(U). =

Yrepxkaenue 3.2.5. [lyemv X — aunetinoe monosozuye-
ckoe npocmpancmeo u @ € X7 . Tozda (¢ € X*) «—= (Kerp —
3AMKEHYMO).

HokazarenbcrBo. [<=|. Ilonoxxum H:=Kery. Ecm
H=X,10¢ =0.Ilyctrb H # X nue € X: p(e) = 1. Torga
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e ¢ H — 3aMKHyTOe MHOXKECTBO = Haiijiercst U — ypaBHOBeIIeH-

3.2.1
HAsl OKPECTHOCTDL HyJjisi Takas, 4to (e + U) N H = @ "

.3.1.2
Uc{zeX: |p) <1}, ne ¢ orpannuen na U~ ==

peX* m

§ 3. Teopema Xana — Banaxa u ee cJieJ/icTBUs

Teopema 3.3.1 (Xan — Banax). IIycme X — aunetinoe
npocmparcmeo nad nosem R, p : X - R — noayaddumuenoiti u
NOAOAHCUMENOHO 00HOPOOHBIT Pynrkuuonan, Ly — aunetdnoe MmHo-
200bpasue 6 X, g € LO# U

Ve e Ly ¢o(x) <p(x). (3.3.1)

Tozda cywecmeyem o € X7, npodoasicarouyuti py ¢ coxparie-
nuem nepaserncmea (3.3.1), m. e.

(Vo e Lo o) =wo(r)) A (Vo eX ¢r) <p(@)).

Teopema 3.3.2 (KOMILUIEKCHBI BapUaHT TeOpeMbl XaHa —
Banaxa). ITycmv X — aunetinoe npocmpancmeo nad noaem C,
p(:) — moaynopma na X, Ly — aunetinoe mmozoobpasue ¢ X,
Yo € L# uVa € Ly |po(z)| < p(x). Tozda cywecmsyem makot
0 € X# umoVax €Ly p(x)=po(z) uVe € X |p(r)| <p().

Teopema 3.3.3 (O6 OT/1e/IMMOCTH BBILYKJIBLIX MHOYKECTB). Fc-
au M, N — svinykavie MHONMCECTNEA 6 MUHETHOM GEUYLCTNEEHHOM

npocmpancmee X, ]\.4 + O u ]\.4 NN = @, mo cywecmeyem
© € X7, pasdeasrowuti M u N, m. e. sup ¢(x) < inf p(z).
xeM zeN

Teopema 3.3.4 (I'eomerpuueckast dopma Teopembr Xana —
Banaxa). ITycmo X — aunedinoe monoao2uieckoe npocmpancmeo,
X D A — omxpumoe svinykaoe mrosrcecmeo, X O Xg — aunet-
noe mrozoobpasue 6 X u XoNA=0. Tozda cywecmeyem 2unep-
nodnpocmparncmeo H npocmparncmea X maxoe, wmo Xog C H u

HNA=0.
60

Hoka3zaresberBo. 1. CHauana JOKayKeM TeopeMy B CJIydae
P = R. B cuny cnencrBust 2 u3 yrBepxkjenus 2.2.7 TpPUMEHN-
Ma TeopeMa 00 OTIEIMMOCTH BBITYKJIBIX MHOkecTB: ¢ € X7
sup(Xo) < inf (A).

2. Tak kak X( — smneiinoe muoroobpasme, To p(Xo) — Jsu-
HelHOe MOIIPOCTPAHCTBO POCTPAHCTBA R, putiem orpaHuveHHoe
cepxy. Ilostomy ¢(Xp) = {0}, . e. Xog C Kerp, u Vo € A
p(x) = 0.

3. Ho no yreepxkuenuio 3.2.4 p(A) — oTKpBITOE MHOXKECTBO B
R=0&p(A) = ANKeryp=0.

4. Tlyctn e € A, Torma naiinercs U — ypaBHOBeIIEHHAsT OKPECT-

HOCTHb HyJsd Takasi, uro e + U C A = (e+ U)N Kerp = O
nemMa 3.2.1

=T UC{reX: |p@)<l}={zeX: |p) <1}
.3.1.2
— OKPECTHOCTH HYJISI M= p € X* = H:=Kery — runep-

TTOJTITPOCTPAHCTBO.

5. Ilycre Tenieps P = C. Torma, paccmarpubasti X TOJBKO HaJL
mosleM R, MBI TOJIyIuM JIHHEHHOE TOMOJIOTHIECKOe TTPOCTPAHCTBO
HayT mojieM R, K KOTOpOMY MPUMEHUMO TOJIBKO 9TO JOKA3AHHOE
yTBepxKaenne. [losromy ma X CyIecTByeT BeENECTBEHHO JIMHENH-
HBIIl HenpepbiBHBL dyHKIMOHAT YR(-), Takol, uro Xg C Hy u
HiNA=0Q,ne Hy := Ker pr. Ho Torna ¢(x) := pr(x) — ivr(ix)
€CTh JINHEHHBI HeNpepbIBHBIN (DYHKIIMOHA Ha HCXOIHOM IIPO-
crpanctee X u Kerp = Hy N (iHy):=H, nostomy HNA =0 u
Xy C H nockobky Xog =1Xg CtHy. =

CaencrBue. Cnpasedausov. CACOYOULUE YMBEPIHCOCHUA:

1. (IIpodoasicerue nenpepwerozo  Pynryuonara). Ilycmo
(X, {py()}) — nokarvno evinykaoe npocmparncmso, X O Xy —
nunetinoe mrozoobpasue. Tozda Voo € (Xo, {py(-) })* Jp € X*
V€ Xo po(z) = ¢().

2. Ilyemv X — aunetinoe npocmpancmeo. Toeda Vxg € X
Vp() : p(-) —noaynopma 6 X 3o € X# : po(wo) = plwo) u
Vo e X po(@)| < pla).

3. Ilycmv X — omdesumoe A0KAABHO SHINYKAOE NPOCTPGH-
cmeo. Toeda ¥V x1,x9 € X 1 w1 #xo Jp € X* - p(x1) # @(x2).

4. Jhoboe Konewromeproe nodnpocmpancmeo 6 0MmaAEAUMOM A0-
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KAAOHO BOINMYKAOM NPOCMPAHCNEE JONOAHAEMO.

5. Ilyemv X — 10KGABHO BUNYKAOE NPOCMPAHCMEO U
X D Xg — cobemsennoe nodnpocmparcmeo. Tozda ¥ xg € X
Jpo € X* 1 Xo C Kergo u @o(xg) = 1.

6. Ilycmv X — aunetinoe monoao2uveckoe npocmpaHcmaeo,
X D A — omxpwmoe svinyrasoe muoscecmeo, X O M — 6uvi-
nykaoe mnooicecmeo u AN M = 0. Toada cywecmeyem ¢ € X*
maxot, wmo @(A) N (M) = 0.

JMoxazarenscrso. |1]. Tak xak @y € (Xo,{p,(-) })*, To
Up:={z € Xo : |po(x)| < 1} oxpecrnocrs nyna B (Xo, {p,(-)})

= Iy,...,%,e > 0 {z € Xy : po(z) < e} C Uy, rue
yTB. 3.2.2
po(x) :=max p,,(x) — HenpepbiBHas Ha X I[OIYyHOpMa = =
i€lk

.3.3.1
Vo € Xo |go(z)| < po(x)/e reop. 33 Jo € X#: Vz € X,

po(z) = p(z) u Ve e X o) <po(z)/e = ¢ € X*.
. Ha X :=(x¢) momoxum @o(Azg) := Ap(zo).
. Tax xax X — oTgeaumoe IPOCTPAHCTBO, TO P :

Do (1 — 22) # 0 :2> Jpo € X wo(x1 — x2) = Py (1 — 22) # 0
nvr e X |po(x)| < pyl) = @o € X™.

. [Iycrs X7 = (e1,...,€p), a &j (i)\iei) =: \j, Torzia
=1

&j () € X{, j € 1,n. Ilycrs ¢;(-) — nponomxenue &j (-) ma X ¢
COXPAHEHUEM HelPEPBIBHOCTH.

n (3.22) -
Torpa Xo:= {x - > pix)e; 1z € X} =" N Kery; —
i=1 -

n n
nozpocTpancTBo u Vo € X x = ) pj(x)ej + (x N7 (J;)ej>.
j=1

. xo € X \ X¢ — orkpbITOE MHO)KECTBO = 3 U — OTKpbITast
U BBIIYK/Ias OKPECTHOCTD HYJIS TAKasl, UTO (xo +U ) NXo=0.TIlo
TeopeMe 3.3.4 HaiimeTcs Takoe rumeprommpocTpancTBo H D X,
9TO (xo + U) N H = Q. Tonoxum @o(Axg + H):= .
@.A NM=0=0¢& A— M — BBIIYKJIOE U OTKPBLITOE
Teop. reft-GFTHB
—

<.
Il
—_

cymecTByer ¢ € X* Takoit, uro (A—M)NKer ¢ =
— 0 = 0 p(A) — p(M). =

62

§ 4. /IBoiicTBEHHOCTH M cJiabasi TOMOJIOTUS

Ounpegesienne. Tosopsr, uro napa (X, X ) JIMHEHHBIX IIPO-
cTpancTs Hag tosieM P ectb dyaavhas napa, nam npocmpancmea X
u X mazodamcs 6 d6oticmeennocmu, ecill CyIeCTByeT TaKas Gu-
muHeiinasg dopma (-, -) 1 X X X — P, 9T0 cpaBeayIMBBL CIeAYIONIIe
YCJIOBUS:

LVzeX:x#037€X :(x,3) £0.

2.V eX:2#0 3 e X : (x,7) #0.

Ilpumep 3.4.1. Ilycrs X — nmHeitHOe poCcTpaHcTBO, a X —
TOTAJIBHOE HOIPOCTPAHCTBO IPOCTpaHCcTBA X7, T. €.

(VZe X (2,7) #0) =(z = 0).

Torma (X, X') — ayanbHast mapa OTHOCUTEIBHO CJIE/IYIONIEil Ka-
HoHuueckot bunmueitnoit popmer: (z,T) 1= Z(x).

Bameuanusi. 1. PaccMOTpeHHBIH TIpUMED B KAKOM-TO CMBIC/IE
SBJISIETCS YHUBEPCAJIBHBIM. HOCI/(\OJ‘Ibe, ecm (X ,X ) — AyaJibHast
napa, To Kaykblil sjeMenT T € X MopoxKiaeTr JIMHelHbli (byHKIM-
onas @z Ha X: pz(z) :=(z, ) n {pz() : T € )?} €CTh TOTAJILHOE
IIOITPOCTPAHCTBO IIpocTpancTa X 7.

B sanbHeitmem mMbl Beeryia Oyjiem cuntarh, 9to ecan (X, X ) —
JyajbHas mapa, TO X C X# u 6ummeiinas dopma, 3aarorIas
JIBOHICTBEHHOCTD, — KaHOHMYecKast, T. e. (r,T) = Z(z). R

2. Pasymeercs, ecin (X, X) — nyanpaas mapa, to u (X, X)
JlyasibHasl 1apa OTHOCHTEJIbHO GuimHeiiHoit hopwmsl (T, x) :=(x, T).

OTmeTnM, 9TO NpM HalIeil MHTEPHIpeTaly JIyaJbHOil Hapbl,
sror nepexox or mapsl (X, X) x mape (X,X) ocymecrsisiercs
C TOMOMIBIO KamoHuueckozo orobpaskenus || : X — X7 ompe-
nenennoro dopmytoi ¥V € X7 [z](Z) :=Z(z). Tem campim

(2, 7) = (7, [z]).

IIpumep 3.4.2. Eciiu X — orTaenumMoe JIOKAJbHO BBLITYKJIOE
[IPOCTPAHCTBO, TO, B CUJIy TPETHErO CJEJCTBUSA U3 TEOPEMbI XaHa —
Banaxa, (X, X*) — myasbnas napa.
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Ounpenenenne. Ilycrs (X, X ) — nyasbhast napa. Caabot mo-
noaozuett na X, noposicdenrotll 06oTcmeeHHoCmb10, Ha3LIBACTCS
JIOKAJIbHO BBIMYKJIas TOIOJIOTUSI, OIpee/isieMasi CJIeLYIONIM Ce-
meiicrBom nosyropm { pz () :=|(z, )| : € X }.

Ara Tomosorus obosuavaercs o(X, X ).

YrBepxkaenue 3.4.1. Ilycmo (X,)/f) — Jyaavras napa. To-
2da O'(X,X) — caabetiwan monoaoczus na X, 6 Komopotl ece T
nenpepovisho,. Ipu smom o (X, X ) — 0MOEAUMAA NOKANDHO GUINYK-
Aas monoaoaus 1a X .

CaeacrBue. [lycmv X — aunetinoe npocmpancmeo. Tozda
20601 sunetinot dyrryuonan 7 € X7 nenpepvisen 6 monoao-
euu o( X, X7).

3ameuvanne. Ecinm (X X ) — zgyaanaﬂ napa, TO, B CHJLY
CHMMETPUHOCTH LHOHATHUS " IyaJbHOCTB' , MOXKHO PacCMaTpuBaTh

(X X) — crabyio TONOJIOTHIO B X HOPOKJICHHYIO JIBOACTBEHHO-
CTBIO. DTa TOIMOJIOTHS ONPEJIEJISeTCsT CJIEIYIOIIell CUCTeMOM oJTy-
HopM { p,(Z) :=|(z,Z)| : x € X }.

Omnpepnenenne. Ilycrs X — orie/mmoe JIOKaJIBHO BBIILYKJIOE

npoctpancTBo. Torma caaboti monosozueti na X HA3BIBAETCS TOIO-

aorust o(X, X™*), a *caaboit Tomosorueit Ha X* HasbBaeTcs TOIO-
aorust o(X*, X).

_ Teopema 3.4.1. Ilycmo (X,)?) — Jdyaavhas napa. Tozda
X =(X,0(X, X))

HokasarenscrBo. 1. B cuiy yrsepxaenns 3.4.1.2 cupases-
/B0 BK/IOUeHHe X C (X,0(X, X))* Iosromy ocrasocs jokasarh
obparoe srmouenne. [yers z* € (X, o(X, X))* ¢ X#. Torma z*
OrpaHuveH Ha HeKoTopoil o (X, X )-OKPECTHOCTHU HYJIst

U={zeX: max|(z,7;)| <1} =
i€ln

sup  [(z,z")] = a < 0. (3.4.1)
x: |[(z,2;)| <1
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2. Ecim z* & (T1,..., %), 1O 110 caegcrBuio 1 u3 reopemst 3.2.1
Haiinerca e € X rakoit, uro (e,z*) = 1 u Vi € 1,n {(e,z;) =0
(3.4.1)
= VAePecU=VAeP [(Qe,z")] = |A] < o —
nporusopeune. Tem cambiv % € (Tq,...,T,) C X. =

CaencrBue. Cnpasediuso, caedyrouue ymeeprcoerus:
1. ITyemov X — aunetinoe npocmpancmeo. Tozda

X# = (X,0(X, X)), X = (X7 o(X" X))*

2. Ilyemv X — omdeaumoe A0KAADHO GHINYKAOE NPOCTIPGH-
cmeo. Tozda X* = (X, 0(X, X*))", X = (X", o(X* X))*.

3ameuanune. OTMeTHM, YTO IOC/IEIHUE JBA PABEHCTBA TOBO-
PSAT O TOM, 9TO B JIOKAJBHO BBIIYKJIOM IIPOCTpaHcTBe X JIMHEHHBII
bYHKITHOHA HEMPEPBIBEH TOIJIA W TOJIHKO TOTJIA, KOTJa OH CJIab0
HeIpepbIBEH, a JIHHeHHbII dyHKInoHa  Ha X * *cj1abo HerpepbiBeH
TOTJIa U TOJBKO TOIJIA, KOIJIa OH MMeeT Buj [z].

§ 5. Tommosiorum, corviacyromuecs € JBOMCTBEHHOCTBHIO

Ounpeaenenne. [ycrs (X, X) — ayanpHas napa, u 7 — Jio-
KaJIbHO BBIILyKJIas Tonosorus Ha X . Tomosorus T Ha3bIBAETCsI CO-
anacosannot ¢ deoticmeennocmuvro (X, X), ecom (X, 7)* = X.

Bameuanme. Teopema 3.4.1 nokaseiBaer, uro o(X, X) — ro-
[OJIOTHUSI, COIVIACOBaHHas! ¢ BoicTBeHHOCTHIO (X, X ).

Yrepxkaenue 3.5.1. Bce monoaozuu na X, coeaacosarmvie
¢ dsoticmeennocmuio (X, X)), omoesumot.

Teopema 3.5.1. ITycmo (X,)?) — Jdyaavhas napa, T — Mo-
nosoeus na X, coznacosannan ¢ deoticmsenmocmuvio (X, X), a
X D A — eswnyraoe u T-3amrnymoe mrooscecmeo. Tozda A —
o(X, X)-samrnymo.

65



HokazarenbscrBo. Ilycrs A 5 2, — 9. Ecm 29 € A, 1o
o(X,X)

U € w(0) : U — BBIIYKJIO, OTKPBITO U (wo—i—U) NA = . Torna o
IIECTOMY CJIEJICTBUIO U3 TeopeMbl XaHa — Banaxa J¢p € X* = X:
¢(zo +U) Np(A) = 0.

ITo yrBepxkaennto 3.2.4 (p( To + ) — OTKPBITO U B CWJIy TOTO,
qTngEX*z)?-( o(X, X))* mmeenm

o(wo+U) F p(xa) — (o) € p(z0 + U),

9TO TPOTHUBOPEUYUT XAPAKTEPUCTUIECKOMY CBONCTBY OTKPBITHIX
MHO)KecTB — Teopema 1.6.1.4. Tem cambim g € A u, ciaegosa-
resbao, A — o (X, )/(:)—BaMKHyTO. "

CaencrBue. [Tycmo (X ,)? ) — dyaavras napa, T u T — mo-
noaoeuu na X, cozsacyrowuecs ¢ 080TUCMBEHHOCMbIO (X,)?), u
X D A — swnyraoe muoorcecmeso. Tozda cl(A;7) = cl(A; 7).

§ 6. Ilonspol

Ounpenenenus. [Tycrs (X, X ) — JyaJibHasl mapa.
1. IIycrs A C X. Muoxecrso A° := {f € X : sup|(z,7)| < 1}
€A

HA3bIBAECTCS NOAAPOU MHodicecmea A omnocumenvho deoticrmeer-
nocmu (X, X).

2. ITycts A C X. Muoxkectso °A := {x € X : sup[(z,7)| < 1}

zeA

HA3bIBAECTCS NOAAPOU MmHodcecmea A omnocumenvho deoticrmeer-
nocmu (X, X).

Bameuanme. Ecin (X, X1) u (X, X2) — JyasubHble napbl u
A C X, To 6ymem mmcath AOA , ITOOBI TIOTIEPKHYTH OTHOCUTE/IHHO
KaKOl JTBONCTBEHHOCTH HOCTpoeHa OJIAPA.

OTmMmeTnM TakzKe, ITO eCn X 1 C Xg, TO A C A;{
2
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YrBepxkaeuue 3.6.1. I[Tycmo (X ,)? ) — Jdyaavras napa,
A B C X, a)X€ePul)#0. Cnpasedausv, cacdyrowgue ymeep-
otcdenua:

1.ACB= B°CA°. 2.0#£)XcP = (M)°=)"14°

3. Ecau A — aunetinoe mmozo000pasue 6 X, mo

A=At ={FeX:VeecA(z7) =0}
4. (UAL) =n4c.
(Ua) -0

JlokazaTeabCcTBO. . T € (UAa> — Va Vz € A,
(0%

[z, Z)| < 1l<=VaTc Al n

YrBepxkaenue 3.6.2. [Iycmo (X,)? ) — dyasvhaa napa,
A C X. Cnpasedauso, cacdyroujue YymeepicoeHun:

1. A° = (cl(absconv(A);J(X,)?)))O.

2. A° — abcomommo 6vinyKA0 U J()?,X)—samnnymo.

dokazaTeabcTBO. . 1. Ompejiesium MHOXKECTBO B ciieyto-
muM obpaszom: B :=cl(absconv(A);o(X, )/f)) D A= B°C A"

2. ITokaxkem, 4TO cupaBeyiuBo u obparHoe BKoUeHue. [lycTn
x € A°. Torma st mobbix 1,29 € Au A, u € P [N+ |p] <1

|(Az1 + pao, Z)| < || + |p] < 1=7 € (absconv(A))°.

3. Ilycrs absconv(A) 3 o — o N {zq,7)| < 1. Torga
o(X,X)
(o, T) —(x0,7) = T € B°. m

Teopema 3.6.1 (O Gunossipe). ITycmo LX,)?) — Jdyaavras
napa, X O A — abcomomno eunyrio u o(X, X )-samxrnymo. Tozda

°(A°) = A.

HokazaresascrBo. 1. Vo € A Vz € A° |(z,7)] < 1 =
A C°(A°).
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2. Ilycres xg € A. Tak kak A o(X, X )-3aMKHYTO, TO Haiijercs
U — abcomorHo BbiyKias (X, X )-OTKpPBITasi OKPECTHOCTD HYJIsI
Takas, 4TO (xo +U ) NA = . Ho xg + U BbIYyKJI0E OTKPBITOE
MHOKECTBO, TI09TOMY I10 [IECTOMY CJIEJICTBUIO U3 TEOPEMbI XaHa —
Banaxa 3¢ € (X, o(X, X))*: ¢(zo + U) Np(A) = . Hockonbky
0€Uu0e€ A, rop(xg) # 0. Ilosromy, He orpaHnIMBasi OOIIHOCTH,
MOZKHO CYHTaTh, 9T0 ¢(zo) = 1.

3. Tak kak (U — A) — ypaBHOBEIIEHHOE MHOXKECTBO U

(xo+U—-A)NKerp=0,

To no Jsemme 3.2.1 (U — A) € B(0,1) C P. Iockomsky U —

abCOJIIOTHO BBIIYKJIO ¥ OTKPBITO, TO ¢(U) — abCooTHO BBIILYK-

g0 u (o yrBepxaenuio 3.2.4) orkpeiro B P. ITosromy 36 > 0:

©(U) = B(0,6) u, rem cameivm, ¢(A) + B[0,d/2] C BJ0, 1]. Torna

no yreepxiennio 2.1.1.4 ¢(A) C B[0,1 —0/2], 1. e. sup |p(z)| <
x€A

<pB:=1-§/2<1.

4. Tockomsky (X,o(X,X))* reop_ 341 X, 10 37 € X:
o(x) = (z,z). Takum obpasom z/B € A°, a [(z9,2/B)] =
=¢(w0)/B=1/0>1 =20 ¢ °(A°). =

VYrBepxkaenuue 3.6.3. [Iycmo ({,X ) — OJdyasvhas napa
u A C X. Toeda (A° — o(X,X)-oeparuuennoe) <=

(cl(absconv(A); (X, X)) — nozaowarowee) .

HokazarenbcTBo. B cuty yrBepxkiaenus 3.6.2.1 MoxKHO cum-
Tarh, 9T0 A —abcomorHo BhinyKIoe 1 0 (X, X )-3aMKHYTOE MHOYKE-
crBo. Torma A° — o (X, X)-orpannuennoe <= Ve € X 3K, > 0:

. 3.6.1
(2, A°)| < Ky = (K,)lz €°(4°) "= A= 2 € KA. w
YrBepxkaeuue 3.6.4. I[Tycmov (X, X ) — Jdyasvhas napa u
A C X. Toeda caedyrowyue ymeepocienus IK6UBGAECHIHDL:
1. A — o(X, X)-oepanusernnoe mroorcecmso.

2. pa(z) :=sup|(z,Z)| — noaynopma na X.
z€A
3. A° — noeziowarousee MHOAHCECNMEO.
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Jloka3zaTeabCcTBO. . VZo € X 3IN>0: To € NA°

= A7y € A° = sup |{z, \"1Zp)| <1 = sup [(z,To)| < \. =
€A TEA

Yrepxkaenue 3.6.5. [lyemv X — omdeaumoe A0KGADHO
svinykaoe npocmparcmso, a w(0) — basa okpecmmocmets HYAf.
Cnpasedausol caedyrousue Yymeepotcoenus:

LX"= U Uzs 2 VUew(0) Usy=Ux..

Uecw(0)

Hokazarenbcrso. |1]. 1. 2% € U, = x# — orpammdena Ha
U= 2% € X*.

2. 2" € X* = 3U € w(0): z* — orpamnmvena na U —
3K > 0 : supl(z,2*)] < K = Ka* e Uy, —

zelU
¥ e (KﬁlU)g(#. ]

Onpenenenune. [lycte X — JjimHeiHOE TOIOJOTUIECKOE MIPO-
crpancTso, a My C X #. CeMeHCTBO JHMHEAHBIX (DyHKIHOHAIOB
My naspIBaeTcs pacHOCMENEHHO HENPEPLIEHBIM CEMETCTNEOM Ha
X, ecmuVe>03U €w(0) Va* € MyVa €U |(z,2%)| <e.

YrBepxkaenue 3.6.6. [lycmv X — aunelinoe monosozuye-
cxoe npocmpancmeo, a My C X#. Ecau My — pasrocmenenno
Henpepwisroe cemeticmeo, mo My C X*.

Yrepxkaenue 3.6.7. [lyemv X — omdeaumoe A0KGADHO
svinyk.aoe npocmpancmeo, a My C X #. Chedyrowyue ycaosus k-
BUBANECHINHDL:

1. My — pasrocmenerno HENpepvleHoe CeMeticmeo.

2. My — pasnomepro 02panuveno na nexomopoti OKpecmmocmu
nyaa U, m. e. 3K >0 Va# € My Vo eU |(z,27)] < K.

3. Cywecmsyem makas okxpecmuocms Hyaa U, wumo
M# C U;#.
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§ 7. Teopema Banaxa — Amaority — Bypbakn

Teopema 3.7.1. Ilycmov (X, X) — dyarvnas napa u M C X.
Ecau M — oepanuverno 6 monoaozuu o(X,X), mo M — enoane
02PAHUMEHO 8 IMOTL MONOAOLUL.

HokazareabcTtBo. 1. [Iycts

U={zeX: max|(z,T;)| <e} = ﬂ:?.‘l(B[O,e])

i€ln

[IPOU3BOJIbHASI 3aMKHYTasl OKDECTHOCTL HyJsisl (37ech u Jlajee
B JloKazareibcrse mapel Blm,r] C P). Torma mo ycsosuto

n
a:= sup [(z,3)] < +oo, Tem camen M C (1) Z;(B[0,0]).
i€l,n,xeM i=1
[Tockosbky B P Besikoe orpaHmdeHHOE MHOXKECTBO SBJISETCH BIIOJTHE
OrpaHUYeHHBIM, TO HafiayTcs m € N u {7?1,...,7rm} c P

m
rakue, uro B[0,a] C U Blmj,e/2]. Torma
j=1

rjge  4epes J  00O3HAYEHO  MHOXKECTBO  TakKUX  j, UTO

'01 z; 1 (B[rj,e/2]) # O.
3. dna j € J BoseMem x; € () @; '(B[rj,e/2]). Torna msa
i=1

mobbx i € L,nuj€J
0 € (%7 ' (Blnj,e/2]) — ;) C Blmj,e/2] — (2, %) C
C Birj,e/2] — Blnj,e/2] = B|0,¢].
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n
Hostomy syts smoboro j € J () z; (Blrj,e/2]) —2; € U =
=1
z;'(B[rj,e/2]) Caj+U = MC U (z; +U). u
JjeJ

ID-

Teopema 3.7.2. Ilycmv X — omdesumoe A0KaADHO GOINYK-
noe npocmpancmeo. Tozda (X7, o(X7 X)) — nomnoe sokarvio
BUNYKAOE NPOCTPAHCTNGO.

JokazareabcTBo. Ilycrs {xﬁ} — yHjamenTaibHas Ha-
npasiensocts B (X# o(X# X)), Torma Vo € X {(z,2%)} —
dynIamenTantbuass HapaBIeHHOCTb B IMOJHOM HPOCTpaHcTBe P

— Jlim (z,2}) = (x,x#). Torma x# € X% u no nocTpoenuio
«

e —>£L’§E noroueuno, T. e. B Tonoyorun o(X7, X). m

Teopema 3.7.3 (Banax — Ausaority — Byp6akm). Ecau
X — omdeaumoe A0karvHO GvNYKAOE Npocmparcmeo, a U —
oxpecmuocmo nyas, mo Ug. — o(X*, X)-xomnaxmno.

HoxkazareabctBo. 1. Tak kaxk U — mnoromaloriee TO 10

. 3.7.1
yTBepienuo 3.6.3 Uy, — o(X7, X)-orpannueno TR

UO

Y% — BIIOJIHE OrpanHuveno B Tonojorun o(X 7 X).

2. To Teopeme 3.7.2 (X# (X%, X)) — mosHOe JTOKATLHO BBI-
nykJioe mpoctpancTso. a U, — o (X 7, X )-3amKHyTOE (yTBEpHKIe-

.2.5.3.1 .2.6.1
e 3.6.2.2) 7 =2 P o(X7#, X)-nonmo TR v
o (X7, X )-KOMIaKTHO.

X#
3. Iockompky B ey yreepxaenns 3.6.5.2 Uy, = Ux. C X7,
ao(X*,X)=X"No(X",X), o US. — o(X*, X)-KOMIaKTHO. m

CaencrBue. Cnpasedauso, CACOYOUUE YMBEPIHCOCHUA:

1. Ecau X —  HOPMUPOSAHHOE — NPOCMPAHCMBO, MO
X* D B[0,1; X*] — *caabo komnaxmen.

2. Ecau X — omdeaumoe A0kaibHo 6bnyKkA0e NPOCMPAHCMEO,
a X* DO M, — pasHoCmenenno HenpepuieHoe CeMelcmeso, mo

*eaaboe samvikarue mroscecmsa M, *caabo xomnaxmmo.

JlokazaTeabCcTBO. . . (B[O, l;X})O = B[0,1; X*].
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. ITo yrBep:kmenuto 3.6.7 cyiiecTByeT Takas OKPECTHOCTH
aynsa U, aro M, CUS,. =

§ 8. Tomosorunm M-cxogumocTu

VYreepxkaenue 3.8.1. [Iycmw (X,)? ) — dyaavhas napa, a
M C B(X) — cemeticmeo o(X, X)-oepanuuennuz smmoscecms,
Y008ALBOPAIOUEE CACIYIOULUM CEOTLCMEAM:

M1. My,My e M — IMze M : My UMy, C Ms;

M2. MeM= VAP : AMc M;

M3. U M=X.

MeM

Tozda { M° C X:Me M} ecmwv basa oxpecmmocmets Hyaa

HEKOMOPOTl AOKAABHO GHNYKAOT TOnoAo2uL 1a X .

Omnpenenenue. Tomnosoruto u3 yreep:xaenns 3.8.1 HA3bIBAIOT
monoaozuets M-cxrodumocmu u obosnadaior 7(M).

3amevanusd. 1. Ormernm, 4To B cujy yTBepxkiaeHus 3.6.2.1,
HE OFPAHUIHBAs OOITHOCTH, MOYKHO CIUTATH, YTO M — ceMeficTBO
abCOTIOTHO BBITYKIBIX 1 0 X, X )-3aMKHYTBIX MHOKECTB (& 3HAUNT
o Teopeme 3.5.1 1 3aMKHYTBIX OTHOCUTE/ILHO JIIOOON TOIIOJIOIUHN,
COTJIACOBAHHOII € JIBOHCTBEHHOCTBHIO).

2. B cuny ppoiicrsennocrn mexay X u X MOXKHO U HA
X paccMaTpuBaTh TOIOJIOTHIO M- ~CXOAUMOCTH, /e M — ce
MEHCTBO abCOJIOTHO BBITYKJIIBIX U(X , X )-3aMKHYTBIX 1 U(X , X)-
OTPAHUYEHHBIX MHOXKECTB u3 X, YJIOBJIETBOPSIOIIEE CBOWCTBAM,
anajorniHbM cBoiicream M1 — M3. Dty Tononornio dyzem 06o-
snauath 7(M). Basa okpecraocteil Hyss Tonosorun 7(M) nmeer

BI/I,ZL{OMCX MEM}

YrBepxkaeuue 3.8.2. [Tycmov (X ,)/f ) — dyasvnaa napa, M

u M — cemeticmsa, nopostcdarougue monoaoeuu T(M) u T(M\)
Cnpasedausol caedyrouue YmeepiHcoeHus:
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1. X > 7, A(—M>) To mozda u moavko mozda, Ko20a T — Tg
T
pasHomepro Ma Kaxncdom M € M, m. e. VM € M

sup |(z, o — Zo)| — 0.
zeM
2. Tonoaoeus T(M) nopootcdena caedyrouum cemeticmeom

npedropm {ﬁM(fc) :=sup [(z,x)|: M € /\/l}
zeM
3. X 3 x4 — x9 mozda u moavko mozda, ko2da [Ts] —[xo]
(M)
pasromepro Ma Kaxncdom M € M, m. e. YM € M
sup [{(xq — 0, )| — 0.
zeM .
4. Tonoaoeus T(M) nopootcdena caedyrowum cemeticmeom
npeoHopm {pﬂ(x) = sup [(z,7)] : M e M\}
zeM
VYreepxkaenue 3.8.3. [Iycmo (X,)?) — dyasvras napa, M
u M — cemeticmsa, noposicdarougue monoaoeuu 7(M) u T(M).
Toeda o(X,X) CT(M) uo(X,X)C7(M).

HoxkazareabctBo. 1. Ilycrs M ceMeiicTBO BceX KOHETHBIX
nomuoxkects ux X. Torga (M) = (X, X).

2. Ilokazkem, uro VMg € Mg dM € M: My C M. Ilycrn
My = {z1,...,2, }. B cuny cBoiictea M3 IM;,..., M, € M:

n
x; € M;. B cuny coiicrea M1 3M € M: M D |J My D My.

3. Hockoneky M D My, To B cuiy yTBépiK,ZLeHI/IS{ 3.6.1.1
Me° C (Mpy)°, 1. e. (My)°® — OKpecTHOCTH HYJSI B TOIOJOTUH
T(M). =

Ounpenenenns. [Tycrs (X ,X ) — JyaJibHasl napa.

1. Ecu M, C B(M) — cemeiicteo Beex o(X, X)-orpa-
HIMeHHBIX MHOsKecTB 13 X, To B(X, X) :=T(M,).

2. Ecm Meomp C B(M) — cemeiictBo Beex o(X, X )-kom-
HAKTHBIX MHOKecTs n3 X, 10 7(X, X) 1= A(Mcomp)

3. Jlyanpno onpenenstores Tonosornu (3( X, X) u (X, X)

4. Tomostorun T(X X) u (X, X ) HA3BIBAIOTCS MONOAOLUAMU
Maxxu.
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VYreepxkpaenue 3.8.4. [Iycmw (X,)? ) — dyaavhan napa, M
u M — cemeticmea, noposicdarouue monoaozuu T(M) u T(M\)

Cnpasedaussl caedyrousue YmeepHcoenus:

1. o(X,X) Cc 7(M) C B(X,X).

2. o(X,X) C (M) C B(X, X).

Teopema 3.8.1. Ilycmov (X, 7) — omdeaumoe A0KaADHO Gbi-
nyk.aoe npocmpancmso. Toeda T = T(MF) C 7(X, X*), ede M} —
MHONCECTNBO BCET PAGHOCTNENEHHO HENPEPBIEHULL cemeticme u3 X *.

HoxkaszaresnbcTtBo. Paccmorpum gyasnbnyio mapy (X, X*).
IIycts w — 6a3a abCOJIIOTHO BBIMYKJILIX U 3aMKHYTBIX OKPECTHO-
cTeii HyJisl B TOIIOJIOTUH T.

1. TTo reopeme o Gumossipe (reopema 3.6.1) VU € w U = °(U°).
Tem cambiv 7 = 7(M), tne Mg = {U°: U € w}. Ho no yrsep-
xuennio 3.6.7 U° € M} = 7(M() C 7(M]).

2. Ilycte M* € M. Torma no yrBepxaenuto 3.6.7 Haiijercs
Ucw: M*CU° = °(M*) DU = 7(M}) C 7(M).

3. B cuny reopembr Banaxa — Ajsaorny — Bypbaku (Teope-
ma 3.7.3) U° — o(X*, X)-xkommakrno, nosromy 7 = 7(M§) C
C T(X, X*) =

Teopema 3.8.2 (Makku — Apenc). [ITycmo (X,)/f) — Jy-
anvnas napa. Tonosozus T na X coznacyemces ¢ deoticmeerino-
cmwio mozda u moavko moada, xoeda o(X,X) C T C 7(X, X).

Hoxkazarenbcrso. [<|. [lockosbky Tonosorus o(X, X) co-
[JIaCyeTCsl ¢ JIBOMCTBEHHOCTBIO, TO JOCTATOYHO JI0Ka3aTh, YTO TO-
nostorust 7(X, X ) TOXKE COIIACYeTCsI C JIBOWCTBEHHOCTHIO.

1. Tlyers X*:=(X, 7(X, X))* Tak xak o(X,X) C (X, X), 1o
B cujy Teopembl 3.4.1

X = (X,0(X, X))* C X*. (3.8.1)

2. Ilycrs 2 € X*. Torma V:={z € X : |[(z,25)] < 1}
ectb 7(X, X)-okpecrrocts uysst B X. [losromy cymecrsyer M u3
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X Taxoe, wto M — aBCOJIOTHO BLILYKJIO, a(f , X )-KOMIIAKTHO 1
°M C V. Ormernm, uto B custy coornomrern (3.8.1) M c X*,
nosromy °M ecTb nosispa MHOsKecTBa M KaK OTHOCUTENIBHO ABOfi-
crBennoctu (X, X ), TAK 1 OTHOCUTEIBHO JBoiicTBenHOCTH (X, X™).
TeMm camMbiM B CHJIY OIPEJIEIEeHHs] MHOXKECTBA V U yTBEPXKIIECHHUsI
3.6.1.1 momyammM, ©TO

g € Ve C (°M)%.. (3.8.2)

3. B cuy coornomenns (3.8.1) a()A(,X) =o(X*,X)N X. Ho-
9TOMY, HOCKOMBKY M — a()A( , X )-KOMIIaKTHO, TO M u o(X*, X)-
KOMIAKTHO == 0 (X ™, X )-3amKkiyT0. TeMm caMbIM K MHOXKeCTBY M
IpUMeHNMa TeopeMa o Gurosisipe u coorHorerne (3.8.2) npuHuma-
er Bt o9 € V. C (Om}* =M c X.

[=]. 9ro cnenyer us yciaopusa X* = X , yrBepxkieaus 3.4.1,
reopembl 3.8.1 u Toro, uro Tonosorus o (X, X ) coriacyercsi ¢ JIBOM-
CTBEHHOCTHIO. m

§ 9. Bouyku B JIOKAJIBHO BBIMYKJIBIX MIPOCTPAHCTBAX

Onpenenenue. Boukoti B JHHEHHOM TOIIOJOIMIECKOM IIPO-
CTPAHCTBE HA3BIBACTCST aDCOJIIOTHO BBIITYKJIOE, TIOTJIONIAIONIEE 1 3a-
MKHYTO€ MHOXKECTBO.

3ameuanud. 1. [lockoIbKy 3aMKHYTOCTD BBITYKJIOIO MHOMKE-
CTBa €CTb MHBapUaHT JIOKaJIbHO BbIIIyK.}IOﬁ TOIIOJIOrnun, COorJiacCyro-
meiicst ¢ IBOMCTBEHHOCTHIO, TO CBOMCTBO MHOXKECTBa OBITH 60uKOTl
€CTh CBOWCTBO JyaJjIbHOI Haphl.

2. B kax/ioM JIOKaJbHO BBIIYKJIOM I[IPOCTPAHCTBE €CTh 0a3uc
OKPECTHOCTEN HYyJIsI, COCTOAIINI 13 DOUeK.

YrBepxkaenue 3.9.1. [lycmv X — omdesumoe A0KAABHO
evnyxaoe npocmparcmeo v B C X. Mwnoowcecmeo B asasemcs
boukotli mozda u moavko moezda, kozda cywecmeyem M* C X*
maxoe, wmo M* — abcomomno swnykao, o(X*, X)-3amrnymo,
o(X*, X)-oepanuverno u B = °M*.

75



HokazarenbcTBo. [— |. Ilyctb B — 6ouka. Torga 1o reo-
peme o Gunossipe B = °(B°). Ho B cuiy yrBepxienuii 3.6.2
u 3.6.3 M*:=B° — abcomorno Boinykyo, o(X*, X)-3aMKkuyTO 1
o(X*, X)-orpanudeHo.

[<=]. Ecim X* D M* — abcosrorso BeiIyK10, 0(X*, X )-3aM-
kuyTo u o(X*, X )-orpanmdeno, To B cuity yBrepxKaenuii 3.6.2.2 u
3.6.4 °M* — abcosmoTHO BhINYKJIO0€, 0(X*, X )-3aMKHYyTOE, TIOIJIO-
maoriee 1 o(X*, X)-orpaHndeHHoe MHOXKECTBO. =

Teopema 3.9.1. B Aunetinom mMONOA0UMECKOM TPOCTIPGH-
cmee a1060e no2AouUaULee, 3AMKERYMOE U YPABHOBEULEHHOE MHO-
orcecmeo (6 wacmmocmu, 604ka), nozaowaem a1060e GuNYKAOe
KOMNAKMHOE MHONHCECTNEO.

HokazareabctBo. [lycte B — noromaroiiee, 3aMKHYTOE U
YPaBHOBEIIEHHOEe MHOXKECTBO, K — BBIINYKJIOE KOMIIAKTHOE MHO-
JKECTBO, & w — 0a3a ypPaBHOBEIIEHHBIX OTKPBITBIX OKPECTHOCTEH
HYJIS.

1. ITokazkem, 4TO

dng e NdUy € w dag € K - (.To—i—Uo)ﬂKCnoB. (3.9.1)

[Tpeamoiozkum 1porusHOe. BosbMeM mpousBobHbIE To € K 1
Uy € w. Torga st n = 1 cymecrsyer x1 € (vo+Up) NKN(X\ B).
Ho (zo + Up) N (X \ B) — OTKpBITO, a J11000€e JIMHEHHOe TOHOJIO-
IMYECKOe TPOCTPAHCTBO YJIOBJIETBOpsieT akcruome T3, mosromy cy-
mectByer U; € w Takas, uro z1 + Uy C (x9 + Ug) N (X \ B).
Terepy jutst n = 2 Halinem o € K um Uy € w Takwme, 91O
x9+Us C (1 +Up) N (X \ 2B).

Onmcannblii MHLYKIMOHHBIA MTPOIECC JTAET IMOCIEI0BATENHHO-
cru {x, } € K u{U,} Cw rakue, uro

Tyl + Uni1 C (20 + Up) N (X \ (n+1)B). (3.9.2)

Torna { (z,+U,)NK } — yObIBalomas 1o BKIIOYEHUIO (& 3HATAT I
L[eHTpI/IpOBaHHa,ﬂ) IIOCJIe10BaTE/JIbHOCTDL 3aMKHYTBHIX IIOJMHOZKECTB
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oo _
kommakTa K, mosromy no reopeme 1.5.3 3a € () ((zn+U,) NK)
n=1
(3.9.2)
=" a ¢ nB = B He TONI0MaeT ¢ — MPOTHBOPEIHE C YCIOBUEM.

2. Ilyctp 29 € K u Uy € w TaKOBBI, YTO BBLIIOJHSIETCS COOTHO-
menne (3.9.1). Torna

(K —x9) N Uy C nogB — xo. (3.9.3)
Ho K — x¢y — orpanmueno —
I =1: (K —xo) C AUp. (3.9.4)
Tax xak xg € K, 10 0 € K — 9 — BBIIYKJIOE = )\gl(K —x0) C
C K- — K —a "¢ (l) N (M(K — a0) =
= N (U() n (K - xg)) (3%3) Xo(ngB — zy) =
B — mnorur.

K C \gnoB + (1 — )\0).7}0 C MoB. ]

3ameyanue. YCJIOBUE BBIMYKJIOCTH KOMITAKTa B Teopeme 3.9.1
CYTIECTBEHHO.

ITpumep 3.9.1. Ilycts myp;, — MHOXKECTBO (DUHUTHBIX IIO-
ciiesioBaTe/ibHOCTE d1emeHToB mosig P ¢ paBHOMEPHOI HOPMOIL,
a ep:={0kp }. Torma K = {e,/v/n} U {0} — xommnaxrso,
B:={x = {xz,} € mpp : |xgx| < 1/k} — Gouka, HO K He 110-
rjomaercs 604koil B.

CaencrBue. B noanom omoesumom A0KAAOHO GHNYKAOM NPO-
CMParcmMee 41000e No2A0WAIOWEE, 3AMKERYMOE U YPABHOBEULEHHOE
MHoocecmeo (6 wacmuocmu, 60uka) nozaousaem A0b0e KoMNaKm-
HOE MHOIHCECTNBO.

JelicTBUTEbHO, B TaKUX NPOCTPAHCTBAX BBIIYK/asd U 3a-
MKHYyTas 000JI09Ka KOMIIAKTa B CUJIy yTBepxKJeHus 2.6.4 u kpure-
pusi KOMIakTHOCTH (Teopema 2.6.1) KOMIIaKTHA. m

Teopema 3.9.2. B omdeasumom A0KGADHO BUINYKAOM NPO-
cmparcmee 41000e No2A0WAI0WEE, 3AMKEHYMOE U YPABHOBEULEHHOE
MHootcecmeo (6 wacmuocmu, 6ouKa) noziowaem a0b0e GuNYKA0e
NOAHOE U 02PAHUMEHHOE MHOHCECTNEO.
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HokazareabcTBo. [lycte B — noryomaroiiee, 3aMKHYTOE U
YPaBHOBEIIEHHOE MHOXKECTBO, M — BBIIYKJIO€, TIOJIHOE U OI'DAHU-
JeHHOe MHOXKEeCTBO, a xg € M.

1. Eciu M — xq norsoraercst MEOXKecTBOoM B, 1o m M morso-
maeTcs B, MoCcKoIbKY B — moryoraroniee MHOKECTBO.

2. lpenmonoxkum, aro 0 € My := M — x( He IOIVIOMAETCS MHO-
xkecreom B. Torga maiisercs nocienosarensuocts {x, } C My
Takas, 9To T, ¢ n’B. OTMEeTHM, U4TO B 9TOM C/Iydae I0CJIe0Ba-
TesbHOCTL {12, } Toxke me mormomaerca mMuoxkectsom B. Ipn
oToM B cmry Toro, uro 0 € My u My BBIIYKJIO, TIOC/IE€I0BATE b
noctb {n~lx, } C Mpy. Tem cambim

My D {n"'z, } ne normomaercs Muoxecrsom B. (3.9.5)

3. Tockosbky My — orpanmdeHo, To n~ !

CXOIAMASACS TIOCTeI0BATEILHOCTD, { n~ 'z, } — Bromme orpanmde-
na. Torga {n~'z, } C cl(conv({n 'z, })) = K — Buonne orpa-
HUYEHHOE BBIITYKJ/IO€ I 3aMKHYTOe HOMHOXKECTBO IIOJIHOTO MHOZKe-
CTBa M() (HaHOlVIHI/HVI, YTO IIOJIHOE€ MHO2KECTBO B OTAC/JIMMOM TOIIO-
JIOTUYECKOM IIPOCTPAHCTBE BCEIJIa 3aMKIHYTO), Mo3ToMy K — KOM-
naxtHo. Torya 1o Teopeme 3.9.1 {n~1x, } C K noriomaercs MuoO-
JKeCTBOM B, uro nporuBopednt yciaosuio (3.9.5). m

ZTn — 0 U, KaK BcAKas

CaencrBue. B noanom omoesumom 0KaAADHO GINYKAOM NPO-
cmparcmee aoboe nozaowaroulee, 3aMKEHYMOE U YPaGHOBEWEHHOE
mHooicecmeo (6 wacmmuocmu, 6owka) noziouwaem a0boe 02paru-
YEHHOE MHOHCECTNEO.

JelicTBUTEJIbHO, B TAKUX TPOCTPAHCTBAX BBIIMYKJ/asd U 3a-
MKHY Tasl O60.HO‘IKa Or'paHUYI€eHHOI'O MHOZKECTBa OI'baHMY€Ha U I10JI-
Ha. m

Teopema 3.9.3. ITycmo (X,)? ) —  Odyaavnas  napa,
T  — monoaoceus Ha X, co2iacyrwaacs ¢ 060UCMEEH-
nocmvro  u M C X. Toeda (M T-OZpaHU%6H0)<:>

(M o(X, )?)—oepanu%eHo) .

HokazareabcTBo. 1. [lockonbky 1o yrBepxkienuio 3.4.1.2
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o(X,X) C 7 TO BCSIKOE T-OIPAHMUEHHOE MHOMKECTBO SIBIIETCS I
o(X, X )-OrPAHUIEHHBIM MHOYKECTBOM.

2. Ilycte M — o (X, X )-orpanundennoe MuoxectBo. Torma M C
C cl(conv(]\/:f\);a(X,XA)) =: B — sbinykioe, o(X, X )-orpaHuen-
Hoe u o(X, X )-3amrHyTOEe MHO)KeCTBO. Torja mo Teopeme o 6uro-
nsipe B = °(B°), a B cuity yrBepxenuii 3.6.2 u 3.6.4 B° — Gouka.

3. Ilycrs U abcosoTHO BBINYKJAsd U T-3aMKHYTasi OKPECT-
HOCTh HyJst B Tomojormu 7. Torma 1o Teopeme 3.5.1 U u
o(X, X)—S&MKHyTO, nosromy omsts U = °(U°).

4. TTockosibky U° — abcoJroTHO BBIIYKJIOE U, B CHJLy T€Ope-
mbl Banaxa — Asaoriny — Bypbakn, o (X, X )-KoMnakTHOe MHOXKe-
c¢TBO, TO 110 Teopeme 3.9.1 B° moryomaer U°. Tem cambim A > 0
U° C AB° = U =°(U°) D °(A\B°) = Xx1.°(B°)=X"'B>
SN IM.

Canencrue. Ecau X — HOpMUposarmoe npocmpancmeo, mo
(X011 = (X7, B(X7, X)),

HeilictBuTeabHO, 06e TOIOJIOrUN €CTh TOMOJOIUU PaBHOMED-
HOI CXOJMMOCTH HA OIPAHUYEHHBIX MHOXKECTBaX B X, ITOCKOJIbKY,
B CWJIY TIPEJIbLIYINE TeopeMbl, MHOXKECTBO BCEX CHUJILHO OI'DaHU-
YEeHHBIX MOJIMHOXKECTB B X COBITQIae€T C MHOXKECTBOM BCeX CJa00
OIPaHMYEHHBIX MOJMHOXKECTB B X. m

Teopema 3.9.4. Tonoaoz2us mempusyemoz20 AOKANOHO BBINYK-
n020 npocmpancemea X coenadaem ¢ (X, X*).

HokazareabcTBo. 1. [lycth 7 — MeTpusyeMast JIOKAJILHO BbI-
nykiiasg rornosjorus Ha X. Torma mo teopeme Makku — Apenca
(reopema 3.8.2) T C T(X, X*).

2. Ilycrs { U, } yObIBaromuii 110 BKIIOYEHNIO GA3UC OKPECTHO-
creit Hysist Tonostorun 7, a V' — 7(X, X*)-okpectHocTs Hysist. Ecam
V' — He OKpecTHOCTH HYyJIsT B T, TO st ioboro n € N u nV — He
OKpecTHOCTD HyIst B T = U, ¢ (nV) =

3 2, €U, \ (nV). (3.9.6)

3. Hockombky { U, } yObIBaer mo BKJIIOUEHHIO, TO X, — 0
T

eop. 3.9.3
TR 7(X, X*)-orpannuena —>
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XS0 Vpl >\ {z,} C (V) 223 3, € (nV') — nporuBopeune
c(3.9.6). =

§ 10. PeditekcuBHbIE TPOCTPAHCTBA

Onpenenenund. [lycrs X — ormenmvoe JTOKAJIBHO BBILYKJIO€
[IPOCTPAHCTEO.

1. Cuavnoli monosoceueti 6 X* Ha3bIBAETCS TOIOJIOTHS
B(X*, X).

2. OTpenmmMoe JIOKaJIbHO BBIITYKJIOE HPOCTpaHCTBO X Ha3bIBa-

ercst pegaercusHbIM, eCIIU CHIbHAs TOIOJOrus B X * coryacyercst
¢ npoitcrBerHocTbio (X, X*) moe. (X*, B(X*, X))* = [X].

YrBepxkaenue 3.10.1. I[lycmv X — omdesumoe a0kasv-
Ho ewnykaoe npocmparcmeo. Toeda (X — pedaercueno) <

(B(X*, X) = 7(X*, X)).
HelicTBUTEABHO, 9TO €CTb CJIEJCTBUE U3 TeOpeMbl 3.8.2. m

Teopema 3.10.1. Ilycmv X — omdeaumoe A0KAADHO GOINYK-
a0e npocmparemso. Toeda X — pegaercusro mozada u moavko mo-
20a, k0204 6CAKOE 02PAHUMEHHOE, BHINYKAOE U 3AMKHYMOE MHOHCE-
cmeo 8 X caabo KOMNaxmmo.

JlokazaresabcTBO. B cuiy mpeabiymero yTBep:KIeHUs pe-
dbaekcurocTs X skBuBasienTHa pasenctBy F(X*, X) = 7(X*, X).
[TockobKy abCOTIOTHO BBIMYKJas 000JI0OUKA OTPAHUIEHHOIO MHO-
JKeCTBa OrpaHnyeHa, To 6e3 orpannyeHns oOIHOCTH B JJOKA3ATE b
cTBe OyJieM PacCMaTPUBATh TOJBKO abDCOJIOTHO BBIIYKJIbIE, OI'Da-
HUYEHHBIE U 3aMKHYThIE MHOXKECTBA.

[=—]. lIycrb X D M — orpanuyennoe, abCOIIOTHO BbIITyK-
Jioe u 3aMKHYTOEe B X MHO»KecTBO. Torma M° — OKpecTHOCTh HYJIst
B B(X*, X) = 7(X*, X). Torna maiimercss takoe abCOJIOTHO BbI-
myKJjoe u cjaboKOMIakTHoe MHOXKecTBo K rTakoe, uro K° C M°
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IIpumensisi TeopeMy o OGUIIOJIsIpE U CBOWCTBO IIOJISIP, MOJIYYUM, UTO
K =°(K°) > °(M°) = M.

[<=]. Hockombky Beerpa f(X*, X) D 7(X*, X), To ocraroy-
HO MOKa3aTh obparHoe BKJoUeHue. [lycrs U* — OKpecTHOCTH HyJIst
B B(X*, X). Torna naiizercst Takoe abCOTIOTHO BBITYKJIOE 3aMKHY-
Toe 1 orpanndeHHoe MHOXKecTBO M, aro M° C U*. B cuny yciioBust
M — cnabo kommakTHO = M° — okpecrnocts Hy1s B 7(X*, X)
= U™ — okpecrrocTh Hysst B 7(X*, X). =

Caencrsue. Omdesumoe A0KANDHO GLINYKAOE MPOCTIPAHCINGO
pepaercusto mozda u Moavko mozda, K020a BCAKOE 02PAHUNEHHOE
MHOIHCECTNBO 8 HEM CAGOO MPEIKOMNAKMHO.

Yrepxkaenue 3.10.2. [fycmo X — omdeaumoe iokaNb-
HO swnykaoe npocmparcmeo, Xg — €20 nodnpocmpancmeo, o
{za } C Xo. Toeda

To € X(]) <— (.CUa — xo).

(za
(Xo0,(Xo0)*)

—

o(X,X*)
* 3 * *

HeiictBurensHo, moboit zf € (X()* MOXKHO B CHILy IIEDBOrO

CJIeJICTBUS U3 TeopeMbl XaHa — banaxa nmpomgo/KuTh j10 £° € X*,
a cyxkenne dyHKIponana n3 X* ectb dyukimonan u3 (Xo)*. =

Yreepxkaenue 3.10.3. [lodnpocmparncmeo  pepaercusrozo
nPOCMPAHCMBEa Camo PehaercusHo.

HokazareabcTBo. Ilycts Xy — mommpocTpancTBo pediek-
cupHoro npocrpanctsa X u Xg O M — orpanmdennoe abcoIIOTHO
BBIMTYKJIOE U 3aMKHYTOE B MMOMPOCTpancTBe X MHOXKeCTBO. Torma
oHO siByisiercst TakoBbiM 1 B X. Ilycte M D {z, }, Torma B cu-

1y pedaexcusnoctn X 3 g (;{ ).CU(] € M. Ho rorma B cumy
o(X,X*

yreepxaenus 3.10.2 z g a(X?( o) ro€EM. m
0, 0
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§ 11. Boyeunble ITpocTpaHCcTBA U 0OOOIIIEHHAS
Tteopema banaxa — IIlTeitnraysa

Onpenenenne. I[lycrs X u Y jnuneiinbie TONOJIOrnIecKne mMpo-
crpanctia. CemeiicrBo M C L(X,Y) Ha3bIBaeTCSI pagHOCTENEHHO
HENPEPLLEHBIM, €CIIT

VU €wy(0) IV ewx(0) VAe M AV)CU.

YrBepxkaenue 3.11.1. [lycmv X u Y aunetinvie monono-
euveckue npocmpancmea u M C L(X,Y) — pasrocmenenno
nenpepwvieHo. Tozda M nomoueuno oepanuverno, m. e. Vor € X
{Az: A€ M} oepanuueno.

VrBepxkaeuue 3.11.2. Ilycmo X u'Y nopmuposarHwvie npo-
emparncmea u M C L(X,Y). Tozda (cemeiicmeo M C L(X,Y)
pasrocmenento nenpepuiero) <= ({ ||Al| : A € M} oepanuveno).

3amevanuda. 1. B cuwiy yrBepkienus 3.11.2 B HOpMEPO-
BaHHBLIX IIpocTpaHcTBax TeopeMmy Bamaxa — Illreiinraysa MozKHO
chOPMYIUPOBATDH CJAEIYIONIUM 00PA30OM.

Ilyemv X u Y 6anaxosvs npocmpancmea. Feau cemeticmeo
M C L(X,Y) nomoueuro ozpanusero, mo ono pasHOCMENEHHO
HENPEPLIEHO.

2. Ormerum, a0 ecium X — OTIAEIUMOE JIOKAJBHO BBIIYKJIOE
npocTpancTso u cemeiicrso M C X™*, To norodeunas orpanuyeH-
HocTh M — 310 0(X™, X)-0orpannuenHocrs cemeiicrea M.

Teopema 3.11.1. Ilycmv X — omdesumoe AOKAAGHO Bbi-
nykaoe npocmparncmeo. Jlaa moeo, wmobw aoboe o(X* X)-
ozparuvertoe 6 Hem cemeticmeo M* C X* owao pasHocmenento
HENPEPLIBHO, HEOOTOOUMO U JoCcmamouHo, wmobw, A0bas 6ouka 6
X b6viaa okpecmHocmsvio HYAA.
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TB. 3.9.1
HokazarenbcTBo. [—|. Illyctrb X D B — 6ouka TR

B = °M*, tne X* D M* — abcomorno Bbinykio, o(X*, X)-
saMKHyTO U 0(X*, X)-orpanndeno = M* — paBHOCTEIICHHO
wernpepbiBHo. Torma mo yrBep:kaenuto 3.6.7 maiizercda Takas ab-
COJIIOTHO BBINYKJIasi W 3aMKHyTas OKPeCTHOCTb Hysst U, d9To
M* Cc U° = B =°M* D °(U°) = U = B — OKpecTHOCTb

HYJId.

.3.9.1
[<—=]. Iycrs X* DO M* — o(X*, X)-orpanuieno YR

°M* — bouka = Haiijiercsd Takasg abCOJIIOTHO BBINYKJAasd U 3a-

MKHYyTast OKpecTHOCTb Hysst U, ato U C °M* = M* C (OM*)O
TB 3.6.7

cue’

Onpenenenue. JIokajabHO BBIYKJIOE IPOCTPAHCTBO HA3bIBa-
ercst boueuHbLM, €CJIM B HEM Jiio0ast 00UKa sIBISIETCS OKPECTHOCTHIO
HYJIST.

M* — paBHOCTEIIEHHO HEIIPEPBIBHO. ®

YrBepxkaenne 3.11.3. ITycmo (X, 7) — omdeaumoe 6ouen-
noe npocmparcmseo. Cnpasediusvl credyroujue ymeepircoeHui:

1.7=7(X,X*) = [(X, X").

2. Eeww XY O 0 M* — oX* X)-oepanuueno, mo
cl(conv(M*); 1) — o(X™*, X)-komnarmuo.

JlokazaresbCcTBO. . ITo reopeme 3.8.1 7 = 7(M), rue

(&
M7 — MHOXKeCTBO BCeX PaBHOCTEIECHHO HEIPEPBIBHBIX ceMeilcTB

u3z X*. Ho ecim M* — o(X™, X )-orpanndeno, ro M* € M, rem
cambiM T = [(X, X*) u, snaant, S(X, X™) cormacyercsa ¢ aBoii-
creennocTbio (X, X*). [Tosromy B cuity Teopembl Makku — Apenca
T(X, X*)=p[(X,X*). u

Teopema 3.11.2. Ecau A0KGADHO GOINYKAOE NPOCTMPAHCINEO
HeAb3A NPedcmasums 6 gude 00BeIUNEHUA CHEMMHO20 CEMETCEA
HU20e HE NAOMHBIL MHOHCECME, O OHO DOUEUHO.

,ZLOKaBaTe.HBCTBo. IIycts B — 6ouka. Tak xkak B — morio-

maromiee, 1o X = U (nB) = Jy1s HEKOTOPOIO 7N (noB) <0

n=1

= B#0Oul0€ B—B=2B,1 e. B — OKpecrHocrb Hyjs. m
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CaencrBue. Jl060oe A0KAALHO BLINYKAOE NPOCTPAHCMGO, AG-
ASNOULEECH MONHBIM MEMPUYECKUM NPOCTNPAHCNEOM, OOHEUHO.

3amevanud. 1. CymiecTByioT OoUedHble TPOCTPAHCTBA, HE SB-
Jidromuyecsd IIOJIHbIMUA.

2. CymectByior 0Oo4YedHbIE TPOCTPAHCTBA, KOTOPBIE MOXKHO
IIPEJCTABUTH B BHUJE OOBEINHEHUsI CIETHOTO ceMeiicTBa HUTE He
MJIOTHBIX MHOYKECTB.

IIpumep 3.11.1. B npocrpancrse my;, (cM. npumep 3.9.1)
MHOKeCTBO B:={x € myp : |z, < 1/n} — Gouka, HO He OKpecT-
HOCTB HyJsl. TeM caMbIM HOPMHPOBAHHOE IIPOCTPAHCTBO MM fi, HE
6ouevHo.

Teopema 3.11.3 (O6o6mmennas reopema banaxa — IllTeiin-
raysa). I[Tycmv X — 6oueuwnoe npocmpancmeo, a Y — A0KaAbHO
svinykaoe npocmpancmeo. Ecau L(X,Y) D Lo — nomoueuno ozpa-
Huvero, mo Ly — pasHOCMeneHHo HenpepvieHo.

HokazaresnberBo. Ilycrs L(X,Y) D Ly — norouedno
orpanuveHo, a V —abCoIOTHO BBINYK/Iasd 3aMKHyTash OKDPECT-
HOCTH Hy/s B npocrpanctse Y. Torma B:= (| A™Y(V) — abeo-

A€eLy
JIIOTHO BBIITYKJIO€ 3aMKHYTO€ U IIOIVIOHIAMoIee MHOXKECTBO B )(7
T.e. 60uka = B — OKPecTHOCTh HyJid B IpocTpaHcTBe X 0

{A(B): A€ Ly} CV,uaro B cuity npousBosbHOCTH V' 1 0O3HAYAET
PABHOCTEIIEHHYIO HEIPEPLIBHOCTL ceMmeficTBa L. m

Teopema 3.11.4. IIycmv X — 6oueunoe npocmparcmeo, Y —
A0KaAvHO euinykaoe npocmpancmeo, { Ay b C L(X,Y), Ay — Ao
nomoyewno u X 3 xg— xg. Toeda Ayxg onxo.

X

HokazaresnbcrBo. 1. B cuiy reopemst 3.11.3 { A, } — pasHo-
CTENEeHHO HEeIPEPBIBHO.
2. AQJEB — Agxg = Aa(ltg — :Eo) + Apzg — Apgzo.

['naBa 4
BbanaxoBbI mpocTpaHCcTBA

§ 1. /IBOiicTBEHHOCTh B HOPMUPOBAHHBIX
npoctpanctBax u Teopema D6epJeitna — IImynbsaHa

Omnpenenenue. [lycto X — HOpMUpPOBaHHOE TPOCTPAHCTBO.
= , = ) e

VYrBepxkaeuue 4.1.1. I[Tyemv X — wHopmuposarmnoe npo-
cmparcmeo. Toeda [z] € X** w ||[x]|

x = ||z[x.

CaencrBue. [lyemv X — HOpMUpPOBaHHOE NPOCTPAHCMNEGO.
Tozda omobpasicerue [-] : X — X** aunetno u usomempuuno. Ipu
amom, ecau X — banazoso, mo [X| — nodnpocmpancmso barnazrosa
npocmparcmea X .

Yrepxkaenue 4.1.2. [lyemv X — 6anazroso npocmpah-
cmeo. Cnpasedausvl caedyrowgue ymeepircoeHui:

L. c([B[0,1; X]];0(X*, X*)) = B[0,1; X**].

2. c([X];o(X™, X")) = X*.

dokazaresabcTBO. . PacemorpuM muoxkecTBO V', ompeie-
nennoe opmyioit V = cl([ B0, 1; X]]; o (X**, X*)). Toraa 1o Teo-
peme o 6unossipe (Teopema 3.6.1) °(V°) = V ornocurenpHo Lyass-
HOit mapsl (X, X*).

Ho no yreepxxpennio 3.6.2.1 V° = ([B[0, 1; X]])°. C gpyroit
CTOPOHBI

([B[0,1; X]])° = {x* € X" : sup [{z", [z])| < 1} —
flz]I<1

= {:U* € X" : sup [(z,z")] < 1} = B[0,1; X*], a
lzll<1
°(B[0,1; X*]) = B[0,1; X**]. =
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Onpenenenusi. [lycrs X — HOpMEUPOBaHHOE TTPOCTPAHCTBO W
McCX,aM,CX"*

L. Mt ={z*c X*: Ve e M (z,2%) =0}.

2. tM,:={z € X : Vo* € M, (z,2*) =0}.

YrBepxkaenue 4.1.3. [lyemv X — nopmuposarroe npo-
cmparncmeo, M C X u M, C X*. Cnpasedausv, caedyrouwue
ymeeporcoeHus.:

1. M+ = WL — nodnpocmparcmeo 6 X*.

2. + M, = +((M.,)) — nodnpocmparcmeo 6 X .

YrBepxkaeuue 4.1.4. I[Tyemv X — Hopmuposarnoe npo-
cmparemeo, M — nodnpocmparncmeo 6 X u M, — nodnpocmpan-
cmeo 6 X*. Cnpasedauso, caedyroujue YmeepirHcoeHus:

LAYMYY =M. 2 H[M]=M*. 3. A [M] = M.

4. [tM,] = M} n[X]. 5. [M] = M+t n[X].

6. (tM)*t > M,.

Ecau X — pedaercusnoe banaroso npocmpancmeo, mo cnpa-

6€0AUBHL CACOYIOULUE PABEHCTNGA:
7. M = [M]. 8. [P M,] = ML 9. (FM)t = M,.

HelictBuTesibHO, 10 cienyer u3 yrBepxkiaeHuit 4.1.3 u
3.6.1.3, Teopembl o Gunossipe (teopema 3.6.1), meopembr 3.5.1 u
Toro dakTa, 9T0 B pedIeKCUBHBIX mpocTpaHcTBax o(X*, X*) =
=0(X*,X). =

3amanue 4.1.1. IlpuBeaure npmmep OaHaxoBa IIPOCTpPaH-
crea X u mogupoctpancTBa M, mnpocrpancTBa X* Takux, 9UTO

(1M,)* # M.

Teopema 4.1.1. Ifycmvs X — mopmuposarmnoe npocmpah-
cmeo. Ecau X* cenapabeavrno, mo u X cenapabeavro.

JdokazareabcTBo. 1. [locKOIBKY TOAIIPOCTPAHCTBO cerapa-
OeJIbHOrO METPUYECKOT0 IIPOCTPANCTBA cenapabesibHO, TO [IMHIY-
nas cdepa Si:={p € X* : ||p|| = 1} — cenapabenbroe merpu-
YeCKO€e IIPOCTPAICTBO OTHOCHTEILHO METPHUKH, HOPOKIEHHON HOP-
moit B X*. ITosromy 3{¢, } C Sy : {pn} =05,
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2. B cuity onpejesienusi HOpMBI ||, || HaltgyTes rakue z, € X,
910 ||xn|| = 1 1 |en(x,)| = 1/2. Tokaxkewm, uro {x, } — nosnnas
cucrema B X. Ilpeamonoxum nporusnoe: ({z, }) =: Xy # X.
Torma 1o caeacrBuio 5 u3 TeopeMbl XaHa — banaxa Haiiier-
e Takoil g € Sy, uro Xg C Kerpg. Hosromy ||, — wol| =
= Sup |(pn = w0)(@)| 2 |(en = wo)(@n)| = len(za)| 2 5, = e

z||=1
{¢n } nemwnorna B Sy, aro nporusopeunt BIOOPY { ¥y }. m

Teopema 4.1.2 (Banax). Ecau X — cenapabeavroe nopmu-
posannoe npocmpancmeo, mo X* D Bla*,r] *caabo cexsenyuann-
HO KOMNAKMEHN.

Hokazaresnscrso. [lycrs { e, } — nonnas B X HopMupoBaH-
Hasl CHCTeMa JIMHEHHO He3aBUCHMBIX BeKTOpoB u { z), } C Bla*,7].
IIpesx e Bcero oTMeTnM, UTO

Vm,n (em, zp)| < lleml| - llzn|l < K =: fla™[[+7r. (4.1.1)

n

1. B cuny coornomrennit (4.1.1) wmaiiagyres oy € P u nommo-
CJIeJI0BATE/ILHOCTD {:U’:l(l) } mocsietoBaresibHoct { o) } rakue, 4ro
(el,x;(l>> —aj. Teneplj JUIs €9 B cuiy coorHomenwii (4.1.1) wmaii-
JLyTCA 1;12 € P u nomuociieoBaTre/ibHOCTD {x;(Q) } mocsreoBaTesb-
HOCTH {x;(l) } rakue, 9TO <62,$:;(2)> — ag. '

k k

[Tpumensiss MHIYKIIMOHHBIN IIPOIECC, s JII0O0ro m HaliieM Ta-
Koe ,, € P u nogmociemosarensnocTs {x* () } mocienoBaTeh-
n
k

* k
noctu { ¥, 1) }, 9T0 (€, T (,)) — Q.
ny n
2. Paccmorpum  mociegosarensuocts  { ¥, . Tlockombky
ny,
VvmeN {z*, }‘ jsm — TIOATOCTIEJ0BATEILHOCTD IOCIE0BATEIb-
n
k
HOCTH T (), TO
Lo
*
vm (em,xn(k>)—>04m. (4.1.2)
k
3. Ompenermmm xf cremyomnm obpasom: Vm (e, £5) =
u upozpo/pkuM 1o JjuHeitHocTn Ha X :=({ ey, }) (1 ocraBum Jyist
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IPOJIOJIZKeHust cTapoe obosuadenue xf). Torma

Vre Xy Kllz|| > ’<$,$Z(k)>| = ‘< Z Am€m7$2(k)>‘ =
k m=1 k
mi@) (4.1.2)
= ‘ Z<)\m€m’le(€k)>‘ kjc;o ) Z )‘mam) = |<$7$8>’,

T. e. x, orpannden Ha Xg. [Ipomomkum ero ¢ coxpaneHneM HOPMBI
Ha Xo =X.

*
CA
4. Iokazkem, uTo x* ;) — 5. OTMETUM, 9TO T* ) — MOJIOCTIe-
g ny

JOBATEJILHOCTD IIOCJIEJOBATEILHOCTH T U, CJIEJI0BATEIbHO, Orpa-
* _ *
audera, a B cuny (4.1.2) Vm <em,xn§€k))—>ozm = (em, (), T €.

Ha noJiHoit B X cucreme. B cuily gocrarodnoro yciaosus *ciaaboii
*
CNA
CXOJIUMOCTH HOJIY UM, UTO T 3y — T().
n
k

5. B cmmy cBoitcrs *cmaboit cxommmoctu ||z — a¥|] <
<lim 27 g —a®|| < 7.
T

3ameyanue. B obmem ciaydae, B OIMIue OT METPHIECKUX
IIPOCTPAaHCTB, B KOTOPBIX MHOZXKECTBO KOMIIaAKTHO TOT'Jla WU TOJIBKO
TOrJa, KOrjla OHO CeKBEHIMAILHO KOMIIAKTHO, eciu X He cerapa-
6esbro, X* D Bla*,r] Mmoxer okazarThcsi He *€i1abo CeKBEHIMAIIb-
HO KOMIIAKTHBIM, HECMOTPSI Ha TO, 9TO B CHJIy TeopeMbl Bamaxa —
Ajtaority — Bypbaku (reopema 3.7.3), on *ciiabo KOMIIAKTEH.

_ * * o

IIpumep 4.1.1. Ilycte X = m, a e;, € m™ juHeiiHble QYHK-
roHa bl Takue, 9to ({ & },ek) :=&,. Torma |lef | = 1. [Tokaxem,
qro u3 { €} } Hesb3st BbLIeUTH HU OJ(HOI *ci1abo cxomstimeiics moji-
I10CJIe/IOBATEILHOCTH.

BosbmeM MponsBobHYIO MOANOCIeI0BATebHOCTD { €5, }. Tlo-
CKOJIBKY *cstabast CXOJUMOCTB 9TO IPOCTO MOTOUEYHAs] CXOUMOCTb,
TO MOKazeM, uTo { €, } He cxoauTes notoyedno. Pacemorpum sie-
MerT 19 = {&, }, te &, = (—1)*, a ocrambHBIe KOOpIHHATEI —
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nynesste. Torpa |(zo, e, —en )| =2 u, Tem cambim, HoCIeI0BA~
TeTLHOCTD { (T, €y, ) } He sBisgercs (yHIAMEHTATBHOL, a 3HAYHT

N CXOIIIIEncsa. m

Takum obpasom, u3 "kommakTHOCTH" "CeKBEHIMAbHAS KOM-
nakTHoCTh" He ciemayer. CylnecTBYIOT M CEKBEHIIUAIBLHO KOMITAKT-
Hble MHOYKECTBA, HE ABJSMIONINECS KOMIAKTHBIMU.

IIpumep 4.1.2. Ilyctp X — MHOXKECTBO BCex (PYHKIHUI u3
[0;1] B [0;1] ¢ Tomostorueit morouedHoit cxogumoctu, a K — MHO-
kecTtBO byHkumit ¢ € X rmaknx, uro {t : ¢(f) # 0} ne Gosee
YeM CYETHO. HOKa)KeM, q9TO K CeKBEHIIUaJIbHO KOMIIaKTHO, HO HE
KOMIIAKTHO. -

IMycrs {pn} € K u J{t: o) # 0} = {tn}. ockoms-

n=1
Ky Vn € N ¢,(t1) C [0;1], To Haiigercss moaoc/eoBaTe/b-
Hoctb { ¢ ) } mocienosarensrocty { ¢y, } 1 1 € [0;1] rakue, uro

gon(1>(t1)—>ﬂl. Teneps us {gpnu)} BBIJIE/IUM ITIOJIIIOC/IE[0BATE b
k
Hoch {2 } TaKyo, uTo ¢ (3 (t2) — f2 € [0;1]. Takum obpasom
k k

OIMCAH WJIyKIMOHHDIN MPOIECC BBIIEJCHUS TIO/IIOCIEI0BATEIHHO-
creit {¢ ) } Taxnx, 410 @ (m (tm) — Bm € [0;1]. Torsa nommo-
k k

CJ1eJI0BATE/IbHOCTD {gon(k> } ucxopmoit nocseoaresbHoctu { ¢, }
k

HOTOYEYHO cXOAUTCst K DyHKIWMU ©: @0 (tm) = Bm 1 @o(t) = 0 npu
t & {tm }, Tem cambiM @ € K.

Tenepp mokaxkeMm, uro K He kommakTHO. Ilycts A — Hamnpas-
JIEHHOE 110 BO3PACTAHUIO MHOYKECTBO BCEX KOHEUHBIX MOJIMHOYKECTB
orpeska [0;1] m 9o (t) =1 uput € au p,(t) =0 upu t € a. Torna
{pa} C KuVtel0;1] goa(t)Tl I Qo — 0, TAE Yo = lu
wo € K. Tem cambim K He 3aMKHYTO B OTJIETIMOM TOIOJIOTHIE-
ckoM mpocrpancTse X, nosromy K — He KOMIAKTHO. ®

Tem cambiM nonarua "kommakTHoOCTh" n "cexkBeHnuasbHad
KOMITaKTHOCTB" HecpapHuMbL. HO, Kak mokasa/im poccCUiiCKuil Ma-
remaruk [Hmynesia B. JI. u amepukanckuii maremaTuk DoepJieitn
B. ®., B HOpMUPOBAHHBIX MPOCTPAHCTBAX CJaabas KOMIAKTHOCTD
SKBHUBAJICHTHA, CJIA0OI CEKBEHIIMAILHON KOMIIAKTHOCTH.
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Teopema 4.1.3 (D6epaeitn — HImynbsu). B nopmupo-
BAHHOM NPOCMPAHCIMEE MHONHCECTNEO CAAOO KOMNAKMHO M020a U
MoAvKko mozda, K020a 0HO CAGOO CEKBEHUUANDHO KOMNAKINHO.

JlokazaTebCTBO 3TOW TeopeMbl pa300beM Ha PsiJi BCIIOMOTa-
TeJIbHBIX YTBEPKJIEHU, TTPEICTABIIAIONINX UHTEPEC U CaMU TI0 ce-

oe.

YrBepxkaenue 4.1.5. I[Tyemv X — Hopmuposarnoe npo-
cmpancmeo. X O K caabo komnaxmmo moeda u mosvko moeada,

koeda X** D [K] o(X™, X*)-komnarmmno.

JeifcTBUTENBHO, 5T0 ClIeAyeT u3 Toro, 9ro (X 3 &q — 2)
= (X3 xa] — Jz0]). m
O’(X**,X*)

YrBepxkaeuue 4.1.6. I[Tycmv X — cenapabesvroe HOpMUPO-
sannoe npocmpancmeo. Tozda cyuwecmesyem { e } C X*:

VneNl|e,| =1 VzeX sup(z,e,) =]z
n

HoxkazarenscrBo. [lycte X DO {z,} — Bcioay miaorHoe B

X wmHOxKecTBO, a e: (zp,el) = ||x,| (rtakue cymecrBytor B cu-
Jy caencTBust u3 Teopembl Xana — bBamaxa). Ilycrs g € X u
Tp, — wo. Torma (wo,e}, ) = (To — Ty, €),) + (Tny,65,) =

= (20 = @nys ) + [[Zng | = 0+ flzo]|. =

Ounpenesnenune. Ilycrs (X, X ) — ayambhast mapa, a X D Xo —
JmHeitHoe MHOroo6pasue. [oBopsit, uro cucrema {Z, } C X mo-
manvha nad Xo, ecm (Va (x,T,) = 0) =(x = 0).

Caencrsue. [Iycmo X — cenapabesvroe HOPMUPOSAHHOE NPO-
cmpancmeo. Tozda cywecmeyem { x} } C X* momasvras nad X .

HelicTBUTEBbHO, CcucTeMa, IOCTPOEHHAsS B YTBEPKICHUU
4.1.6, ToraTnbHa HAT X. =

Teopema 4.1.4. ITycmo (X,)?) — dyaavnan napa, X O K —
o(X, )?)-%wwna%mno u cywecmyem cuemmuan cucmema { T, } 6 )?,
momanvras nad Xo:=(K). Tozda monoaoeusn o(X, )?) N K mem-
PU3YEMaQ.
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HokazaresnnscrBo. Ilycrs {7, } € X — roransuas Hajg X
cucrema. [lockonbky K — o(X, X)-orpanudeno, To, He OrpaHuYu-
Basi obmHOCTH (Iepexosisi K HOBOi ToTasbHOW Hajg X cucreme),
MOXKHO caurarh, 9ro Vn € N Vo € K |(z,Z,)| < L.

[e¢]
Hnst moboro = € Xg nonoxkum ||z||:= > 27"(x,7,)|. Torma

n=1
|| || — nmopma ma Xo. Ilycrs 29 € K u r > 0. Paccmorpum

B(zg,7; K). Bosbmem N: 27N < r/4.
Torma mast V(zg):={x € K : mgl%c\(x — Z0,Tn)| < T/2} —
n<

o(X, X) N K-0KpecTHOCTH TOUKH 20 HOLyduM, 4To = € V(z0) =

N 00
o —zol| <Y 27" [(z — w0, Bu)| + D> 27"|(w, Bn)|+
n=1 n=N-+1

o0
. . T N T T
+n%:+12 (w0, Za)| < 514227V < g 427 =r
win V(zg) C B(zg,r; K). Tem cambiv Tomosornst na K, mopox-
Jiennas Hopmoii || - || ecth oTesmmag Tonosorus na K, kotopas
He cunbree o(X, X) N K. B cuny yreepxkaenust 1.5.5 stu nBe T0-
rojiorun Ha K COBIAIAlOT. =

Teopema 4.1.5. Ifycmv X — nopmuposanmnoe npocmpar-
cmeo, a X DO K — caabo xomnaxmmnoe mmoorcecmso. Toeda K
CERBEHUUANDHO CAGDO KOMNAKMHO.

HokazareabcTBo. [lycte X D K cabo KOMIIAKTHOE MHOYKE-
crBo u {x, } C K. Pacemorpum Xg:=({{z, }) u Ko:=K N X).
Torma Xy — cenapabenbho, a Ky — cinabo kommakrao. [To ciregn-
creuio u3 yreepxaenus 4.1.6 naiinercs cemeiicrso { el } C (Xo)*
torasibioe naz Xo. Ho Kaxaplil e}, MOXKHO POOJIZKUTD 110 HElIpe-
pbIBHOCTHU Ha Bce X, IIO3TOMY, HE OIPAHUYUBAs OOIHOCTU, MOXKHO
cantarhb, 9ro { e} } C X*. Ilpu srom { e} } — Torampua mHag Xo O
(Ky). ITosromy no Teopeme 4.1.4 rononorust KogNo (X, X™*) merpu-
3yeMa H, TeM caMbIM, K — CEeKBEHIMAIBHO CI1a00 KOMIAKTHO =

ﬂl'nk,x() € Koy: xnkixg ceKygCK. n
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Onpenenenune. Ilycrs X — HOpMUPOBAHHOE MPOCTPAHCTBO,
X* D X — nuneitnoe muoroo6pasue u ¥ € (0;1]. S C S[0,1] € X
Ha30BeM U-MadACoOPUPYOWUM MHOHCECEOM Oas X (), ecn

Va* e Xj sup](x )| = 9|z (4.1.3)
zeS

Bameyanne. OueBnano, 410 cBoiicTBO (4.1.3) 9KBUBAIEHTHO
caenytomemy Va* € X3 ¢ ||z*|| =1 sup[(z,z™)| = V.
zes

YrBepxkaenue 4.1.7. [lyemv X — nopmuposarroe npo-
cmpancmeo u X* O X — aunetinoe mrozoobpasue.

Ecau S — U-masicopupyrowee mroscecmeo das X, mo S —
- Masicopupyrouee MHONCECMEO U ONf @.

HokazarenbcTBo. [Ipe/mnonoxkum mporuBHOe, TOTIA

Jag € (X§) - Sug|<x,x(’§>| = a < f <9zl (4.1.4)
TE

[lycrs X > x) — xf, B wacrnocru ||z || — ||z§]|. Torma
Vo e S (o) < [z, 2, —ap)] + [(z, 25)] < [log, — 25l + a—a
4.1.3
= dnp e NVn>ng,Vzes [, ;‘l>|<ﬁ(:>)

. (414 .
ezl < sup e, 23)) < 7= dllzgl] < B < Il m

z€S
VYrBepxkaeuue 4.1.8. I[Tyemv X — Hopmuposarnoe npo-
cmpancmeo u X** D X§* — woneunomeproe nodnpocmpancmeo.

Tozda das 06020 ¥ € (0;1) cyweemeyem X* D Sy — roneuroe
V-masicopupyrowee mmnoscecmso oas X5,

Hokazaresbero. [lycrs ¥ € (0;1) u a: ¥ + o < 1. Tak kax
cepa S := 5[0, 1; Xj*] xomnaxrna, To I {x7*,...,x;"} C 5™ —
a-cetb jyia S**. Ilyere o7, ..., x; € S[0,1; X{j] TakoBbI, uTO

[z}, z7") | =9+ a. (4.1.5)

Torma Va** € S** Ji: [|a*™ —:D;*H < a0 = |<;D2:7$**>| =

[, 0) + (2% — 22| > (e, e)] — (e, 2™ — )] >

- (2 (2
219+a—]|%|] lz —aX|[ 2V +a—-a=17. =
92

VrBepxkaeuue 4.1.9. I[Tyemv X — Hopmuposarmnoe npo-
empancmeo u X 3 x, — . Tozda [xo) € ({[za] }) C X**.

okazaresabcTBo. Ilo Teopeme Masypa xg € <
= H{Tm} € ({20 }): T — 20 = [T —[wo] € ({Txa] }

Teopema 4.1.6. Ifycmv X — mnopmuposanmnoe npocmpar-
cmeo. Ecau X D K — cexsenyuarvho caabo xomnarxmmo, mo K
U CAa60 KOMNAKMHO.

HokazareabcTBo. 1. [Ipexke Bcero ormerum, uro K orpanu-
qeHo. JleficTBUTEIbHO, B IPOTUBHOM CJiydae Haiigercs { x, } C K:
||Zn|| — 00, n3 KOTOPOIi HEJIb3sT BBIIEAUTH HU OJHON C1ab0 CXO/1s-
mieiicst MOIOCIeIOBATEILHOCTH, IIOCKOJIBKY BCAKas CJIab0 CXOMIsd-
IAsICS TI0CIEI0BATEILHOCTh OIPAHNYIEHA.

2. llockoneky K C B[0,7; X], TO

[K] c [B[0,r; X]] C B[0,r; X*™].

Ho o Teopeme 3.7.3 B[0,7; X**] — o(X ™, X*)-kommaxTro. [Tycrs
K**:=cl([K];0(X**, X*)), rorma K** — o(X**, X*)-KoMIaKTHO.
[Tokaxkem, uro K** = [K], orkyzna B cuiny yreepxkaenus 4.1.5 Oy-
JIET CJIEJIOBATH 3AKJ/IIOYEHIE TEOPEMBbI.

3. Ilycrs 25 € K**, a9 € (0;1). Yepes U™ (e;27,...,2})
6yaem obosnauars o X**, X*)-okpecraocrn Hyns B X **:

{z" € X™ : max |(z],2™)| < e}.
ielk

¥l = 1. Torma (xf*+
+U(L;23)) N[K] # O, . e. Fzq € K: (2}, [z1] — 2§*)] < 1.
Torna no yreepxkaenmo 4.1.8 8 X* g X :=({zf*, [x1]}) naii-
nercst { x5, ... » TR 1) } — KOHeuHOE V-MayKOPHUPYIOIee MHOXKECTBO.

Bosbmem mpomssosibnoe i € X ||k

Teneps maiinem xo € K: [xo] € zf* + U™(1/2;x7,... ,xz(l)).
ITo yrBepxkenmio 4.1.8 B X* s X3* :=(zj", [x1], [x2]) naiinercs
{$Z(1)+1’ . ,xz@) } — KoHeuHOe Y-MarxKOpUPYIOIIee MHOKECTBO.
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Takum 06pa3oM OIucaH WHIYKIIMOHHBIH TPOIECC MOCTPOCHUS
nocseoBarenbuocreit { x, } C K, { X;* } komednomepHbIX MO/
npocrpaHcTB npocrpancra X u S*:={z} } C S[0,1; X*]| Ta-
KUX, 9TO

[20] € 25" + U™ (1/ns 27, ..., Th)), (4.1.6)
X5 = (zg", [x1], - -, [zn)), (4.1.7)
{x7,... ' Th(n) } — Y-makopupyIoree MHOKECTBO it X, .
Torma S* — Y-maxkopupyioree MHOXKECTBO JIJIs [.jl X;*. B cn-
n=

gy yreepxKaenus 4.1.7 S* — Y-maxkopupyiolee MHOXKECTBO U JIJIsd
oo

X5 = U X~
n=1

4. B cuny cekBeHIMAILHON €/1a60# KOMIIAKTHOCTH MHOYXKECTBA
K, ne orpannyuBas OOIIHOCTH, MOXKHO CYUTATH, YTO

Ty —5 20 € K. (4.1.8)
Torna no yreepzxkjenuto 4.1.9 u onpenenenno Xj*
[zo] € X§™. (4.1.9)

5. B cuy coornomtennst (4.1.6) myst smoboro m € 1, k(n) cupa-
BeJUIMBO HepaseHcrso |(zh,,[z,] — x5*)| < 1/n. Orcioma B cuiy
(4.1.8) st mo6oro m € N oy anm

(%, [x0] — 2*) = 0. (4.1.10)

C apyroit cropoust, B cuity (4.1.7), (4.1.9) u oupenenenns X 5™
cupasemBo BKyodenue [zg] — " € X§*. IlockoabKy MHO2§KeCTBO
S* apngerca ¥-maxkopupyomum s Xg*, To

(4.1.9) « ok ok ok
0" =" sup[{xp,, [zo]—2o")| = |[zo]—20"[| = 20" = [w0] € [K]. =

Teopema 4.1.7. ITycmv X — HOPMUPOBAHHOE NPOCPAH-
cmeo. Caedyrowue Ycarosus IKGUBANCHTTVHDL:

1. X peguaercusto.

2. Ilap B[0,1; X]| caabo xomnaxmen.

3. Hlap B[0,1; X] cexsenyuarvho caabo Komnaxmen.
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JelicTBUTEIBHO, 3TO CJieJlyeT U3 TeopeMbl DbepJieiitHa —
[IImysnbsia u kpurepus pediiekcusaoctu (reopema 3.10.1). m

Caencrsue. [lycmv X — peaeckcusro, X DO M — svinyxnro u
samrrymo. Tozda das mobozo x € X cywecmeyem mempuveckas
npoexyua x Ha M.

Yreepxkaenue 4.1.10. Ecaup > 1, mo l, pedaercusho.

HoxkazarennscrBo. Ilokaxkem, uro B[0,1;[,] cexBennmainb-
Ho cnmabo kommakren. Ilycrs z, = {&u}: ||zall, < 1, Torma
Vn € N mnocaemosarensuoctu { &,k } orpanmdaenst. Ilpumenss
JMArOHAJLHBI MeTO, MOJ00HO M0Ka3aTe/JbCTBY TeopeMbl 4.1.2,

HOJIyYUM IOJOC/IE0BATebHOCTE { Xy, } Takyto, uto Vk € N
K

P
&nke — 0 € P. llepexonss B 4aCTHYHBIX CyMMax g ook S 1K

k=1
[IpeJieJly CHaYa A [P 1M — 00, & MOTOM Ipu K — 00, oIy IuM, UTO

zo:={ay } € l,. Ho ciabas cxomumocts B [, 9KBUBajI€HTa PABHO-
MEPHOI OPAHUYEHHOCTH U HOKOOPIMHATHON cxoxumocTu [9]. Tem

CA
CaMbIM Xy, — Lo IPU M — O0.

Teopema 4.1.8. Banaroso npocmparcmeo X pepaekcucho
moezda u moavko moezda, xkoeda X* pedaercusHo.

HokaszaresnbcTBo. [— |. [Tycts X pediexcusno. 1o reopeme
Banaxa — Amnaoriny — Bypbaku map B[0, 1; X*] *ciabo kommak-
TeH, HO B cuity peduiekcusroctu X o(X*, X) = o(X*, X*), Ttem
campiM map B0, 1; X*| ciabo KoMmakTem.

[<=]. [Iycte X™* pedrexcusno. Toraa no npeapiymeii yacTu
nokazaresibera X ** pedutekcusno. Torna 1o yreepxkaenuio 3.10.3
[X] pedrexcusno = map B[0,1; [X]] = [B[0,1; X]] cirabo xom-
nakren B [X]| = [B]0, 1; X]|| c1abo kommaxren B X**. Ho B cuty
pediekcusrocru X** o( X X**) = o(X**, X*), nosromy 1map
[B[0, 1; X]] *crabo xommakren. Torga o yreepzxkaenuio 4.1.5 map
B[0,1; X] ciiabo KOMIAKTEeH.
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3ameuvanue. CyriecTByOT HepedJIeKCUBHBIE OAHAXOBBI ITPO-
crparcTBa X Takue, uro X = X**. CooTBeTCTBYIOIIUI IpPUMED
nocrpoet B padore [22].

§ 2. Conpsi>keHHbIE JIMHEIHBIE OMEPATOPI

Onpenenenust 1. [lycrs X, Y — HOpMUpOBaHHBIE TTPOCTPAH-
crBan A € L(X,Y). Torna Vy* € Y* (A(-), y*) ecTb juHeiinbrii
HenpepbiBHBIT yHKImoHag Ha X. Onpemenum A* @ Y* — X* uz
coornomenuss Ve € X Vy* € Y* (x, A*y*) = (Az,y*). Oneparop
A* Ha3BIBACTCA CONPANCEHHDBIM K A.

2. A = (AM)*

YrBepxkaenue 4.2.1. [lycmv X, Y — nopmuposannvie npo-
cmpancmea, A € L(X,Y). Cnpasedausos caedyrougue ymeepotcde-
HUA:

1. A" e L(Y™, X*) u ||A*]| = ||4]|.

2. Ecau A7Y € L(Y,X), mo I(A*)"! € L(X*Y*) u
(A*)—l — (Afl)*.

3. Vo e X A™[z] = [Az].

Teopema 4.2.1. ITycmov X, Y — nopmuposarmwvie npocmpar-
cemea u A X =Y aunetnvi. Caedyroujue yeaosus sK6USAAEHT-
HOL:

CA
1. z, > xg— Ax,, — Axg. 2. x, — 10— Az, — AT).
CA CA
3. &, — vog— Az, — Axy.

oka3zareabcTBO. 1=2]. [Ipemmomoxum, 49TO
A ¢ L(X,)Y). Torma maiinerca {z, C X}: [lzy]] = 1 m
|[Azp|| — 00 = ! =1, /||Azy|| = 0 = Az!, 250 = { Az}
orpannvena. Ho ||Az) || = v/||Az,|| — 0o — uporusopeune.

2—3|. Hycrs z, —>z9 u y* € Y*. Torma (Azy,y*) =
= <$n7A*y*> —><$0,A*y*) = <A':U'n7y*> u
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Teopema 4.2.2. [Tycmov X, Y — nopmuposanmwvie npocmpar-
cmea u A: X =Y aunetinwi, s(Z) — cuavnas (HopMmuposarnas)
MON0A02UA 6 HOPMUPOSAHHOM npocmpancmee Z, a 0(Z) — caabas
(0(Z,2Z*)) monoaoeus 6 Z (Z € {X,Y}). Caedyrowgue ycrosus k-
BUBANEHIMHDL:

1. A — (s(X),o(Y))-nenpepoicen.

2. A — (s(X),s(Y))-nenpepoisen.

3. A — (0(X),0(Y))-nenpepuisen.

dokazaTeabcTBO. 1=2|. Ecm A mHe saBisercs
(s(X),s(Y))-menpepoiBabiv, To on u (s$(X),s(Y))-neorpanmaen,
3.

T. e. A(B[0,1; X]) — s(Y)-meorpannteno 399 A(BJ0,1; X]) —
o(Y)-neorpannueno. Ho A (s(X),o(Y'))-neupepsisen, mosromy
oun u (s(X),o(Y))-orpannaen = A(BJ0,1; X]) — o(Y)-orpamn-
YEeHO — [POTUBOPEUIHE.

2=3|. llyctp V € w(0;0(Y,Y")), ne. V = {y € YV :
max |(y,y)| < e}. Haiinem U € w(0;0(X,X*)) = {x € X :

i€ln
max [(z,7})| < 6} Takoe, urobbr A(U) C V. [lna sroro mocra-
Jelm
TOYHO B3dATb M =N, T; = Ay € X* nd=c. m

3ameuanue. Takum 00pa3zoM B HOPMHPOBAHHBIX IIPOCTPAH-
CTBax Jisi JINHEHHBIX OlEPATOPOB SKBUBAJEHTHBI "onpejieenust
HenpepbiBHOCTH 110 Ko u no Teitne" He TOBKO Jjijist IAPBI TOTIO-
noruii (s, s), #Ho u ayist nap (s,o0) u (o,0).

JIemma 4.2.1 (nemma o tpoiike). [Tyemo X, Y, Z — 6ana-
xoev, npocmpancmea, A € L(X,Y), B € L(X,Z), ImA =Y u
Ker A C Ker B. Tozda cywecmsyem C € L(Y,Z) maxod, wmo
B =CA.

HoxkazareabctBo. Oueparop C ompejesinM cieyiorneit pop-
mymoit: Cy:= B(A™Y({y})).

1. Dro onpenenenne kKoppekTHO, Tak Kak A(X) = Y u, eciu
y = Ax; = Axg, 10 A(x] —29) = 0= B(21 —22) = 0, TeM caMbIM
BiL'l = BZL’Q.
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2.VG € s(Z) C7HG) = AB7YG)) u BTYG) € s(X) B
cuty nenpepbisroctn B, a A(B71(G)) € s(Y) — B cuy Teopembr
Banaxa o6 oTKpbITOM OTOOpakeHUU. m

CaencrBue. Fcau Z =P, mo aemma o mpotixe cnpasediuea
npu boaee caabom yeaosuu: Im A — nodnpocmparcmeo.

HelicTBuTe abHO, cHaYaIa JIEMMY O TPOiiKe HaJI0 MPUMEHUTH
K IpocrpaHcTBy Yy:=Im A, a moToM MOJIyUMBIIHACS JTHHEHHBII
HelnpepbIBHLIN dyHKImonaa C' IpoJo/KUTL Ha Y. m

Teopema 4.2.3. IIycmv X, Y — nopmuposanmwvie npocmpat-
cmea u A € L(X,Y). Cnpasedauso. caedyrougue ymeepircoerus:

L. (ImA)t = Ker A*. 2. +(Im A*) = Ker A.

3. H(Ker A*) = Im A. 4. (Ker A)* > Tm A*.

5. Ecau X, Y pedaexcusno, mo (Ker At = Tm A*.

6. Ecau X, Y — 6anazosv. npocmparcmea u Im A samxnymo,
mozda (Ker At = Im A* u mem camom Im A* mooice samxny-
mo.

Jloka3aTejibCTBO. . y* € (ImA*r < Vy € ImA
(y,y*) = 0 <= Vo € X (Az,y*) = (z,A%y") = 0 <=
y e Ker A*.

. L(Ker A*) < L((Im A)*Y) = [yrepxienna 4.1.3 u
41.41) = Tm A.

. reImA* =y e Y* : ¥ = A'y"= Ve e KerA
(x,2*) = (x, A*y*) = (Az,y*) = (0,y") = z* € (Ker A)*. Ho 1o
yreeprkaennio 4.1.3.1 (Ker A)* — nomupocrpamncrso.

. ImA* = | yrBepxkuenume 4.1.4.9] = (J-(ImA*))J'
= (Ker A)*.

[6]. Tycrs x5 € (Ker A)L, rorna Ker A ¢ Kerxf. B cuny
CJIEJICTBHSL U3 JIEMMbI O Tpoiike (iyist npocrpancts X, Y, P u ome-
paropos A, zf) Jys € Y*: i =yj-A. HoVz € X (x,xf) = xi(x)
== yj(Az) = (Az,y5) = (2, A%yS). = o5 = A"y, € ImA*. »

[[v

CaeacrBue. Ilycrs X, Y — HOpMHUpOBaHHBIE TTPOCTPAHCTBA
u A€ L(X,Y). CupaBemjiuBbl CJie/lyIONHe yTBEPXK ICHUSI:
1. Ecm A — wabekiusi, T0 A* — CIOPBEeKITHS.
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2. Eciim A — cropbeknusi, To A* — uHbBEKIHS.
3. Ecim Im A* = X*, 10 Ker A = {0}.
4. Ecmm Im A=Y, o Ker A* = {0}.

YrBepxkaeuue 4.2.2. Fcau X, Y — wnopmuposartvie npo-
cmpancmea, X =Y u X pepaekcusno, mo u'Y pegpaexcusro.

HoxkazareabctBo. Ilycts A : X — Y — jmneiinas usomer-
pust. Torna Im A =Y — samkuyro u Ker A = {0}. ITosromy 1o
teopeme 4.2.3 Ker A* = {0} u ImA* = X* = ImA™ = Y™
Ho B cuny pedirekcuBroctun X n yrBepxKiaenus 4.2.1.3 morydaum

[V] = [AX] = A™[X] = A¥X™ = Y™, u

Vreepxkaeaue 4.2.3. [uivbepmoso npocmpancmseo pepaek-
CUBHO.

HokazareabcTBo. 1. Ecin ruanbeproBo mpocrpanctso X ce-
napabesIbHO, TO OHO NB0OMETPUTHO ITPOCTPAHTCBY 2 U B CHILY yTBEp-
xkaennit 4.1.10 u 4.2.2 — pediiekcusHo.

2. Eciim X me cenapabebHO, TO B3sB IIOC/IEI0BATE/IHLHOCTD
{zn} C X: ||zn|| < 1, Hamo nepeiitu K cenapabebHOMY THIIb-
6eproBy npocrpancrBy Xo:= ({ z, }), B KOTOpOii U3 Hee MOXKHO
BBIJICIATE CJIA00 CXOIATILYIOCS MOJIIOCIEI0OBATEILHOCTD B CMBICTIE

npoctpancTBa Xg. Ho Torma sra ke MoIoc/e10BaTe/ IbHOCTD 0y-
JeT u caab0 XOAUThCsT OTHOCTUTE/IFHO MCXOJHOIO ITPOCTPAHCTBA,
[IOCKOJIBKY, eciin ™ € X ™ 1o x*‘Xo ceXi. =

Onpenenenne. Ilycts X, Y — HOpMEUpOBaHHBIE TPOCTPaH-
crea u A 1 X — Y Jumeiinsiii oneparop. Bygem ropopurb, UTo
onepamop A cmpozo omdenern om HYyAf, ecan

de>0Ve e X ||Az|| = ¢ ||z]]. (4.2.1)

WM, 9TO TO YK€ CaMoe, Hi‘r‘lf ||Az|| > 0.
z|[=1

YrBepxkaeuue 4.2.4. I[Tycemv X, Y — nopmuposartvie npo-
cmparemea, A : X — Y AunelHvit onepamop u 6binoAHEHO YCAo-

sue (4.2.1). Tozda A=t € L(Im A, X) u ||[A7Y| < 1/e.
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YrBepxkaeuue 4.2.5. I[lyemv X — o6aHaxo80 npocmpar-
cmeo, Y — nopmuposarnoe npocmpancmeo, A € L(X,Y) u A
cmpozo omdeaen om wyas. Toeda Im A ecmwv banaroso npocmpar-
CMBO U MEM CAMBIM 3AMKEHYMO.

HokazaresnscrBo. Ilycts ImA O {y,} dbynmamenrann-
wa. Torma I{z,} C X : vy, = Az, u ||z, — zn|| <
< lyn — ymll/c={2n} dbynmamenrambna =—3Jxg € X
Tp— 1) = Ary =yp—Azg € IMmA. =

§ 3. Bazuckl B 6aHaX0BOM MPOCTPAHCTBE
U AyajbHble K HUM CHCTEMBI

Onpepnenenwne. Ilycrb X — mopMupoBaHHOE ITPOCTPAHCTBO.
CewmeiictBa {2z, } C X, {2} } C X* maswBatorcs dyaivrovimu
dpye x dpyey (a mapa ({za},{z}}) — Guopmozonarvrot), ecaun
<xa,x2§> = 0a3-

YrBepxkaenue 4.3.1. [lyemv X — nopmuposarroe npo-
cmparcmeo. Cnpasedausnvl caedyrowgue ymeeprHcoeHus.:

1. Bcau{zo} C X, {2} C X* — dyasvnue cucmemovi, mo
06e OHU ABAANOMCA NUHETHO HE3ABUCUMBLMU CUCTNEMAMU.

2. Ecau {x1,...,2,} C X aunetino nezasucumst, mo cyuwe-
1 s bn 3
cmeyem {x7,...,x} } C X* dyarvnan x {x1,...,x, } cucmema.
3. Ecau {z3,...,x} } C X* aunetino Hezasucumvl, mo cyue-
1 yn 1)
cmeyem {x1,...,xy } C X dyanvnas x {x7,... x5 } cucmema.
JlokazaTeJbCTBO. . Tak xak x1 € X :=(x9,...,Zy), TO O
cireficTBUIO O U3 TeopeMmbl Xana — Damaxa maiimerca x] € X™ :
* — * — * J—
(x1,27) =1, (x9,27) =0,..., (zp,2]) = 0.

3|. Dro gacTHblil ciy4ait Teopembl 3.2.1.4. =

Teopema 4.3.1. ITycmv X — 6anax080 npocmparcmeo ¢ Hop-
v

> ke

k=1

muposarmvim basucom { ey t. Toeda ||z|| :=sup , 2de

v
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o0

x =Y Ak€k, ecmv Hopma Ha Auneldnom npocmpancmee X, u npo-
k=1

empanemeo (X, || - ||1) 6arnazoso.

o0 [
JHokazareabcTBo. Ilycrn Pl< > )\kek> = A\peg.
k=1 k=1
1.Vie NVz € X ||Pz|| < ||lz|]h = ||z|]| = llim || Px|| <
—00

< lelly wVp, L e N [|(B, — Rzl < 2[fx]):.
2. Iycrs {z, = {A\p i} } dyHIamenTambHass mocienoBaTe b

HOCTb OTHOCHTEJILHO HOPMBI ||-||1. Tak kaxk Vk > 2 |\ — Ak
1
= I(Pk = Po—1)(@n — @m)[| < 2[|zn — 2ml[1, 0 { A } bynnamen-
tasbHa 1pu joboM k. ITosromy F{ Ag; }VE €N A,y — Ao
n—oo

3. Hockonmeky mpu n,m > N(g):= Ngyunanenr.(€) B 10

I+p l+p
Gox po€ Nl € N || 2 Ager — 5 Anper|| =
k=111 k=I+1

= ||(P4p — P)(@n — xm)|| < 2||zp — zp|l1 < 2e, To npu nepe-
X0Jle K TIpejiesly npu m — oo noayduMm Vp,l € N Vn > N(e)

l+p I+p
H Yo Anklr — D /\o,kekH<2€-
k=l+1 k=l+1
I+p 3
4. Torma Vp,l € NVn > N(e) H > /\O’kekH < 26+
k=l+1
l+p
+ H > )‘mkekH' [Ipun durcrpoBaHHOM 7 TIOC/IETHEE CJIAraeMOe
k=1+1

l
CTPEMHTCSI K HYJIO IPH [,p — 00, HOCKOIBKY » Ay i€k 0 @
k=1 oo

o0
[Tosromy psim Y Ao k€ CXOMUTCS K HEKOTOPOMY Z( B CMBICTIE HOD-

k=1
MBI || - ||

5. HNockombky VI € NVn > N(e) ||P(zn — zo)||] =

I I
= ‘ Yo Ankk — D AokCk
=1 =1

= sup||P(zy, — x(SH < 2¢, T. €. Xy, — Tg OTHOCUTEJIBHO || - [|1. m
l

3
’ <2, rouVn>N(e) ||z, — zol1 =

CaencrBue. B ycaosusz npedvdywets meopemv, nopmo ||-|| u
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||-||1 ox6usarenmmo, a Pyrryuonarv €, onpedeaentivie dopmyaot

<Z A€, € > = A, (4.3.1)

HENDEPBLLEHDL.
HokazareabcTBo. Ilycts [ — ToxKecTBeHHOE OTOOpaYKeHMe

X nma X. Iockomeky ||[Iz|| = ||z|| < ||z||1, To I — HeupepbiBHAS
6uekrust 6banaxosa npoctpancTsa (X, ||-||1) Ha 6anaxoBo mpocTpan-
creo (X, || - ||). Ilo Teopeme Banaxa o menpepsiBHOCTH 0OPATHOIO

oneparopa I~! Toxe merpepnisen, T. e.
30> 0V € X ||zl = [T 2|l < C||z|-
Haxonen [(z, e7)| = [[(Pn — Pr1)z(| < 2||z|l1 < 2C||2|].

Teopema 4.3.2. [fycmv X — banaroso npocmparcmeo ¢ 6a-
aucom { ey }. Toeda { e}, } C X*, ade el onpedeaenvi no Popmyse
(4.3.1), ecmv dyasvras x nemy cucmema, u { e} } — basuc s ba-
naxosom npocmpancmee X = ({ e} }). IIpu omom

e.¢]
Vaj e Xy xp=> (ex zh)er
k=1
n
HoxkazarensctBo. 1. Ilycrs P,z := kzl<x, er)er. Tak kax
{en} — Gaszuc, o Vo € X P,r—x, u no reopeme Banaxa —
Mrejinraysa { || P,|| } orpanmaena mexoropoit koncranToit K > 0.

n
Ho Vo € XVa* € X* (Pyx,x%) = ) (w,¢f) - (er,2*) =

n
Pia* = 3 (eg,a)ep. Tax xax ||P]| = |[Pall, 10 {[[P;]|} orpa-
k=1
HUYeHa 3TON »Ke KOHcTaHTou K.
2. lycrs X7 :={2* € X*: { Pfa*} cxonurea }. Torma X7 —

yuneiinoe muoroobpasue n Vk € N e € Xy. IlockoibKy

Ve € XVz* € X* (x,Piz*)y = (Pux,z*)—(x,z*), 10
* n

Prox* L. Hostomy Ya* € X Pla* = 3 (ep,2*)ef —
k=1

— > (er,x*)ep =%, 1. e. {€), } — Gazuc B X7.
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3. ITokazxem, yro X| 3amkHyTO B X*.

B X7 3 a3, — a, 10 || Pt — Prapl| < |12 (ag — a3, +
[Py, — Prall + 1Pran, — ap)ll < 2K|[a — b+
+||Pray, — Pray ||, ©e { Prag }(byH,zLaMeHTaﬂbHa U, TeM CaMbIM,
CXOANTCS K X

4. Tax xkak Vk € N e € X{, ro X5 C X7. Ho Va] € X7
Pray —af n { Pizy } C X§, nosromy 2] € X§. m

CaencrBue. FEcau X — pepaexcusnoe npocmparcmeo ¢ ba-
sucom { ey }, a {e} — dyarvnan x nemy cucmema, mo { e’} —
basuc 6 X*.

Hoxkaszaresnbscrso. Ilpeanonoxum nporusnoe: Xj # X*. To-
ma 10 CJIEICTBUIO b U3 TeOpeMbI Xana — Bamaxa Jxj* € X™:

o #0n X5 C Keraj*. B cuny pedisexcuproctu X Haiigercsa

xo . x" = [wo]. Torma B cuiny Toro, uro Yk € N ef € Xg, cupa-

BeuBbl pasencrsa 0 = (e}, (") = (e}, [vo]) = (w0, ej). [losTomy
O

ro = Y (wo,ep)er = 0, T e. x5" = 0, 9TO IPOTHBOPEUUT BBHIOOPY
k=1

S

§ 4. KomnakTHbIe onnepaTopbl

Onpenenenunsi. Ilycte X, Y — HOpMuUpOBaHHBIE TPOCTPaH-
CTBA.
1. Oneparop A : X — Y HazbBaeTcsi KOMNAKMHHLM, €CITT

VM C X (M orpannveno == A(M) npeaKOMIIAKTHO).

2. HenpepbIBHBII KOMITAKTHBI OIEPATOP HA3LIBAETCI GNOAME
HENPEPLIEHBIM.

3amevyaHud

1. TlockoJsibKy BCsKMIT KOMITAKTHBIH OIEpaTop OrpaHUYeH, TO
TSI TTHEHHBIX OIIePATOPOB MOHATHE KOMITAKTHBIN 1 BIIOJTHE HEIIpe-
PBIBHBINA COBIIQ IAIOT.

2. st mumeiinoro oneparopa A : X — Y KOMIIAKTHOCTH 9KBU-
BaJICHTHA IpeIKoMIakTHocTH MHOXKecTBa A(B[0, 1]).
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Onpenesgerne. MHOXKECTBO BCEX JIMHEHHBIX KOMIIAKTHBIX
oneparopos u3 X B Y obosnaqaror comp L(X,Y).

VrBepxkaeuue 4.4.1. I[Tycmv X, Y — nopmuposarmvie npo-
cmparcmea. Cnpasedausvl cAedYowue YmeepHcoenua:

1. Ecau dim(X) < 400, mo comp L(X,Y) = L(X,Y).

2. Ecru A € L(X)Y) u dim(ImA) < +oo, mo
A€ compL(X,Y).

Onpenenenne. Oneparop A € L(X,Y) HasbiBaercst koney-
Homeprvim, ecin dim(Im A) < +oo.

IIpumep 4.4.1. Ecim X OGeckoHEUHOMEPHOE HOPMHUPOBAHHOE
MIPOCTPAHCTBO, TO TOXKJIECTBEHHDIN OIEPATOP HEe KOMIIAKTEH.

YrBepxkaenue 4.4.2. [lycmv X, Y — nopmuposanmvie npo-
cmpanemea. Ecau A € compL(X,Y), mo A cexsenyuann-
no menpepwviser omuocumenrvrno napv, (0(X),s(Y)), mo ecmo
(zp o= Az, — Axg).

dokazareabcTBO. IIyctn Ty —5 2. [Tockosbky
A€ L(X,Y), 10 B cuty reopembr 4.2.1 Az, — Ay
[Ipeamosnoxkum, aro Az, /~ Axg. Torna

dep >03{z 1} : ||Az a) — Axgl| = €0 (4.4.1)
T, T

Ho {Axnl(:) } mpeakommakTHO, mosTOoMy Jyo € Y I{ Z, ) }

CA
Axn@) — . Tak xkaxk Ax, — Axg, 10 yg = Az, UITO IPOTUBO-
k

peunT HepaseHcTBY u3 (4.4.1). m

Teopema 4.4.1. Ilycmv X — pepaexcusrnoe npocmpancmeo
(6 wacmmnocmu, 2uavbepmoso npocmpancmeso), Y — nopmuposan-
noe npocmparcmso, a A : X — Y — aunetnviti onepamop. Tozda

A€ comp L(X,Y) <= (x, —5 19 = Az, — Axg).
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HoxkazarenscrBo. [<—]. Ilycrs {y, } C A(B[0,1]).

Torpa 3{x,} C B[0,1] : y, = Az, Ho B cuiay reo-
pembr 4.1.7 B[0,1] crmabo cexBeHIagbHO KOMIAKTHO. [TosTomy
dzog € B[0,1]3{xy, } : zn
= AZL'(). ]

CN
p T X0 = Yn, = Axp,—yo =
Caencrsue. Ilycmv X pedaekxcusroe npocmparcmeo, Y —
HOPMUPOBAHHOE MPOCMPAHCME0, MHosxcecmeo M C X, M —
oepanusero, ewnykao u damknymo, a A € comp L(X,Y). Toeda
A(M) — xomnaxmmo.

Bameuanne. Komnakrubiii oneparop A € comp L(X,Y) wmo-
ket He 0bITh (0(X), s(Y'))-HenpepbIBHBIM.

Yrepxkaenue 4.4.3. [lyemv X u Y — mnopmuposarmvie
npocmpancmea. Junetnwoi onepamop A : X — Y (0(X),s(Y))-
nenpepwvisen, mozda u moavko moada, koeda A € L(X,Y) u A —
KOHEUYHOMEPHDLU.

HokazaresabcTrBo. [Ipexkpe Bcero ormermm, uro A
(0(X),s(Y))-HeupepbiBeH TOrJia W TOJIBKO TOIVIA, KOIJA OH
orpanudeH xots 661 Ha oHON 0 (X )-0KpeCTHOCTH HYJIS.

[—=]. Mockomeky o(X) C s(X), mo um3 (0(X),s(Y))-
nenpepbiBHoctu cieayer u ($(X), s(Y))-uenpepbisaocts. lasee,

nycts A orpammien ma U = Ulge],...,e)={z € X

max [(z,e;)| < e}, tme X* D {e],... e, } — smmeiino mesa-

Jj€ELN

ucumbl. Torga mo teopeme 3.2.1 maiigyres {ej,...,e, } C X:
n

(ei,e;f> = 0;; mpu sroM X = (e1,...,e,) & X1 u X7 := () Kerej.
j=1

n

ITockonbky AU = {Z)\iei +AX;:Vieln |\ < 5}, T0 AX;
i=1

orpanndeno =— AX; = {0} = dim(Im A) < n.

[=]. lycts ImA = (g1,...,9n), T2e ¥ D {g1,...,9n } —

nauHeitno HesaBucumbl. Haiinem {ei,...,e,} C X: Vi € I,n
Ae; = ¢;. Torma {ej,...,e,} JmHEHO HE3aBUCHMBI U
X =(e1,...,en)®Ker A, a Ker A nogupocrpancrso. Oupejennm
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n
e; € X* crepyromum obpasom (> \ie; + 7, e;f) = \j JIs1 71106010
i=1
n K2
T € Ker A. Torma Ker A = ﬂ Ker €. Tem cambiv, A orpanmien
j=1

na U(l;el,....er). =

YrBepxkaeuue 4.4.4. I[lyemv X u Y — mHopmuposarHovie
npocmpancmea u A € L(X,Y). Ecau dim(ImA) = n, mo u
dim(Im A*) = n.

HokazaresibcTBo. Kak u 1pu J10Ka3aTebcTBe MPeIbl Ly Ie-

ro yreepx/ienusi 1o 6asucy { gi,..., g, } upocrpancrsa Im A 1o-

CTPOMM JIMHEHHO He3aBHCHMblE BeKTopa {ej,...,e, } u dyHkimy-

onasel {e€j,...,e;} C X* makwue, uro Vi,5 € 1,n Ae; = g,
n

(eisef) = by m KerA = ﬂKere;. Torpa Vo € X Ax =

J=1
n

(x,ef)e; = Vy* e Y* A%y = Z(ei,y*kf. u
i=1

-

1

7

Teopema 4.4.2. [Tycmv X — HOPMUPOBAGHHOE NPOCPAH-
cmeo, Y — banazxoso npocmpancmeo, { A, } C comp L(X,Y)
u Ap,— Ay 6 nopmuposannom npocmpancmee L(X,Y). Toeda
Ay € compL(X,Y), m. e. compL(X,Y) — nodnpocmparcmeo
Hopmuposarnozo npocmpancmea L(X,Y).

YrBepxkaenue 4.4.5. [lyemv X, Y, Z, W — nopmuposarmvie
npocmpancmea, A € comp L(X,Y), Be LW, X) uC € L(Y, Z).
Tozda AB € comp LIW,Y) u CA € comp L(X, Z).

CaencrBue. Ilycmo X — beckoneuHoMepHOE HOPMUPOBAHHOE
NPOCMPAHCME0, a Y — HopMuposarHoe npocmparcmso. Eeau A us
comp L(X,Y) u Ker A = {0}, mo A~ neoeparumenrwiti auneti-
HbUT ONePamop.

Teopema 4.4.3 (Ilayxep). ITycmv X, Y — 6anaxoswv. npo-
cmparncmea v A € L(X,Y). Toeda (A € compL(X,Y)) <=
(A* € comp L(Y*, X*)).
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HoxkazarenscrBo. [—=]. Ilycre {y;} C By«[0,1] u
xh = A*yr.

1. Pacemorpum y) — cyxenme y na Yy:= A(Bx[0,1]) — xom-
makTHOE B Y MHOXKecTBO. ITokazkeM ¢ oMOIIbIO TeopeMbl A piiesia-
Ackomn (cMm., nanpumep, [3, Teopema 1.8.2]), uro { ¥k } npenkom-
naktao B C(Yp). HeiicrBurensho, Vy € Yy |9k (y)] = [(y,v5)| <
< llyll- gl < 1Al = {7} - pasomepio orpamrseno. anee,
Vyuy2 € Yo [9n(y1) = Un(y2)l = (w1 — vz, 90| < [lon — gell =
{ ¥y} } — paBHOCTEIICHHO HEIPEPLIBHO.

2. Mycrs  {y, } - oxoggmasca B  C(Yy) moxmo-
CJIe/IOBATE/ILHOCTD 1I0CJI€/I0BATEIbHOCTH {g:}. Torna
Py Wy U) = max(yn, (v) — oo, W)l = max|(y,vn, — vl >
= osup [y, — )l = sup [ A(yn, —oyn))| =

yEA(Bx|[0,1]) |lz|<1
= A%y, — A"y |l = |z, — 23,|| n, crenosaremsno, {z;, }

dyHIaMeHTaIbHA B IOJTHOM METPUYECKOM HpocTpaHcTBe X *.

[<=]. lycrs A* € comp L(Y*, X*). Torga no npexnpiaymmemy
A€ comp L(X*, V) = A™([B[0,1]]) = [A(Bx[0,1])] npen-
koMiakTHO B Y. TTokazkem, uro ecsu [Y7] npeskoMuakTHo B Y ¥,
TO U Y] TPEJIKOMITAKTHO B Y .

IMycrs {yn} < Y1 =3{[yn,]}, cxomsmasca B Y**
={[yn,] } dynnamenransna B Y** ={y,, } bynsamenranbua
B GanaxoBoM mpocrparcrse Y =={y,, } cxomurca B Y. Takum
obpasom, A(Bx|0,1]) npenkoMmakTio B Y. =

Teopema 4.4.4. Ecau X — 6anaroso npocmparcmso, a
AccompLl(X), moVd>0 > dim(Ker(A—\)) < 4oc.
R\
CanencrBue. Ilycmv X~ banaxoso npocmpancmeo, a

A € comp L(X) Cnpasedausn caedyrousue ymeeporcernua:

1.V xomnaxmnozo onepamopa A we 6osee wem KoHewHOE
YUCAO COOCTNEEHHDIT 3HaUenutl N, YOIO6AEMEOPAIOUUT YCAOBUNO
Al =0 > 0, u xpamnocmsv KaHcdo20 cOOCMBENH020 3HAMEHUA KO-
HEUHA.
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2. ¥V xomnaxmmnozo onepamopa A me boaee uem CHEmMHOE YUCAO
COOCMBEHHBIT 3HAUEHUL, U UL MOHCHO 3AHYMEPOBAND (€ YUemom
UT KPAMMHOCTU) 6 HEBO3PACTMAIOWEM NOPAJKE MOOYAET.

Teopema 4.4.5. Ecau X —  6anaxroso  npocmpaHcmeo,
A€ compL(X) u X #0, moIm(A— N) samrxnymo, mo ecmo
ABAAEMCA NOONPOCMPAHCMEOM banarosa npocmparncmea X .

Teopema 4.4.6. I[lycmv X — 6anaroso npocmpancmaeo,
A€compL(X), A€ cd(A) u\#0. Tozda \ € o4(A).

CaencrBue. Fcau X — beckoneunomeproe 0aHaT060 Npo-
cmparcmeo u A € comp L(X), mo o(A) = g4(A) U{0}.

VrBepxkaeuue 4.4.6. Fcau X — banaxroso mpocmparcmeo,
A € compLl(X) u X # 0, mo (Ker(A— \) = {0}) <
(Im(A—=MX)=X).

HoxkazarennscrBo. [—]. Ecom Ker (A — M) = {0}, 70
A & o(A), mostomy (A — M)7! € L(X) u, Tem cambim,
Im(A—-)\)=X.

[<=]. Hycrs Im(A — X)) = X. Torma Ker (A* — \) =
— Ker(A—AD* " 23 (1A - AD)E = XL = {0}, ren
cambiM, A & o4(A*). Ho A* € comp L(X*) nosromy A\ € p(A*).
Torma Im (A* — M) = X* u {0} = +X* = L(Im (A% — X)) =
= |reopema 4.2.3.2] = Ker (A—X). =

CaencrBue. Ilyemv A € compL(X), X — banazoso npo-
cmpanemeo u A # 0. Tozda dasn onepamopa A:= A — X\l cnpased-
Auea anbtepHatusa Ppegronsma: aubo ypasrenue Ar = y paspe-
wumo (u npu amom eduncmeennvim obpazom) npu aobom y € X,
aubo coomsememeyrousee 0dnopodnoe ypanernue Ar = 0 umeem
HEHYAEB0E peuLerUe.

Teopema 4.4.7 (nepsast reopema @pejrosnbma). ITycmo X —
banazxoso npocmpancmeo u A € comp L(X). Caedyrowue ycaosus
IKBUBANCHIMHDL:
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1.Im(I—-A)=X. 2 Ker(I—-A)={0}.
3. Im(I —A*)=X*. 4. Ker (I — A*) = {0}.

HeilictBuTEaBHO, 3TO CiienyeT u3 TeopeMbl 4.2.3 u yTBepKie-
ong 4.4.6. =

Teopema 4.4.8 (Bropast reopema @pearosnbma). ITycmo X —
barazroso npocmpancmeo u A € comp L(X). Tozda

dim(Ker (I — A)) = dim(Ker (I — A")).

JokazaresbCcTBO. KoHEeYHOMEPHOCTL  MOZIIPOCTPAHCTE
Ker (I — A) u Ker (I — A*) yxe nokazana (cMm. Teopemy 4.4.4).

1. Ilyers {ey,...,e, } — HOpPMUpPOBAHHBINA 0a3uUC MOIIPO-
crpancrea Ker (I — A), {e},...,es } — HopMmuposanublii 6asuc
Ker(I — A*), a {e},...,e;} n {e1,...,&,} — ayambHble K
{e1,...,en} m {e€],...,€}, } cucreMbl COOTBETCTBEHHO, T. e€.

(ex,€f) = Op m (€x,€]) = Ont-
IIpeqnomnoxkumM, aTo n < m. PaccmoTpum omepaTopbl
n
Az = Z(x, e n A=A+ A
k=1

Oba onepaTopa KOMIAKTHBI, TaK Kak A KOHeUHOMepHbIA, a A —
CyMMa KOMIIAKTHBIX OIIEPATOPOB.

2. Mycrs xg € Ker (I—A). Torma (I—A)zg = Azg. TlockonbKy
g o€ Ln (I — A)zo,e}) = (o, (I — A%)ej) = (20,0) = 0 n

(I = Ao, ) = (Azg, %) = 3 (20, 8L) - (@, €7) = (w0, &), 10

k=1
Vi€eln {w,e) = 0. (4.4.2)
Tosromy Axg = 0. Taxnm o6pason, zg € Ker (I—A), u ero moxHo
[PEJICTABUTDL B BHJE T( = i Axer. Torma Ay = (20, ¢5) (442) 0.
T. e. g = 0. Uraxk, = ~
Ker (I —A) = {0}. (4.4.3)
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3. Hockoneky (I — A)* = (I — A) — A)* = (I — A*) — A*, 10

Voe X (z,(I—A)e) = (x, (I — A, — A*et)) =

= —(z,A%¢)) = —(Az, ¢, Z (z,8) - (& et) =" 0.
k=1

Mostomy (I — A)*er, =0, m e. e, € Ker (I — A*), uro B cuny
nepsoii reopembr Ppejrosibma nporusopednt (4.4.3).

4. Takum obpazom, dim(Ker (I — A)) > dim(Ker (I — A*)),
nosromy u dim(Ker (I — A*)) = dim(Ker (I — A*™)).

Ho dim(Ker (I — A*™)) > dim(Ker (I — A)) B cuLy yTBepK ie-
mnst 4.2.1.3, rem cambivm dim/(Ker (I —A)) = dim(Ker (I —A*)). =

Teopema 4.4.9 (tperbs Teopema Ppearonbma). [Tycmo X —
barazoso npocmparcmeo u A € comp L(X). Toeda Im (I — A) =
=(Ker (I —A*)) uIm (I — A*) = (Ker (I — A))*.

HeilicTBuTeJIbHO, 3TO ciejyer u3 TeopeM 4.2.3 u 4.4.5. =

§ 5. JluHeiinble onlepaTopbl B Ir'MJIbOEPTOBBIX
IIPOCTPAHCTBaX

B sTomMm pasmesnie Bce MpocTpaHCTBa IMIbOEPTOBBI, a A* — 3p-
MHTOBO COIpPsIZKEHHBIA K A ormeparop.

YrBepxkaenue 4.5.1. [lycmv Hy, Hy — 2uavbepmosv. npo-
cmpanemea v A € L(Hy, Hy). Cnpasedausos caedyrougue ymeep-
otcdenu:

1. (ANA)* = MA*, A = A.

2. (Im At = Ker A*, (Ker At = Tm A*,

3. Ecau Im A — nodnpocmpancmeo, mo (Ker A)* = Im A*.

YrBepxkaenue 4.5.2. [lycmv H — 2uavbepmoso npocmpah-
cmeo u A € L(H). Toeda H= Ker A® Im A* = Ker A*@® Im A.
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Onpegnenenue. [lycte H — ruisbeprosBo mpoctparcTso. Ote-
parop A € L(H) Ha3bIBaeTCs camoconpatcennvim, ecan A* = A,
T e Vr,y€e H (Az, y) = (z, Ay).

Teopema 4.5.1. Ilycmv H — zuavbepmoso npocmpancmeo
nad noaem C. Ecau A € L(H) u A* = A, moVzx € H (Az,z) € R
o(A) C R.

HokazareabcTBo. IlepBoe yrTBep:xkienme oueBmaHo. Jloka-
x&em Bropoe. Ilycte A =a +if u 5 # 0.

1. IMokazkem, uro Ker (A—AI) = {0}. Ecin (A— A )zp = 0, T0
Axg = \xg. Torma M |zo||> = (A\wo,z0) = (Az, 20) = (70, A1) =
= (20, AT0) = A||xo||?. MosTomy 7 = 0.

2. Mokaxkewm, aro I'm (A — AI) 3aMKHyTO.

Vo e H ||(A-ADz|? = (A - Az, (A — \)z) =
= |[(A—al)z|P? +[ifz|]* — (A~ al)z,ifz) — (ifz, (A—al)z) =
= |[(A = al)z|]* + [[iBz|* > 5°||=|[*.

Urax, Vo € H |[(A— X)z|| > |B| - ||z||, mosromy B cuiy yrBep-
wkuennst 4.2.5 I'm (A — AI) 3amMKHyTO.

3. Hockonbky A € R, ro H = Ker (A—X) @ Im (A* — \I)* =
=Im(A—X), 1.e. Im(A—AI) = H. Takum o6paszom, (A—AI) —
HenpepbiBHag JinHelHas Oneknusa H wa H. Ilostomy mo Teope-
Me Bamaxa 06 obparnom orobpamenuu (A — M)~1 € L(H), T. e.
A€Ep(A). =

CaenctBue. [Iycmv A € L(H), A" = A, Ae; = \ey, Aeg =
= Xoea u A1 # Ag. To2da e | es.

YrBepxkaeuue 4.5.3. I[lycmv H — 2uavbepmoso npocmpa-
cmeo nad nosem C. Ecau A € L(H) uVz € H (Az,xz) € R, mo
A* = A.

HokazareabcTBo. PaccMmorpum BhIpaxkenue

(A(z +y),z+y) = (Az,z) + (Az,y) + (z,Ay) + (Ay,y) ER =
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m ((Az,y) + (z, Ay)) = Im (Az,y) — Im (z, Ay) = 0.

Ananornuto, (A(z+iy), z+iy) = (Az,z)—i(Az,y)+i(z, Ay)+
+ (Aiy,iy) € R = Im ( — i(Az,y) + z(:n,Ay)) = Re (Ax,y)—
—Re (z,Ay) =0. =

Teopema 4.5.2 (0 HOpME CAMOCOIIPSIZKEHHOI'O OIlepaTopa B

rub6epToBOM  TIpocTpanctie). I[Tyemvy H — 2uavbepmoso npo-
empanemeo. Ecau A € L(H) u A* = A, mo ||A|| = sup |(Az,z)|.
|| |=1

HokazareabcTBo. 1. B cuny nepasencrsa Kormun — Bymskos-
CKOI'O U OIIPeJIeJIEHUsl HOPMbI JIMHEMHOT'O OllepaTopa

a:= sup |[(Az,z)| < sup (|[Az[-||z]]) <[|A]l.

l2l|=1 al|=1

2. Iycts o # 0, Torma |(Az, x)| < o |z||?.
3. B cuny pasencrTsa

(A(z +y),z+y) — (Alz —y),z — y) = 4Re (Az,y)
U3 II. 2 TIOJIyYUM, 9TO

4|Re (Az,y)| < allz +y[* + allz — yl* = 2a(]]2[]* + [ly[]*)-

Bssas ||z]| = 1: Az # 0 u y = Az/||Az||, u3 sT0r0 HepaBeHCTBA
TIOJLY UM
4Re (Az, Az/||Az||) = 4||Az]| < da=||Az|| < a=||4]| < a =

Caencrsue. [lycmv H — 2uavbepmoso npocmparncmeo. Ecau
A, Be L(H), A=A B*=BuVx € H (Az,x) = (Bx,x), mo
A= B.

YrBepxkaenue 4.5.4. [lycmv Hy, Hy — 2uavbepmosv. npo-
empancmea u A € L(Hy, Hy). Tozda ||A||* = ||A*A||.

YrBepxkaeuue 4.5.5. I[Tycmv H — 2usvbepmoso npocmpar-
cmeo, A € L(H) u A* = A. Toeda (3A™! € L(H)) < (A —
cmpozo omdeaen om nyan (cm. (4.2.1)).
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HoxkazarenscrBo. [<=]. Ker A = {0} u 1o yTBep:IeHnIO
4.2.5 Im A — nomgupocrpanctBo. [losTomy B cumty yTBepKIeHUS
451 ImA = (Ker A*)* = (Ker A)t = H n, tem campm, 10
Teopeme Banaxa o6 obparHom orobpazenun A1 € L(H). m

Onpenenenne. llycte H — ruibbepToBO IPOCTPAHCTBO HAJL
nosem C. Omeparop A € L(H) na3blBaeTCs HEOTPUIATETBHBIM,
o obosnauaercst A > 0, ecom Vo € H (Az,x) > 0.

3ameuanmne. OrmeruM, 9TO B cuity yTrBepxKaenus 4.5.3 neor-
pUIIATE/IBHDBIN JTUHEHHBIN OIIepATOpP B IMJILOEPTOBOM IIPOCTPAHCTBE
nay1 nosiem C camoconpsizkeH.

Onpenenenue. Ilycts H — rumpbepTOBO MPOCTPAHCTBO HAJ,

nosiem R. Omneparop A € L(H) Ha3bIBaeTCs HEOTPUIATEBHBIM,
410 obosnauaercss A > 0, eciu A= A*uVzx e H (Az,z) > 0.

Teopema 4.5.3. Ilycmv H — 2uavbepmoso npocmpancmeo,
AeL(H), A=A va(A):= Hilrllf I(Am,x), B(A):= sup (Az,x).
o= [|=]|=1
Tozda

{a(A4),8(A)} C o(A) C [a(A), BA)] w

Al = max{[a(A)[, [B(A)[}-

HoxkazaresbcrBo. 1. [Iycrs Ay :=A—al, tne a:=a(A). To-

ria Ay > 0 u o Teopeme 4.5.2 ||[Ay|| =0 —a = F{x,} C H:
lzn|l =1 1 (Aatn, 2n) = [|Aal| =

0 < [I(Aa = [|Aal|Dan||* =

= |[Azp|]” + [| Al [lznll® — 2/|Aall(Aazn, 7n) <
< 2[|Aall? = 2[|Aall(Aatn, 21) — 0.

B cuny yrBepkuenus 4.5.5 ||Ay|| = (B — «) € o(4y) =
=0(A) —a = peca(A).

2. lycrs Ag:=p1 — A, tne B:=p(A). Torma Ag > 0 u

no teopeme 4.5.5 [|[Ag|] = B — « = (B —a) € 0(Ag) =

=p—-0(A) = ac€a(A).
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3. Ilycte A > fp(A). Torma Ag:=pI — A > 0 =
M = A)a|? = [[Agz + (A = B)z[]* = [[Agz[]® + (A = B)?[|=|[*+
+2(A = B)(Agz, ) = (A — B)?]|z|[%, 1. e. (A — AI) crporo ornernen

yTB.4.5.5
or nynst - = A\ € p(A).
Ananornuno paccmarpusaercst ciydail A < a(A).

YrBepxkaeuue 4.5.6. I[Tycmv H — 2usvbepmoso npocmpar-
cmeo, A € L(H) u A= A*. Cnpasedausol caedyrousue ymeepoicoe-
HUA:

1. (A>0) <= (0(4) C [0;+00)).

2. Ecau o(A) C [a;+00) ua >0, mo ||[A7Y] < 1/a.

Jloka3aTebCTBO. . B cuny yenosus «(A) > a. Ilycrs
Ag:=A —al > 0. Torma ||Az||? = ||Aax + ax||?* = ||Asz|]? +
+ a?||z||* + 2(Aax, ) = o?|z|]?. =

Teopema 4.5.4 (HOpMa KOMIIAKTHOIO — CAMOCOIPSI?KEHHOI'O

oreparopa B rmiabbepToBoM npocrpancrse). [Tyemv H — zunn-
bepmoso npocmpancmeo u A* = A. Ecau A € compL(H),
mo 3N € R3zyg # 0 (Azg = Azg A A = [|4]]), m. e

1Al = max [oq(A)]

Teopema 4.5.5 (I'mns6epr — MImuxar). ITyemov H — ce-
napabeavroe zuavbepmoso npocmpancmeo, A € compL(H) u
A* = A. Tozda cywecmseyem opmoHOPMUPOSAHHBIT ba3uc mpo-
cmparcemea H, cocmoawutl us cobcmeeHHvT 6eKMOPOS ONePamo-
pa A.

§ 6. IloHsATHE peryisipu3yollero ajropurMa

[Tycrs X u Y — mopmuposannble npoctpanctsa, A € L(X,Y),
Ker A = {0}, no A~! ¢ L(Y, X). PaccMoTpum 3aj1atuy HaxozxKie-
HUM TIPUOJINKEHNST K PENIEHNIO ypasHenus Az = y 1o npubmKen-
HO 3aJaHHBIM MCXOAHBLIM JaHHBIM. A NMEHHO: IIyCTb U3BECTHO, 9YTO
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TOYHBIE UCXOJIHBbIE JaHHBbIE Yo € Im A, Torma Jdxg € X @ Axg = yo.
Eciun BMecTo Yy HaM U3BECTHO HEKOTOPOE ero HpHUOJIMKEeHUe Ys:
llyo — ys|| < 0, To B KauecrBe MPUOIMZKEHHUsT TOYHOTO PEIEHs
Ty HeJb3st OpaTh pellerune ypapHenuss Ax = ys. Bo-miepBbIx, 310
ypaBHEHIE MOXKeT OBITH HEPA3PENTNMBIM, &, BO-BTODBIX, JarKe eC-
JIU PeIleHne STOr0 YPABHEHUSI €CTh, TO B CUJIy HEOI'DAHUIEHHOCTH
oneparopa A~! Hesp3sg rapanTHpOBATL GJIM30CTL STOTO PEITEHHS
K Tp.

Bo Bropoit mososure 20 Beka, B 3HAMUTETHLHON CTEIIEHN YCHIIN-
simu coeTckux yuenbix (Tuxonos A. H., Jlaspentses M. M., Usa-
HoB B. K., ux yuenuku u mnocsesoBarenn), Obliia co37aHa TEOPHs
pellleHusi 3a/1a4 TAKOro poja (U He TOJIbKO JIJis JINHEHHBIX ypaB-
Henwuii). Ona nosyuwnia nazsanue "Teopust pereHnst HEKOPPEKTHO
mocTaBIeHubIx 3ama4d". OHa 13 OCHOBHBIX WIEH 9TOI Teopuu Co-
CTOUT B TOM, UTO JIJIsl HAXOXKJIEHUsI MPUOJIMKEHUS JIEMEHTa X(
0 TIPUOJIMKEHHO 38 TAHHBIM MCXOTHBIM JIAHHBIM Y5, HEOOXOINMO
HCXOJIHOE yPaBHEHME 3aMEHUTH Ha HOBYIO 3aJ1a4y.

[Tompobuee ¢ Teopueit HEKOPPEKTHO TTOCTABIEHHBIX 38,714T MOXK-
HO O3HAKOMUTBCsI, Haupumep, 1o Monorpadwusm [17], [10] u [4].
3/1ech MBI PACCMOTPHM OJMH U3 METOJI0B HAXOMKIEHUST TAKOTO MPH-
OJIVKEHUsI JIjIsi ypABHEHW B IMJIbOEPTOBBIX MPOCTPAHTCBAX.

Teopema 4.6.1. Ilycmv H — 2uavbepmoso npocmpancmeo,
A€ L(H), KerA={0},0¢€ 0(A) uA >0. Toeda Vx € H
lim (A+al) 1Az = .
a—-+0
HoxkazareabcTBo. 1. B cuiy yreepxkenus 4.5.6
[(A+al)7 Y| < 1/

2. Vy € H [[(A+ oDyl = [|Ay[]” + 2a(Ay,y) + o?|lyl* >
> [a(Ay,y) = 0] = ||Ay||? Honoxus y = (A + of) "'z, momxyanm

(A +al)~tA|| < 1. (4.6.1)

3. Ilpenmosioykum, 9TO IIpu HEKOTOPOM xg € H yTBepxKjeHue
reopembl HesepHo. Torma 3 >0, I{ay, }: a, —+0u

I[(A + and) "t Azg — 20| = 7. (4.6.2)
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B cuiy (4.6.1) nocrenosarenbHocTs { Ty, }: 2y i =(A + a, )"t Axg
orpanndvena. ITosromy, He orpannunBast o6IHOCTH (B CUILy yTBEp-

~ CA  ~
kernst 4.2.3 u reopembt 4.1.7), MOXKHO CIUTATH, YTO 3T : Ty — T.

Ho
Az = (A + a1z, = Az, + apx, — AZ.
Toryia B cnily MHBEKTUBHOCTH omiepaTopa A mojiydum, 9to T = Xg.

TeMm camMbIM
Ty = (A4 o I) L Azg =5 0. (4.6.3)

4. 3 (4.6.3) u cBoiicTBa HOPMBI CJIAGOTO MPEJIEIIa Oy TUM

_ (4.6.1)
[lzol| < lim [|(A-+a I) ™! Awol| < Tim [[(A+anl) ™ Aol < [0l

T. e. ||xn|| = ||zo||. Ho B ruasbeproBom mpocrpaHcTBe U3 COOTHO-
meHuit T, —o xo 1 ||z,|| — ||zo|| cremyer: x, — xg, uro mporuBoO-
peunT coorHomeHno (4.6.2). m

Teopema 4.6.2. [lycmv H — 2uavbepmoso npocmpaHcmeo,
A € L(H), KerA = {0}, 0 € g(A), A > 0, Azo = o,
lyo — sl < 6, o= (0560) — (05 0),

. )
%111(1) a(d) =0 u %1_1)% o) = 0. (4.6.4)

Tozda w5 :=(A + a(8)I)~Lys — x¢ npu d —0.

HokazareabcTBo. B cuty nepasencrsa TpeyrobHUKA

||z5 — @ol| < [I(A + () )~ ys — (A + a(d)I) yol [+
+ 1A+ a(6) 1) yo — wol| <z + [I(A +a(8) 1)~ Azg — 0| — 0

upu 6 — 0 B cuity coorrorennst (4.6.4) u reopemst 4.6.1, MOCKOIBKY
%in% a(0) =0. =

YrBepxkaenue 4.6.1. [lycmv Hi v Hy — 2uavbepmoso, npo-
empancemea, A € L(Hy, Hol), Ker A = {0}, A=Y ¢ L(Hs, Hy),
ImA = Hy, Azo = yo, |lyo — wsll < 0, a = (0;0) — (0;0),
513%a( )=0 by a(d) 0

Tozda x5 :=(A*A + a(8)I) L A*ys — x0 npu 6 — 0.
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JokaszarenbcrBo. B cuity Toro, urto Im A = Hy u yTBepiK ie-
uust 4.5.1, nonyunm: Ker A* = {0}. ITosromy ypasuenune Ar = y
paBHOCHILHO ypaBHenuio A*Ax = A*y. Ilpm stom A*A > 0, a
[|A*ys — A*yol| < ||A*|]0. Tenepn ocranoch NpUMEHATH TEOPEMY
4.6.2. m

Onpenenenwne. [lycrs X u Y — HOpMUpOBaHHBIE TTPOCTPAH-
cra, A € L(X,Y), Ker A= {0}, no A=t ¢ L(Y, X).

CewmeiictBo { Ry } C L(Y,X), tie a € (0; ), nasbiBaercs
AUHETHOIM PELYAAPUSYIOUUM Cemelicmeom das onepamopa A Ha
mmoorcecmee V- C X (miti KpaTko, pe2yiapusyoujum cemetcmeom
onn AnaV),ecmVreV olélgb R Az = w.

Eciu cxomumocThb linh R, Az = x pasaomepHas Ha V', 10 { Ry, }
Ha3bIABEeTCS pasnomegffﬁm AUHETIHBLM  PERYAAPUSYIOULUM  CEMET-
cmeom das onepamopa A na mmoscecmee Vo C X (mim KpaTko,
PAGHOMEPHBIM PERYAAPUSYIOUUM cemeticmaeom das A na V).

3ameuanue. Teopema 4.6.1 nokasbiBaer, uro eciu H — ruib-
6eproso mnpocrpamnctso, A € L(H), KerA = {0}, 0 € 0(4) u
A >0, To cemeiictBo Ry :=(A + al)~! asnsercs muHeitHbIM pery-
JAPUIYIONUM cemeiictBoM it A Ha Bcem H.

Samanue 4.6.1. [lokaxkure, 9TO PacCMOTPEHHOE BBIIIE Ce-
MEHCTBO He ABJIACTCA PABHOMEPHBIM JIMHEHHBIM PEeryJIsdpu3y oM
ceMelicTBOM Ha BceM H.

Sameuanue. B ciyuae namuuns y oneparopa A perynsipusy-
forero cemeiictBa { Ry, } 1ist A ma MmuoxkecTBe V', B KadecTBe Ipu-
OJIMKEHUsT TOYHOTO perteHust Axg = Yo, g € V 110 NpuOIMKEHHOI
npaBoit qactu Ys: ||ys — yol| < & MoxmO Opath s := Ry (s5)ys PN
HEKOTOPOH CBSA3M NapaMeTpoB & U 0: %iiI(l] a(d) = 0.

Teopema 4.6.3. IIycmv X u Y — mnopmuposarHwvie npo-
cmpancmea, A € L(X,Y), KerA = {0}, A~ ¢ L(Y,X),
{Ro} — peeyaapusyrowee cemeticmeo das A na V, Axy = yo,
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zo €V, |lyo —ysl| < 6 ua:(0;0) — (0;ap), %ir%a(é) =0u
)

lim ———— = 0. To2da x5:= Ry5)ys — To npu 6 — 0. =
3=0 [|Rogo)| ©

Ecin y oneparopa A ecTb paBHOMEPHOE PETryJIsIpU3YIOIIee ce-
MeicTBO Ha V', TO MOXKHO JIaTh ¥ MapAHTUPOBAHHYIO OIEHKY IIPH-
OJIMKEHHOTO pellenust s := Roys.

IIyctrb X wmw Y — HOpMHpPOBAHHBIE IIPOCTPAHCTBA,
{Ra)} € L(Y,X) — pasHoMepHOe peryJspusyioniee cemefi-
crBo it A ma V' 1. e. n(a):=sup||RqAx — z|| -0 upu a — 0 u

\%

Tre
)
T =Rays. Torna ||zq.s — zol| < m + n(a). Tem cambim
(0%
ecn lima(d) = 0 u lim ——— 0, To rapaHTHpOBaHHASI
8—0 =0 || Ras)l|

OIleHKa NMPUOJIMZKEHHOTO Perenns Ty := Ry 5)Ys nveer Buj

)
x5 — xo|| < —=— + n(a(d)),
npuyeM
)
——— + n(a(6)) — 0 upu 6 — 0.
[ Res) |

['naBa b
OneparTopsbl C MHIEKCOM

§ 1. PakTOpHIpOCTPAHCTBA HOPMUPOBAHHBIX
IPOCTPAHCTB

Onpenenenue. [lycto X — juHeiinoe mpocTpanCcTBO HAJL I10-
gem P, a Xg — ero noamnpocrpancTso. Torma OuHApHOE OTHOIIIEHHTE
x ~y:=(r—y) € Xy ecTb OTHOLIEHNE SKBUBAJIEHTHOCTHU, U HA MHO-
»KECTBE KJIACCOB 9KBHBAJIEHTHOCTU 3TOI'O OTHOIIEHUS T = & + Xg

MOYKHO 3a1aTh OIIePAIIH Ttz =1+ u\T = AL, OTHOCATEJILHO
KOTOPBIX OHO CTaHeT JINHEHHBIM HPOCTPaHCTBOM HaJ noseMm P (c
HYyJIeM 6) Do JimHeiHOE TIpocTpaHCTBO 0603HaUaeTcs depes X /X
U Ha3bIBaeTcd arxmopnpocmparcmeom npempancmea X no nood-
npocmparcmsy Xg.

Orobpazxenue 7 : X — X/ Xy, 3agannoe dopmysnoit 7(zx):=2,
HA3BIBAETCA KAHOHUYMECKUM 0MOoBpascenuem Wi Gaxmopomobpa-
DHCEHUEM.

YrBepxkaeuue 5.1.1. I[Tycmv X — aunetinoe npocmparcmeo
nad noaem P. Cnpasedausnvl caedyrowsue ymeepocoernus:

1. Feau X D Xg — aunetinoe nodnpocmpancmeo, mo Hati-
demes maxoe nodnpocmparcmeo X1 mpocmparcmea X, wmo
X1 gX/XQ uX =Xo®d X;.

2. Ecau X D X; — aunetnvie nodnpocmpancemea (i = 0,1)
marue, wmo X = Xo @ X1, mo X; = X/Xj.

3. Fcau X D Xy D X1, 2de Xy u X1 nodnpocmpancmea npo-
cmparemea X, u dim(X/Xl) < 00, Mo dim(X/Xg) < 0.

JlokazaTeabCTBO. . [Tycrs {€,} — 6asuc npocrpaHcrsa
X/Xo, a{en}: Va ey € eq. Torma {e,} — nuneiino nesasu-
cumas cucrema. lomosHuMm ee mo 6a3mca Bcero mpocrpancrsa X,
T. €. BO3bMEM JIMHEHHO HE3aBHCUMYIO CHCTEMY {€g} TaKylo, 4To
{ex }u{es} — basuc npocrpancrsa X. Torma
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X={eaho{es}) u{{es})=X/Xo

. [Iycts 79 u m; - KanoHumdeckue (PaKTOPOTOOpAYKEHUS
npocrparctea X wa X/Xo m X/Xp, coorBercrsenno. Torma
orobpaxkenne A : X/X; — X/Xq, oupenenennoe dopmyioit
A(m(z)) :=mo(z) ecTb JmHeiiHAS CIOPHEKIHS.

YrBepxkaeuue 5.1.2. I[Tyemv X — Hopmuposarnoe npo-
cmpancmeo, a Xg — ez2o nodnpocmparcmso. Cnpasediusvl caedy-
OUUE YMBEPHCOEHUA:

L ||z|]|:==inf{||Z|| : T € 2 = 2+ Xo} — Hopma Ha aunetdrom
npocmpancmee X/ Xg.

2.Ve>0Vre X/Xo Jzc €z ||z|| < ||ze]| < ||Z]] + €.

3. me L(X,X/Xo), |I7]| <1 ulmm=X/Xp.

4. Ecau X — banaxoso npocmparcmeso, mo X/Xg mooice ba-
HATOBO NPOCTNPAHCMNEO.

5. Ecau X — 6aHGT060 NPocmparcmeo u cyulecmsyem noonpo-
cmpanemeo X1 C X makoe, umo X = Xo ® X1, mo X7 = X/X
KAK MONON02UMECKUE GEKMOPHBLE NPOCTNPAHCMEA.

6. Cywecmeyem 7 : X/ Xg — X maxoe, umo momp = Ix/x,
Vi € X/Xo |lnr(@) < 2.

JlokazaTeJbCTBO. . Mycrs  {z,} — dynramen-
TasbHas  mocsegoBarensHocts B X/Xo.  Torma  3{z,, }:
Zn, — Znll < 27% B cmry uymkra 2 maiigercs
{xk} c X: W(:Ek) = :Afnk — 5nk+1 n kaH < 27F —

o0 o0
xo:= Y, xp cxomurcss. Tak kak w(xg) = Y w(rg) =
= n%gnoogl(wnk - xnk-i,—l) = mlgnoo(xm - xnm+l)7 TO {xnk}

cxomures = { Ty, } cxomuTes.

. Orobparkenne 7r} x, €CTh HelpepbIBHas JInHeHas OueKIus
6anaxosa npocrpancTsa X Ha 6anaxoBo npocrpancTso X /X, mo-
9TOMY 110 TeopeMe Bamaxa 06 0OpaTHOM OTOOPAXKEHUN, TOJIYIHM,
qTO 7T‘ X, romeoMopdusM. m
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YrBepxkaeuue 5.1.3. I[lyemv X — banaxoso npocmpar-
cmeo, a Xg — ezo nodnpocmparcmeo. Caedyrowue yciosus %-
BUBANECHINMHDL:

1. Cywecmsyem nodnpocmpancmeo X1 C X makoe, wmo
X =Xy X;.

2. Cywecmeyem omobpasicenue TR € E(X/XO,X) makoe,
umo woTmR = Ix/x,-

JlokazaTeabCcTBO. 1= 2]. B 9TOM cIytiae
-1
TR:= (71" X1> — UCKOMOE OTOOparKeHwue.

1=2]|. Ilyctp 7R € E(X/Xg) Takoe, 9T0 T o TR = Ix/x,-

2] = l[x(mr@)]| < [I7|[ - [lmr(@)]| < |I7r(Z)[|, 1. e. Tk crporo
OTJIeJIEHO OT HyJId —> X :=Im Tp — TOIIIPOCTPAHCTBO.

Ecm z € X, vo z1:=7(Z) € Xy un(x;) = 21 = T =
r—x1 € Xp.

Ecim zg € XoN Xy, o 37: 29 = 7R(7) = 0= m(xg) =T
:>$0:7TR(6) =0. m

YrBepxkaeuue 5.1.4. I[Tycmv X, Y — aunetinvie npocmpar-
cmea Had nosem P, onepamop A : X — Y — aunetnoid, a one-
pamop A X /Ker A —'Y onpedenen opmyaot: A7 = Ax. Cnpa-
6edauBbL CAedyIouyue YMeepotcoeHuA:

1.ImA=ImA, Ker A={0} uImA=~X/Ker A.

2. Fewuw X, Y —  HOpmuposammvie npocmpancmeda
Ae L(X,)Y), moAe L(X/KerAY) u||A]| <|A]].

YrBepxkaeuue 5.1.5. I[Tycemv X, Y — banaxosv, npocmpar-
cmea, A € L(X,Y) u cywecmeyem Yy — nodnpocmparncmeo npo-
cmpancmea Y maxoe, umo Y = Im A®Y|. Tozda Im A — nodnpo-
cmpancmeo u Im A = X/Ker A xax monoarozuveckue 6exmoprovie
NPOCMPAHCMEA.

HoxkazareabcTBo. B cuity yrepxennit 5.1.3.4 u 5.1.4 MoxK-
HO cunurarh, uro Ker A = {0}.

Pacemorpum nmneiinoe orobpazkeHue A Ganaxosa IIPOCTPAaH-
crBa X X Yy B 6aHaAX0BO NPOCTPAHCTBO Y, 3ajlaHHOE (HOPMYI0it
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A\(:n,y) :=Ax + y. Torna A HelnpepbIBHast OuekIus HGanaxoBa
npoctpancTBa X X Yy Ha Ganaxopo mpocTpancTBo Y. ITo Teope-
Me Bamaxa 06 obpaTrHoM OTOOparKeHuu A romeomMopdusm —>
ImA = A\(X x {0}) — samxHyTo. Tenepb oCTAIOCH IIPUMEHUTH
yTBepkKIenne 5.1.3.5 m

YrBepxkaeuue 5.1.6. I[Tycmv X, Y — banaxosv, npocmpar-
cmea. Ecau A € L(X,Y) u dim(Y/ImA) < oo, mo ImA sa-
MEHYMO.

HelicTBUTEABHO, 9TO €CTh CJIeJCTBUE U3 yTBepxKIeHuit 5.1.1
u 5.1.5 1 3aMKHYTOCTH JIIOOBIX KOHEYHOMEPHBIX JIMHEHHBIX MHOT'O-
obpaznii. m

Onpenenenne. Ecim A € L£(X,Y), To nuneiiHoe mpocTpa-

crBo Y/Im A naswiBaercst kosadpom onepamopa A u 06o3HaUTAETCsI
Coker A.

Ounpeznesnenne. Ilycrs { X1,..., X, } — auneiinse mpocTpan-
cra u {Ay,...,A,_1} — Jsmneitable oneparoper: Vi € 1,n —1

A A; A
A; + X — Xy, HQnarpamma ... — X; — X4 ... Ha3bIBa-

ercst mounot, ecmu Vi € I,n—1 ImA; = Ker A;j4 1.

ITpumep 5.1.1. Jduarpamma {0} — X i>Y—>{0} TO4YHA TO-
IJa U TOJBKO Torja, Korga A — Ouexius.

Teopema 5.1.1. Ilyemv {Xi,...,X,} — OGanazosv. npo-
cmpanemea, Vi € 1n—1 A; € L(X;,Xi41) u dua-

A A; Ait1
epamma ... — X; —= X;01 — ... mouna. Toeda Juazpamma
Hove AT i
> X — X[ — ... mooice mouna.

HokazarenabcTBo. OTMETUM, YTO B CHJIy TOYHOCTU HCXO/IHOM
aparpaMMbl Bce Im A; 3aMKHYTBI IIOCKOJIbKY COBIIQJIAIOT C siIPaMU
HEeINPePBIBHBIX orrepaTopoB. Torga mo Teopeme 4.2.3

Im A7, = (K67“Ai+1)L = (ImAi)L = KerA;. =
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§ 2. CaoiicTBa onepaTopoB ¢ MHAEKCOM

Onpenenennsi. 1. Ilycte X,Y — 6GaHaxOBBI MPOCTPAHCTBA.
Omneparop A € L(X,Y) HazblBaeTCs 0nepamopom ¢ uHoeKcom Wim
Ppedzoromosvim, ecim Ker A n Coker A konednomepHbl. MHOXKe-
CcTBO BCex (PPearo/ibMOBBIX omepaTopoB u3 X B Y OyiaeM 0603Ha-
qars F(X,Y).

2. Hndexcom PperoabMoBa oleparopa Ha3bIBACTCs BEJIUYNHA
ind(A) :=dim(Ker A) — dim(Coker A). (5.2.1)

Bameuanne. B [12| u [18] B owmmume or [8], [19], a Takke
monorpaduwmii [13], [20], dperosbMOBbIMU HABBIBAIOTCS JIAIIb OlIe-
PATOPBI C HYAECEbIM UHOEKCOM, a ONEPATOPDI ¢ MPOU3BOJIBHBIM UH-
JIEKCOM Ha3bIBAIOTCS HEMEPOGHLMU.

YrBepxkaeuue 5.2.1. I[Tycmv X, Y — banaxosv, npocmpar-
ecmea u A € F(X,Y). Toeda cywecmsyrom maxue nodnpocmpan-
emea Xg C X uYyCY,umo X =KerA® Xo, Y =Yy®ImA
u dim(Yy) = dim(Coker A).

YrBepxkaenue 5.2.2. [lycmv X, Y — banaxosv, npocmpah-
cmea, A € L(X,Y) u A 6uekmusen. Toeda A € F(X,Y) u
ind(A) = 0.

YrBepxkaenue 5.2.3. [lyemv X, Y, Z u W — banaxosu
npocmpancmea, A € F(X,Y), Be€ L(Y,Z), C € LW, X) u one-
pamopo, B u C' 6uexmuenu. Toeda BA € F(X,Z), AC € F(W,Y)
wind(BA) = ind(AC) = ind(A).

VrBepxkaeuue 5.2.4. I[lycemv X, Y — xoneuHomepHbvie HOP-
muposanmvie npocmpancmea. Toeda F(X,Y) = L(X,Y) u
VAe L(X,Y) ind(A) = dim(X) — dim(Y).

HokazaresnbcrBo. Pasencrso F(X,Y) = L(X,Y) oueBuno
B cujy KoHedHoMepHocTu mpoctpancts X u Y. B cuiny yrBep-
xuenust 5.2.1 cupasejubl pasyoxkenus X = Ker A ® Xo u
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Y = Yo ® ImA, a B cuny yreepxkaenust 5.1.1 dim(Im A) =
= dim(Xy). Hosromy ind(A) = dim(KerA) — dim(Yy) =
= (dim(X) — dim(Xo)) — (dim(Y) — dim(Im A)) = dim(X) —
—dim(Y). =

YrBepxkaenue 5.2.5. [lycmv XY — 6anaxosv. npocmpan-
cmea. Ecau A € F(X,Y), mo Im A samxnymo.

HelicTBUTEIBHO, 9TO CIeyeT U3 OIpeeaeHust ppearoabMo-
Ba oreparopa u yrBepxkjieHus 5.1.6. =

Teopema 5.2.1. Ilycmv XY — 6anaxosv, npocmparcmea.
Ecru A € F(X)Y), mo A* € F(Y* X*). Ipu omom
dim(Ker A*) = dim(Coker A), dim(Coker A*) = dim(Ker A) u
ind(A*) = —ind(A).

oKaszaTeJIbCTBO. PaccMoTpuM guarpamm
pil P paMMy
{O}HKerAﬁXLyLY/ImAH{o}, (5.2.2)
— Ha

rje i — orobpaxkenue Bioxkenuss Ker A B X (unbeknusi), a m —
dbakroporobpazkenue (cropbeknust). dra guarpamMMa TouHa. Torga
o Teopeme 5.1.1 Touna Amarpamma

{0} —(Y/Im A)* ﬁ vy A X i—;(Ker A —{0}.  (5.2.3)
— H

IIpu  srom B cmny Teopembr 4.2.3 ¥  —  CIOpbek-
must, a w° — wuabekmus. llostomy dim(Coker A) =
= dim(Y/ImA) = [Y/ImA — KoHeuHOMepHO| =
= dim((Y/ImA)*) = |[r* — unmveknusa] = dim(Imn*) =
= [rounocrs mmarpammer (5.2.3)] = dim(Ker A*).

Ananornuno, dim(Ker A) = |[Ker A — konednomepHo| =
= dim((Ker A)*) = [roumocts jmarpammbl  (5.2.2)] =
= dim(Imi*) = [yrsepxuenne 5.1.4] = dim(X*/Keri*) =
= [roumocts gmarpammbr  (5.2.2)] = dim(X*/ImA*) =
= dim(Coker A*). m
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YrBepxkaeuue 5.2.6. I[Tyemv X, Y — banaxosv. npocmpar-
cmea. Ecau A € L(X,Y), Im A — samxnym, dim(Ker A) < oo u
dim(Ker* A) < oo, mo A € F(X,Y). IIpu smom

ind(A) = dim(Ker A) — dim(Ker A*).

HokazareabcrBo. 13 3amkuyToctu Im A cieayer TOUIHOCTH
jquarpammbl (5.2.2), a, 3Hauut, quarpamma (5.2.3) Toxe TouHA, U, B
vacrHocTu, Im n* = Ker A* — koneunomepro. Ho m* unbekTuBeH,
nosromy Im7* = (Y/Im A)* — KoHeuHOMepHO —> Y/Im A —
KOHEYHOMEDHO. =

YrBepxkaenue 5.2.7. [lyemv X — 6anazroso npocmpar-
cmeo. Ecau K € comp L(X), mo

I+ K e F(X) uind(l + K)=0.

JeiicTBUTENBHO, 3TO CJEJyeT U3 IPEJIbLIYIIEro yTBEPKIe-
nusg u treopem 4.4.4, 445 443 u 448 =

Onpenenenwne. Ilycto X1, Xo u Y, Yo — jnuneiinnie mpo-
crpancTBa Hag nojeM P A;; : X; — Y, — nuneitnble onepaTophl.
Torma nuneinbiii oneparop A @ X7 x Xo — Y7 X Y5, 3amanubrii
no dopmyre A(xy,x2) :=(A1121 + A1ox2, As1x1 + A9x2), MOKHO

_( An A
[IPEJICTABUTL B MampuyuHom eude A := , €CJIA Iapbl
A1 Ag

1
(r1,22) u (y1,y2) 3aUCHIBATL B BUJIE BEKTOPOB-CTOJIOIOB ( - >
2

Y2
BHJIE COXPAHAIOTCS KJTacCmIecKue (hOPMYJIbl MATPUIHOTO NCIUCIIE-

HU4, CBA3AHHBIC C CYMMOH U IIPOU3BEJICHUEM OIIEPATOPOB.

Ecm X m Y — ymneitabie npoctpancTBa Hasr mojgeMm P, X,
Xs u Yy, Yo ux nmommpoctpanctBa takme, uto X = X1 D Xo u
Y=Y19Ys,aA: X — Y — jquHeiiHslii orepaTop, TO OTOXKIECTB-
aass X1 @ Xo ¢ X1 X X9, a Y] @Yy ¢ Y] x Yy, T. e. 3anuceiBast

1
u < y > IIpu npencraBieHun TakuxX OIEpPaATOPOB B MATPUUHOM

BEKTOpa T1 + T2 U Y1 + Y2 B BUJE < il ) u < Z?jl ), OJLy UM
2 2
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mampuunoe npedcmasaenue orneparopa A, MOPOXKJIEHHOE yKa3aH-
HBIM Pa3JIoyKeHneM MpocTpancTs X u Y, e JUHEeHHbIE OllepaTo-
pol A;j : X; — Y; onpenenensr opmymamu A;; = priA‘ X, 31ech
pri — omeparop npoektuposanus Y Ha Y;, T. e. pri(y1 + y2) = y;
(y1 € V1,2 € Y2).

YrBepxkaeuue 5.2.8. I[Tycmv X1, Xo u Yy, Yo — banazxosw,
npocmpancmea, a A : X1 X Xo — Y] X Yo — aunedinwti onepamop

An A12> Tozda

¢ MampuMHLLM npedemassenuem A =
Ao Ago

A€ E(Xl X Xo,Y] X Y2)<:>Vi,j =1,2 Aij S ,C(X],)/l)

Onpenenenune. Ilycre X u Y — HOpMUpOBaHHBIE TTPOCTPaH-
crBa u A € L(X,Y). Oueparop A HasbpiBaeTcss nowmu o6pamu-
moim, eciim 351,59 € LY, X): ASy = Iy + K1, a SoA = Ix + Ko,
rie onepatopbl K| u K9 — KOHEYHOMEPHHBI.

Teopema 5.2.2. [lycmv X u'Y — banazroswv, npocmparcmaea.
Tozda (A € F(X,Y)) <=(A nowmu obpamum).

HoxkazaTesibecTBo. [= |. B cuny xoneunomepnoctn Ker A u
Coker A oHU JIONIOJTHSIEMBI, T. €. CYIECTBYIOT TAKHE TOIITPOCTPaH-
crBa Xg C X uYyCY,auto X =KerAdo XouY =Yy ®ImA,
mpu stoMm Yy = Coker A. Torma MaTpudHoe TpeICTABICHIE OTIe-
paropa A, MOpOXKIEHHOEe STUM Pa3jIoyKeHneM TpocTpaHcTB X u Y,
00 >7r;[e Agg € L(Xg,ImA) u ImA =
0 Ag
= Im Ags. Ilo mocrpoennio Agy — HemnpepbiBHast Ouekiust GaHa-
xoBa npocrpancTBa X( Ha 6aHAXOBO npocTpaHcTBo Im A (Hamom-
HIM, 9TO Y (peArobMOBa onepaTropa 00pa3 BCerja 3aMKHYT) =
So:= Ay € L(Im A, Xp).

Onpenenium  oneparop S € L(Y,X) dopmysoit

(0 0 (0 0 B —Iy, 0
S.—(O S()).TomaAS—(O I]mA>—Iy+( 0 O>

(—IYO 0) ) "
u — koHeuHoMmepHbiii. C JIpyroii  CTOPOHBI

umeer Bug A = <

0 0
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0 0 _IKerA 0 _IKerA 0
4= (g ) =me () e (D)
TOXKE€ KOHEYHOMEPHDIN.
[<=]. llyctp SoA = Ix + K. Torna Ker A C Ker (S2A) =
= Ker (Ix + K2) C Im K9 — KOHEYHOMEPHO.
[Iycrs ASy = Iy + K;. Torma Im A D Im (ASy) = Im (Iy +
+ K3). Ho o yrepxkienuto 5.2.7 oneparop Iy + Kq dpearoibmos

= dim(Coker(Iy + K1)) < o0 yre. 5113 dim(Coker A) < co. =

Yrepxkaenue 5.2.9. [lycmv XY — 6anaxoswv. npocmpan-
cmea, A € F(X,Y), a K € compL(X,Y). Toeda onepamop
A+ K e F(X,Y).

HokazareabctBo. [lo Teopeme 5.2.2 omepatop A — mourn
obparum. Tem cambim cymecrsyer Sy € L(Y, X): SoA = Ix + Ko,
riae Ky — xoneunomepusiit. Torma So(A+ K) = Ix + Ko + SoK.
ITockosbky omeparop Ko 4+ So K KOMITAKTEH, TO IO yTBEPKICHUIO
5.2.7 SQ(A + K) S f(X) — 35 € E(X) SQSQ(A + K) =:
=: S9(A+ K) = Ix + Ks, rie Ky — KOHEIHOMEDHBIIL.

Amnanormano nokaseBaerca mammane 357 € L(Y, X)) Takoro,
uro (A + K)S; = Iy + K1, tne K1 — xoneunomepubiit. 11osTo-
My omneparop (A + K) mourun obpaTuM U B CHJIy T€OpeMbl 5.2.2
bperobMOB. m

Yrepxkaenue 5.2.10. [lycmv X u Y — 6anaxosv, npo-
cmpancmea. Tozda F(X,Y) omxpumo 6 L(X,Y).

HokazaresberBo. Ilycrs A € F(X,Y). Torna no reopeme
5.2.2 naiinyres S, S2 € L(Y, X):

AS1 =1y + Ky, SyA=1x+ Ko,

rie oneparopbl K u Ky — KOHEYHOMEpHBI —>

So(A+AA) = (Ix + So - AA) + Ko.
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Ho npu [|AA|| < min{||S1||71, ||S2|| 7!} oneparopsr (Iy +AA-S))
u (Ix + So - AA) GuekTuBHBl U OOpaTHBIE K HUM HEIPEPHIBHBI.
ITosTomy

(A+AA)S (Iy +AA-S)) 7t = Iy + K (Iy +AA-S;) 7 = Iy + K,
(Ix+S5-AA) 1S5 (A+AA) = Ix+(Ix+S2-AA) 1Ky = Ix+ Ko,

rne Ky u Ko KOHEYHOMEDHBI U HenpepbIBHBL. Ipumenss Teopemy

5.2.2 momyuamnM, uto (A+ AA) € F(X,Y). =

YrBepxkaenue 5.2.11. [lycmv X, Y u Z — banaxrosv, npo-
empancmea, A € F(Y,Z) u B € F(X,Y). Toeda AB € F(X,Z).

JlelicTBUTEIJIBHO, 9TO €CTh CJIEJICTBUE U3 TEOPEMBI 5.2.2. =

§ 3. CaoiicTBa nHAekca ppearoibMOBBIX OIIEPATOPOB

YrBepxkaenue 5.3.1. I[lyemv X, Y, Z u W — banaxosn
npocmpancmea, A € F(X,Y), B € F(Z,W). Tozda

A 0
0 B

ind(A @ B) = ind(A) + ind(B).

A@B:z( )Ef(XxZ,YXW)u

YrBepxkaenune 5.3.2. Ilyemo X;, Y; (i,7 = 1,2) — banazoso
Al A
npocmparcmsa, Ai; € L(X;,Y;), A= ( Ai AZ >; onepamop
Asg buexkmusen u A € F(X1 x X9, Y1 x Ys). Toeda
an(A) = ind(AU — A12A;21A21) .

HokazarenbcTBo. [lockobKy HepepbIBHBIE —OIEPATOPDLI

Iy, —A12A2_21> ( Ix, 0 )
u - OMEKTUBHBI, TO IIO
< 0 IYQ —A221A21 IX2

YTBEPKIEHNIO 5.2.3

, . Iy, —ApAy Ix, 0 B
ind(A) = ind (( 0 Iy, A A Ay I, =
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. Ay — ApAs) Ay 0 (yTB. 5.3.1, yrB. 5.2.2)
= ind R

= ind(AH - A12A521A21). ]

YrBepxkaeuue 5.3.3. I[Tycmv X uY — banaxosv. npocmpar-
cmea. Tozda ind : F(X,Y) — Z — aokarvho nocmoannoe omoo-
pasicenue.

HoxkazaresascrBo. Ilycte A € F(X,Y). B cuny xomneu-
nomepuoctu Ker A um Coker A oHu JONOJHSIEMBI, T. €. Cy-
IEeCTBYIOT Takue mojmnpocrpanctsa Xg C X m Yy C Y,
aro X = KerA & Xo u Y = Yy & ImA. Ilpu srom

Yo = Coker A. Torma marpuvHoe mpejcTaBienne omepatopa A,
HOPOXKJIEHHOE TUM pasjiozkeHneM mnpocrpancre X u Y, ume-

er Buyi A = < 00 ), e Ago € L(Xo,ImA) u ImA =
= Im Agsy. Ilo nmocrpoenuio Agy — HemnpepbiBHast OueKIusi Oa-

HAXOBa MpOCTpaHcTBa X Ha OAHAXOBO MpocTpaHcTBo Im A —

Ay € L(Im A, Xp).

B AA; AAps
Torma A 4+ AA = ( Ay Agy + Ady ) Ho econ ||AA]
JIOCTATOYHO MaJjia, To omeparop Ass + AAsy — Oueknust u
obpaTHbIi K HEMY HelpepbiBeH (yTB':5$3'2) ind(A + AA) =
= znd(AAH — AAlQ(AQQ + AAQQ)_IAA21). ITycTn
;{ =AA;;1 — AAs (A22 + AAQQ)ilAA21 . IIpn 3TOM

A e £(Ker A,Yy) Y222 Y ind(A) = dim(Ker A) — dim(Yy) =

= dim(Ker A) — dim(Coker A) = ind(A) = ind(A+ AA). =
Yrepxkaenue 5.3.4. [lycmv X uY — 6anaxosvs npocmpan-

cmea, A € F(X,Y) u K € compL(X,Y). Tozda
ind(A+ K) =ind(A).

HoxkaszaresbcTtBo. B cmty yrBepxaenus 5.2.9 Vit € [0;1]

A+t K) e FXY) Y™ ind(A + - K) — const =
ind(A) =ind(A+0-K)=imd(A+1-K)=ind(A+ K). =
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YrBepxkaeuue 5.3.5. I[lyemv X, Y u Z — banaxosv. npo-
cmpanemea, A € F(Y,Z) u B € F(X,Y). Toeda

ind(AB) = ind(A) + ind(B).

HokazareabcTBo. OTMETUM, 9TO B CHJTYy yTBepKIeHUs 5.2.11
AB € F(X,Z). Bocnombayemcsi yrBepKaenusvu 5.2.3, 5.3.1 u
5.3.3. I1j1st 3TOr0 paccMOTpUM CJEIYIONINE BCIOMOTaTeIbHbIE Olle-
parope: A@ B e F(Y x X,Z xY),

1
vi=( 17 A iz xvzxy),
0 Iy

A 0
VQ._<EIY B > eF(Y xX,ZxY),

-1
L 9 Iy B
V3.—( 0 —EIX>€£(YXX’YXX)H

vi=( 0 v €LY x X,Y x X),
Ix O
IJie € — MaJIblil IIOJIO?KATEJILHBINA ITapaMeTp.

Omepatopst Vi, Va3 u Vy ecTb HenpepbiBHBIE OUEKITUH, a Ollepa-
Top Vo 030K K A @ B B ollepaTopHOil HOpMeE IIPU MAJIOM &, I10-
sromy ind(Va) = ind(A @ B). Takum obpasom ind(A) + ind(B) =

AB
— ind(A & B) = ind(ViVaVsVi). Ho ViVaVaVi = ( - )
Y
nosromy ind(A) +ind(B) = ind(AB) + ind(Iy) = ind(AB). =

Teopema 5.3.1 (Hukoubckuit C. M.). ITycmvo X u Y —
banazxosv, npocmparncmea, a A € L(X,Y). Tozda (A € F(X,Y)
u ind(A) = 0) <= (3B € L(X,Y), K € compL(X,Y):
BleL(Y,X)uA=B+K).

.5.34
HokazarenscrBo. [F—]. nd(B + K) (yre. 5.34)

_ an(B) (yTB.:5.2.2) 0.
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[ ]. Tak kak ind(A) =0, 1o
n:=dim(Ker A) = dim(Ker A¥).

1. Iycrs {e1,...,e, } — Gasuc Ker A, {ej,..., e} — 6asuc

Ker A*,a{e},...,e; tu{e,...,e, } — nyambuele k {e1,...,ey }
u {ef,...,e,} cUCTeMBI COOTBETCTBEHHO, T. €. (e;,€;) = 0;j
(€i,e;) = dij. PaccMoTpnm KOHeTHOMEpHDIf HeNpPepLIBHBII Orle-
parop

n
Am:zZ(w,éﬁ’e}
i=1

Ormerum, 11O
n

Aty = (@ y)e
i=1
2. Iokaxkem, uro oneparop A + A OUEKTUBEH, TOIIA MOy UM
Hy2KHOe HaMm npejcraienne A = (A+ A) + (—A).
[Iycrs 29 € Ker (A+ A). Torna

Azg = —Azg € ImA = +(Ker A*) =

n
VjeTn(Axg,e)) = (20,) (€, ef) = (w0,8;) =0 (5.3.1)
=1
[TosTomy

n
A\ZL'O =0=—= Arg=0=— 29 = Z(.ﬁb’o,gj>€j (5i1) 0=

=1

20 =0= Ker (A+ A) = {0}.

Anasiornino nokaspisaercd, uro n Ker (A 4+ A)* = {0}.
Hockonbky (A+A) € F(X,Y), o Im (A+A) — noaupocrpati-
crBo = Im(A+A)=Y. =



['nmaBa 6

uddepeHmajibHoe NCYNCIEHNE B
HOPMHPOBAHHBIX IIPOCTPAHCTBAX

§ 1. duddbepennupyemocts mo Pperie u 'ato

Ounpenesnenus. Ilycrs F': D(F) C X =Y, X, Y — nopmu-
pOBaHHbBIE TIPOCTPAHCTBA HaJL TToJIeM [P.
1. Orobpaxenne F' nazbiBaercs dugpdepenyupyemovim no Ppe-

we 6 mouke vo € D(F'), ecn 3 L(xg) € L(X,Y):

F(zo+h) = F(xo) = L(zo)h + ||h|e(h; 20), rae
a(h;xg) — 0 upu h — 0.

2. Oneparop L(z() B 9TOM cilydae HA3BIBAETCS CUALHbIM OU-
peperyuanom (duppepenyuarom Ppewe), Win cusbHol NPOU3EO0-

S
Hoti omobpasicenus F 6 mouke g, n obosuadaercs DF(xg) uim
S
F’(l‘o).

Bameuanusi. 1. Ecsim F — dyusknuonan (r. e. Y = P), 1o
S

F’(l‘o) e X*.

2. B koneunomepHom ananuze L(zg) uarie HazbiBaoT audde-
PEHIMAJIOM, & MPOM3BOAHON HA3BIBAIOT MATPHILY, COOTBETCTBYIO-
LIYIO0 9TOMY JIMHEIIHOMY OIlepaTopy B CTaHIAPTHOM Oasuce.

YrBepxkaeuune 6.1.1 (cpoiicrsa cuibHOro quddepennuaa).
ITyemv F : D(F) C X =Y, X, Y — nopmuposarvie npocmpari-
cmea 1ad noaem P. Cnpasedausn, caedyrowue ymeeprcoenua:

1. BF(xo) eduncmeeren.

2. Ecau F(-) = const, mo lS)F(xo) =0.

3. Bcau A e L(X,Y), moVz e X lsjA(x) = A
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4. Ecau F' cuavro duddeperyupyemo 6 mouke xg, mo F nenpe-
PUIBHO 68 IMOT MovKe.

5. ITyemv G : D(G) C X =Y. Ecau F u G cuavno dug-
pepenyupyemo, 6 movke T, mo i aobuxr A € P omobpa-
oicenue NF + pG moorce cunvrno dugdepenyupyemo 6 movke r u
DOAF + uG)(x) = ADF(z) + uDG(x).

6. Ilflyemv G : D(G) C Y—Z, F(D(F)) Cc D(G), X,Y,
Z — nopmuposarnvie npocmparcmea. Eeau Fcusvho dudgpepen-
uupyemo 6 mouke g, a G cusvro Juddepenuyupyemo 6 mouke
yo = F(zo), mo H(z):=G(F(x)) cuavno dupdepenyupyemo 6

S

S S
mouke xog u DH(xg) = DG(yo) - DF(z0). =
Jpyroii nogxos K auddepeHmpoBaHuio — CBEJIEHNE K CIIYIai0
bYHKIUU OJIHON [TePEMEHHOIA.
Ounpepnesienne. Ilycrs F': D(F) C R—Y, Y — nopmuposan-
[¢]

Hoe mpoctpaHcTBo U tg € D(F'). Torma npoussodnot dymnxuyuu F
6 moyuxe tg Ha3bIBAETCS

dF(t F(tyg+ At) — F(t
(to) = F'(tg) := lim (to + &) (to)
dt At—0 At
YrBepxkaeuue 6.1.2 ITycmo F : D(F) CR—=Y,Y — nop-
Mmuposarroe npocmparcmeo. Toeda F cuavrno duddepernuupyemo
6 mouke tg moeada u Moavko moeda, Ko2da cywecmeyem npous-

soonas F'(tg). IIpu smom DF (to)h = h - F'(to).

evy.

CaencrBue. [lyemv F : D(F) C X =Y, X, Y — nopmupo-

sanmvie npocmpancmea, h € X, t € R. Fcau F' cuavho dugdepen-
S

yupyemo 6 mourxe x + th, mo &F(x +th) = DF(x + th)h.

Ounpepnesnienns. Ilycrs F: D(F) ¢ X —>Y, X, Y — Hopmu-
POBAHHBIE IIPOCTPAHCTBA.

1. Orobpaxkenne F' naswbiBaercsa duddepenyupyemvim 6 mowke
xo no nanpasaeruto h € X, eciu cymecrByer

F(ZL’O + th) - F(.%’(]) d

1155% " = %F(xo + th) » =: DF(xo;h).
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2. Ecn F' mudpdepennupyeMo B TOUKe X IO JIOOOMY HAIIPAB-
Jiennto, To orobpaxkenune DF(xg; ) Has3bIBaeTcs nepeot sapuayueti
omobpasicenusa F 6 mouke (.

YrBepxkaeuue 6.1.3 Ilycmv F : D(F) C X—>Y, X, Y —
Hopmuposarnvie npocmparcmea. Ecau omobpasicenue F - cuavro

S
duppepernyupyemo 6 mouke xg, mo DF(xg;-) = DF(zg).

Teopema 6.1.1 (Pepma) (HEOOXOIMMOE YCIOBUE JIOKATBHO-
ro skcrpemyma). [yems X — nopmuposarnoe npocmparcmeo. Fc-

(o]
2 xg €D (@) — mouka A0KaABHO020 IKCMPEMYMA PYHKUUOHAAG
v : D(p) C X =R u ¢ dugdeperyupyem 6 mouxe xo no sobomy
nanpasaeruro, mo ¥V h € X Dy(xg;h) = 0.

IIpumep 6.1.1. PaccmorpuMm mpocreifinyo  3ajady Bapua-
OMOHHOI'O MCYMCJICHUA: HallTU TOYKHU JIOKAJILHOT'O IKCTpEMY-
Ma dynxmmonana ¢ : Clla;b] — R, samanmoro dopmymoit

b
p(x) = [F(t,z(t),i(t))dt, tne F : R® — R apaxapl Hempe-
a

puiBHO juddepenmupyemas Ha R dynxnma. Torma jyis Jio-

6oit h € Clla;b] Taxoit, uro h(a) = h(b) = 0 mnomyuum
b .

Dip(a,h) = [ (FL(to(t),a(0)(t) + Fi(ta(t),a(0)h()) dt -

b a
~ (F; (t, (L), () — L FL(t, 2(1), g'c(t)))h(t) dt. TToCKOIBKY MHO-

wxectso h € Clla;b] rakux, uro h(a) = h(b) = 0 mwiorHo B
Lo(a;b) a noppiaTerpasbHas (DyHKIMsI HENPEPBIBHA, TO YCIOBHE
Dy(x,h) = 0 5KBUBAJIEHTHO COOTHOIIIEHUIO
. d .
Fo(t, (), #(t)) = Z Fi(t,x(), &(1)) —
9TO U eCThb ypasHenue Diaepa, naroliee HeOOXOUMOe yCJIOBUe Ha-
JIM4ust B TOUKe (-) JIOKAIBHOTO dKCTpeMyMa (hyHKITHOHAIA, .

Bameuanne. Orobpaxkenne DF(xg;-) Heobsi3aTeabHO Oyjer
quueitnbiv. Hanpumep, st F(zy,x2):= {/z123  F(0 4 th) =

= {/thit?h3 = t{/h1h3, nosromy DF(0;h) = {/h1h3.
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Ounpenenienusi. 1. Ecim DF(xg;-) € L(X,Y), To rosopsr,
o orobpazkenue F caabo dupgepenyupyemo (dugdeperyupyemo
no I'amo) 6 mouke x.

2. B srom ciywae DF(xg;-) HasbiBaercs caabvim duddeperi-
yuaaom (dupgepenvyuanom I'amo) omobpasicerua F 6 mouke xop u

w w
obosnavaercs DF (xg) wn F'(xg).

YrBepxkaenue 6.1.4. [lycmv X, Y — nopmuposarmwvie npo-
cmpancmea v F 2 D(F) C X — Y. Cnpasedausvi caedyrousue
ymeepotcoenu.

w
1. DF(xo) eduncmeenen.
2. FEcau F o ocaabo dugpepenyupyemo 6 mouxe x + th, mo

w
4 F(x +th) = DF(z + th)h.
3. Ecau F' caabo dupdepenyupyemo 6 mouxe x + th, mo
w
Vy* € Y* $(F(z+th),y*) = (DF(x + th)h,y*).
4. Ecau F cunvno duddeperyupyemo 6 mouke Ty, mo oHo U

w S
caabo dugdeperyupyemo 6 mouke o u DF (xg) = DF(xg).
IIpumep 6.1.2. Ilyctn

0, x%#xz nmn 1 = x1 = 0,
Fley,ea) =9 | 20
9 .CL'l —x2.

Torma DF'(0;-) = 0, 1. e. orobpazkenne F' ciabo muddepennupye-
MO B TouKe g = 0, HO He SABJISAEeTCH HEeIPEPbIBHBIM B TOUKe g = 0,
nosromy F' He sBjsSeTCS U CUJAbHO TudDEepeHInpyeMbIM B TOUKE
Tro = 0.

Teopema 6.1.2 (dopmysa KoHedHbIX Hpuparienuii). [Tycmo
F:D(F)C X—=Y,X,Y — nopmuposarnwvie npocmpancmea. Ec-
au F caabo dudgepenyupyemo na [x1;x2], mo cywecmeyem makoe

¢ € (a1323), wmo ||F(az) — F(ay)|| < [DF(E)]| - [la2 — ]l

HokazareabcTBo. [lo 2-My cirecrBuio u3 TeopeMbl XaHa —
Banaxa (c. 59) cymecrsyer takoit y* € Y™, uro ||y*|| =1 u
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|F(z2) — F(z1)|| = (F(22) — F(21),y").
Pacemorpum dyuknuio (t) :=(F(x1 + t(xe — 21)),y*). To-
tia |F(z2) — Flanl| = $(1) — $(0) = | cbopyra xores-
HBIX TIpUpaIienuii B ofguoMmepuoM ciaydae — 360 € (0;1)] =
= '(0)-1=[§:=z1 +6(z2 — 21)] Fl(&)(x2 —a1),y") <
< F O - e — 2l - [ly*]]. =

VYrBepxkaenue 6.1.5. [Iyemv F: D(F) C X =Y, X,V —
nopmuposarnsie npocmparncmesa, F - caabo duddepernyupyemo na

yTB. 6.1.4
=

w
[z1;22] w {||DF(z)||} oepanuueno na [z1;x2]. Cnpasedausns cae-
dyrowgue ymeepocoenus.:

LV, T € [z; 2] ||[F(2) - F(2)] < P ]IIDF(5)1|'|!$—3|!~
€|T1;72

2. Ecau A e L(X,Y), moVa,x € [z1;22]

|F(2) - F(@) ~ Az~ D) < _sup [|DF(€) — Al|- |l — 2|

E€[x1;za]

JMokazarenbcrso. |2]. Hago nprvennts meppoe yTBepsie-
ure K Gyuxipn F(x) — Az. =

Teopema 6.1.3 (nocrarounoe ycioBue cuiabHO auddepen-
mupyemoctn). [lyemo F @ D(F) C X =Y, X, Y — nopmuposan-
nole npocmpancmea. Feau F caabo duddepenuupyemo 6 Herxomo-

w

poti okpecmmuocmu U(xg,e) mouwku xo u F' nenpepweno 6 mouxe
xo kax omobpascenue uz X 6 L(X,Y), mo F cuavrno dugpeper-
yupyemo 6 mouke xg. bBoaee mozo
Va,T € U(JIQ,&“)
w
F(z) — F(@) - F'(x0)(z — 7) = |o — &|(z, T3 20), u  (6-11)
B(x,x;20) — 0 npu x — x9 U T — Xg.
HokazarenbcTBo. Hajio npumenunts yreepxxkenue 6.1.5.2 k

w w
A = F'(x9) u BoCIOIB30BaTHCsI HElpepbIBHOCTHIO F'(x) B TouKe
To. m

136

Bameuanme. Ormerum, uro ycsosue (6.1.1) Gosee cuibHOe,
YeM yCJI0BHUE CUJIbHON MuddepeHnupyeMocTu.

Ounpepnesnenne. Ilycrs F': D(F) C X =Y, X, Y — nopmupo-
BaHHBIE IIpOCTpaHCcTBa HaJl nojieM P. Orobparkenue F' Ha3bIBaeTCS

o]
cmpoezo dugepenyupyemvim 6 mouke rog € D(F'), eciiu B HEKOTO-
poii okpecraoctu U (xg,€) Bbinosnsiercs: yeiaosue (6.1.1).

§ 2. IlpomusBosambie u auddepeHImaabl BbICIITIX
MOPSIKOB

B nanbueiiiiem Mbr OyjieM paccMaTpUBaTL TOJBKO CUJILHYIO
nmuddepentupyemocts (auddepennupyemocts mo Operre).

Ounpepnenenne. Ilycrs F : D(F) C X —Y, X, Y — nopmu-
POBaHHbBIE TTPOCTPAHCTBA.

Ecimu orobpakenue F' : D(F') C X — L(X,Y) nudbdepeniu-
pyeMo B TOUKe T, TO F' HazbiBaeTcs deastcovl duddepenuyupyemvim
8 MouKe xg.

Bameuanme. Ormernm, uro F'(xg) € L(X, L(X,Y)).

Onpenenenwne. Ilycts X, Y — HOpMHpOBaHHBIE TPOCTPAH-
crea Hag nosem P. Torma L£(X,X;Y):=Ls(X;Y) — HOpMUpPO-
BAHHOE MPOCTPAHCTBO OWJIMHEHHBIX HEIPEPBIBHBIX OTOOpasKeHMii
A:X? =Y cuopmoii ||Al|:= sup [|A(x1, z2)]].

[EAESHIEES

VYrBepxkpaenne 6.2.1. L(X, L(X,)Y)) = Lo XY).

HokazaresnscrBo. Ilycrs A € L(X,L(X,Y)).

Omnpenermmm J : L(X, L(X,Y)) — L2(X;Y) coenytomumm obpa-
som: Vap,29 € X (JA)(x1,22) :=(Az1)22. =

Bameuanne. "Oroxuecriss" F(xg) ¢ Gunmnueiinsivn 0T06-
pazkenueM, Mol Oyiem nucars F (xg)(hy, ha) Bmecro (F” (xg)hy)ha.

Onpesenenusi. 1. AHAJIOTMIHO ONPEIESIOTCS [TPOU3BOJI-
uble Oostee Bbicokux mopsakoB u L (X;Y) — wHOpMupoBan-
HOE TIPOCTPAHCTBO k-JTUHEHHBIX HENPEPLIBHBIX  OTOOparKeHMi
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3 X B Y. Ilpu 9TOM MOXKHO CYHTATH, UTO IIPOM3BOJIHASI
k-ro mopsmxka F*)(xg) ecrs k-mumeiinoe orobpazkenme, T. e.
F®) (z0) € Li(X;Y).

2. Ilycrs F : D(F) C X =Y, X, Y — HOpMUDPOBaHHBIE IPO-
crpancrsa Haj mojieM P. Ecin F' k pa3 auddepennupyeMo B TOUKe
T, TO Judpeperyuarom nopadka k omobpasicenusn F 6 mouxe xq
nasbiBaercsa orobpaskenue d¥F(xg) : X —Y, onpenenennoe dhop-
MYJIOH

d*F(x0)(h) := F®) (20)(h, ..., h).

YrBepxkaenue 6.2.2. [Tycmv F : D(F) C X—-Y, X, Y —
HOPMUPOBAHHBIE npocmparcmaea Had nosem P. Ecau F k pas dug-
peperHuupyemo 6 mouke Ty, mo

Vhe XVAeP  d*F(xo)(\h) = \EdEF(x0)(h).

IIpumep 6.2.1. Ilycts F : R” - R — aBaxkapr auddepentiu-
pyemoe oToOpakeHne B TOUKE X, TOTIa

n x n 2 =
Fl(z)h =3 88FJEZ.) hi, F"(x)(h1, he) = g%éxf hiihaj, a
i=1 i,j=1
L 92F(x
dF(z)(h) = 1 S hih,.
/L?]:

Teopema 6.2.1. Ilycmv F : D(F) C X =Y, X, Y — nopmu-
posarHvle npocmpancmea Had nosem P u omobpascenue F k pas
ko
duppepernyupyemo 6 mouke x + Y t;h;, 2de {hy,... . hx} C X,
i=1
a {t1,...,tx} C R. Toeda 6 mexomopotil oxpecmmocmu mouku
(t1,...,t) € Rk onpedenero omobpascenue

k
(p(tl, . ,tk) = F(.I' + Z tihi),
=1

xomopoe k pas dugddepenyupyemo 6 mouke (fl, . ,fk) IIpu smom

- k
ol oy, B = F® (@ + 3 G (ha, - ).
=1
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CaencrBue. ITyemv F : D(F) ¢ X—=Y, X, Y — nopmu-
posarHvie npocmparcmesa nad nosem P. Cnpasedausnvl caedyrouwsue
ymeepotcoenu.

1. Ecau F k pas duggepenuyupyemo 6 mouke x + th, mo

LRz + th) = d°F(z + th)(h).

2. Ecau F k pas dupdepenyupyemo 6 mouxe x + th, mo

Vy* e Y™ gt—’;w(x +th),y*) = (dFF(z + th)(h), y*).

Sameuanwue. [Ipumep 6.2.1 nmokasbBaeT, YTO PABEHCTBO CMe-
IAHHDBIX [IPOU3BOJHBIX B CMBIC/IE OOBITHOIO KOHETHOMEPHOIO aHa~
JIM3a — 9TO CUMMETPHUYIHOCTH COOTBETCTBYIOIIUX HOJIMINHENHBIX
oTODpaYKeHMT — IIPOU3BOJIHBIX B CMbIC/IE (DYHKIIMOHAILHOTO aHa-
Jisa.

YrBepxkaenue 6.2.3. [Iycmv F: D(F) C X —>Y, X,V —
HOPMUPOSAHHBIE Npocmpancmea nad nosem P. Ecau omobpasicerue
F k pasz nenpepwisro duddeperyupyemo 6 mouke ry, mo

F® (o) (ha, ... hi) = FO (o) (a(ha, .., hy)),

2de o(hy,...,hy) — mpoussoavhas nepecmaroska apeymMenmos

hi, ..., hg.

Teopema 6.2.2 (dpopmysna Teitsopa ¢ OIEHKON ocTaTKa 110
Jarpanxy). IIyemv F : D(F) C X =Y, X, Y — nopmuposar-
nwle npocmparcmaea Had noasem P. Ecau omobpasicenue ' aeanem-
ca (n+ 1) pas duddepenyupyemvim 6 HeKomopot okpecmHOCmU
U(xg, ) mouru x9, moVh € B(0,e) 3¢ € U(xg,e)

n

Fao+h) -3 %dkF(:co)(h)
k=0 "

<

il M.
HokazareabcTBo. [lycrh
"1
Ry(zo3h)i=F(xg+h) = ) o d*F(x0)(h)
k=0
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u y*(h) € Y* makoso, uro |[y*(h)|| = 1 u |[|[R,(zo;h)| =
= (Rn(zo; h),y* (h)). Torma
"1 dF

(F(xo +h),y"(h)) = (F(zo + th),y*(h))

k
= 2 R
k=0

t=0

;Lﬂ St —
(n+ 1)! dint!

+ (F(xq +th),y*(h))

t=0

- 1 k * 1 n+1 *
—<§%HdF@wmxyww+(@ﬁjﬁd F().y" (k). =

Teopema 6.2.3. Ilycmv ¢ : D(p) € X—R, X — nop-
muposarnoe npocmparcmeo nad notem R, oD wenpepriena 6
Ulzo,e) udlp(xg) =0, ..., d" to(zg) =0 u do(zo) # 0. Cnpa-
6e0AUBHL CACIYIOULUE YMBEPHCICHU:

1. Ecau xg — mowka A0KAADHO20 MUHUMYMA GYHKUUOHAAL O,
moVhe X do(xg)(h) > 0.

2. Ecau g — mMouKa A0KGADHOZ20 MAKCUMYMA GYHKUUOHAAA ©,
moVhe X do(xg)(h) <O0.

3. Ecau 3C > 0 Vh € X d"p(zo)(h) = C||R||", mo o9 —
MOYKA CMPO2020 NOKANDHOZO MUNUMYMA GYHKYUOHAAD .

4. Ecau 3C >0 Vh € X d"o(xo)(h) < —=C||h||", mo xo —
MOYKA CMPO2020 NOKANDHOLO MAKCUMYMA PYHKUUOHANG .

5. Ecau Fhy,he € X dMo(xo)(h1) < 0 < d"¢(x0)(h2), mo 6
MouKe To Y @ HEM AOKANLHOLO IKCTMPEMYMA.

HokazarenbcTBo. [lo npenbiiyiieit Teopeme

p(xo + h) — @(x0) = d"p(x0)(h) + Rn(zo; h).

[ockonbky d"lo(z) nenpepbiBen B ToUKe g, TO OH OrpaHUYeH B
HeKOTOpOii okpectHoct U(xq,£). Tloaromy

Vhe Bl0;eo/2] ||Ru(zo; h)l| < [|d" o(&)(MI/((n +1)!) <
<RI ld (@) < IRl M,
riae M — HekoTOopasi KOHCTaHTa. TakuMm obpazowm,
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(@0 + h) — @(z0) = " p(a0) (h) + O(|[h]["™+1) mpu h — 0.

. B srom ciyuae 2d"p(zo)(h) + O(||h|["1) > 0 npu seex
nocTtaToaHo Mauibix h. BosbMem mpousBosibHbIil hg € X u paccMmor-
puM h(t) :=thy npu MaabIx moaokuTeabHbIX . Torma

aid"e(x0) (tho) + O([[tho||"*1) = t"(5;d"¢(20) (ho) + O(t)) > 0.

IlonesuB 310 HEepaBeHcTBO Ha t" U Iepeiiig 3aTeM K IIpejiesy Ipu
t — +0, noxyanm d"p(xo)(hg) = 0.

< =Sl + O(Rl™+t) = |[rl["( = § + O(IAl)).-

. B srom ciyuae ¢(zg + th;) umeer npu t = 0 crporuit Jo-
KaJbHBII MAKCUMYM IIPHU ¢ = 1 U CTPOruil JIOKAJbHBI MUHUMYM
npu i =2. m

§ 3. YacTuble npousBo/iHbie 1 PYHKIMN, 3a[aHHbIE
HEeABHO

Ounpenenenwne. [lyctes F: D(F) C X xY —-Z, X, Y, Z —
HOPMUPOBAaHHBIE TIPpOCTpaHcTBa. Eemm orobparxkenue F(-,y0) mud-
depennupyemMo B TOUKE T, TO €ro NpOM3BOJAHAS B 3TOH TOYKE Ha-
3BIBAETCS 4aCMHOl Npoudeodnoti no x omobpasicernus F 6 mouxe
(x0,Y0) u obosnavdaercss Fl(zo,Yo). AHAJIOIMYHO ONPEIENSETCS U
BTOpast YacTHas Npoussoinas — 1oy — Fy(xo,yo).

Bameuanme. Ormerum, uro FlL(zg,yo) € L(X,Z), a
Fy(wo,90) € LY, Z).

YrBepxkaenne 6.3.1 (mocrarounoe ycsosue auddepeniu-
pyemoctu). ITycmv F : D(F) C X xY—Z, X, Y, Z — nop-
Mmuposarmvie npocmparncmea. Ecau F dupdepenyupyemo u no x,
unoy 6 nexomopotl oxpecmmocmu movwry (o, yo), Fy u Fy nenpe-
poehv, 6 mouke (g, yo), mo F dupdepenyupyema 6 mouke (xq, yo)
uVue X YveY F'(zo,yo)(u,v) = Fy(xo,y0)u + Fy (2o, yo)v.
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Onpepnenenune. [Tycrs F : D(F) C X x Y — Z. Orobpaxke-
ave f : D(f) C X —Y HasbiBaercss omobpasiceruem, 3a0aHHbLM
neasno ypashernuem F(x,y) = zo € Z, ecam

Va e D(f) (x, f(x)) € D(F) A F(z, f(x)) = 20,

Teopema 6.3.1 (o cyIiecTBOBaHUN HESIBHO 33JJAHHOTO OTOO-
paxenusi). [lyemv F : D(F) C X xY —Z, X, Y, Z — 6anaxosw
NPOCMPAHCMBEE U BOINOAHEHL CACOYOULUE YCAOBUSM:

(o]
L. (z0,y0) € D(F) u F(zo,y0) = 0;
2. F nenpepwvisna 6 mowke (o, yo);

3. (zo,y0) € ZO)(FZ;) u Iy nenpepuisro 6 mowxe (o, Yo);

4. Fy(wo,y0) nenpepuiero obpamum.

Toeda 3 > 0 36 > 0 Jf: U(xo,g)HU(yo,E) makoe, 4mo
V€ U(xo,0) Flz, f(z)) =0 u f nenpepusno 6 moure xq.

Hoxkasarenbcro. Obosuaunm L:=(F) (o, 10)) "
1. PaccMoTpuM IIpH KaxKJIOM I U3 MaJjoil OKPECTHOCTU TOYKH
xo oneparop A(x), oupeesieHnHblit cieayormmeii hopmyJioit:

(A(z))(y) ==y — LF(x,y).

Torna (A(z))(y) = y<= F(z,y) = 0.

Haiinem Takue § > 0 u € > 0, uro s jsoboro x € B(xg,d)
orobpakenne A(x) ecTh cKUMaroIee 0TOOpazKeHHe TOJHOIO MeT-
puveckoro npocrpanctsa Blyg, €] B cebst.

2. B cuy dbopmysibl KOHETHBIX TPUPAIITEHUIT

[(A(2))(y2) — (A@@) ()l < [[(A@@))y ()] - lly2 = -
Ho [|(A(z),(mIl = [lI — LF(z,n)l = |[I — L(Fé(l‘aﬁ)—
—F}(z0,90) + Fy(x )l = [LE(zo,90) = 1] =
HL(F/(UU n) — Fy(zo,y0))ll < [IL]] - w((d,€); F, (900,y0)) re
((5 €); y,($0,yo)) sup |[Fy(w,y) — ) u (0, y0)|l-

[|z—z0l| <[ ly—yol|<e
OrmeTnuM, 9TO B CHILY 3-T0 yCJIOBUS

w((6,¢); Fy, (w0, 0)) — 0 mpu §,& — +0. (6.3.1)
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3. Tockomky [lyo — (A(2))(y)l| =
= [lyo — (A(@))(y0) + (A@)) (o) — (Al2))W)I| <

< lyo = (A@)) (wo)ll + 11 L] - w((0, €); Fy, (w0, yo))lly — woll, a

Iy — (A(@)) (o)l = | LF(,yo)|| 2

= [IL(F(x,y0) — F(zo, yo))|| < |[L]| - w(0; F(,50), 0), tae

w(; F(,y0),20) = sup ||F(x,90) = F(x0,0)[l; o
lla—aol|<8

[lyo—(A(@)) (W)l < [IL][(e-w((6,€); Fy, (0, yo))+w (85 F (-, o), o))-

OrmeTuM, 9TO B CHIIy 2-TO YCJIOBUS

w(® F(y0),20) 2 0. (6.3.2)

4. Yrober orobpakenne A(x) Obiio orobpaxkenmem Blyo,e| B
cebst, JTOCTATOYHO, YTOOBI BBIIOJIHSIIOCEH CJIE/LYIONIee HEPABEHCTBO:

||L]|(e - w((6,€); F, (w0,90)) +w(d; F(-,90),20)) <&,  (6.3.3)

a J1JId CZKEMaeMOCTH 3TOIr'O OTO6pa}KeHI/IH JOCTAaTOYIHO, 9TOOBI BbI-
ITOJIHAJIOCH CJIEIYIOIee HEPaBEHCTBO!

| Ll|w (9, 2); Fy, (20, y0)) < 1. (6.3.4)

Ormerm, ato w((4,€); Fy, (0,v0)) 1 w(d; F(+,y0), 7o) yopiBa-
10T 1ipu yObIBaHUU § U €.
B cuty coornomenust (6.3.1) cymecTByor d1 u €1 Takue, 4TO

a:=||Lllw((d1,€1); Fy, (x0,10)) < L.

Torna Vé € (0;01) Ve € (0;e1) Boimosmsiercst HepaseHcTBO (6.3.4)
4l

ILI[(ew((6,); Fy, (20, 90)) + w(85 F (-, 90), w0)) <
< ea+ HLHW((S?F(’yO)axO)
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Takum obpa3zom, s BBITIOJTHEHUS HEPaBEHCTBA
(6.3.3) jocrarouHo 1OTPEOOBATH — BBINOJHEHWs] HEPABEHCTBA
ea + || L||w(d; F(-,y0), x0) < €, KOTOPOE PABHOCUIILHO CJIEJLYIOITe-
My HEPABEHCTBY:

(1 —a)

(A)(S,F,y y L g

(6.3.5)

B cuty yesosus (6.3.3) upu sirobom dbukcuposantom € € (0;e1)
cymecrsyer 0 < §(g) — pemenue nepasencrsa (6.3.5).

Bosbmem €, €1: 0 < &1 < E<ep,ad =0(g1) < 0.

5. TTo Teopeme Banaxa o cxxumaroiem orobparkeHuu (CM., Ha-
npumep, |3, reopema 1.7.3])

Vo e U(xg,0)3'y € Blyo,e1] C U(yo,€) = (A(z))(y) =y,

T e F(z,y)=0.

Tem cambiM  onpezesieno  orobpaxkenune  f(z):=y u
|| f(zo) — wol| < e mpm ||z — xo|| < d(¢), ecoim () ymosite-
TBOpsieT HepaBeHCTBY (6.3.5). =

Teopema 6.3.2 (o siokasbHON o6paTuMocT auddbepeHupy-
emoro orobpaxenust). [lyems f: D(f) CY - X, X, Y — 6ana-
TOBYL NPOCMPAHCIMEA, U BHNOAHEHDL CACOYIOULUE YCAOBUA:

L.yo € D(f) u f(yo) = wo;
2. f nenpepuiera 6 mouke yo;

3. Yo € ZO)(f’) u f' menpepwvieno 6 mouke yo;

4. f'(yo) menpepvisro obpamum. N

Tozda 3 > 0 3§ > 0 makue, wmo [ obpamumo 6 U(xg,d),
m. e. cywecmeyem f1: U(xo,g) — Ul(yo,€) npuvem omobpasice-
nue f~1 nenpepwisro 6 mouke .

eilicTBUTEJILHO, 3TO CeayeT u3 Teopembl 6.3.1, mpuMeHeH-
noit Kk F(z,y):=x — f(y). m

Teopema 6.3.3 (o auddepeHIupPyeMOCTH HESBHO 38 IAHHOIO
orobpazkenust). Ecau donosnumenvho x ycaosuam meopemuv, 6.3.1
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omobpascenue I duddepernuupyemo no x 6 mekomopot oxpecm-
nocmu mouku (xo,yo) u F duddepenyupyemo 6 mouke (xg,yo),
mo omobpasicenue f, 3adannoe neasno ypasnernuem F(x,y) = 0,
dugdeperyupyemo 6 movke xo u

f'(xo) = =(F(z0,50)) ' Fy (o, yo)-

HokazareabcTtBo.  Bpemem  ciemyromume — obo3HavueHUs:
P:= —(Fy,(l‘o,yg))_lFé(l‘o,yg), Ay:= f(xo+ Az) — f(x0). Torga
upu Bcex Manbix Az 0 = F(zg + Az, yo + Ay) — F(xo,y0) =
= F(zo,y0) Az + Fy(wo,y0) Ay + ([[Az]| + [|Ayl]) - a(Az, Ay),

I Az, Ay) = 0. O
e (Axygz)ﬂoa( x, Ay) TCIO/IA

Ay = Phx + (||[Ax]| + [[Ayl)) 6(Az, Ay), (6.3.6)

rne B(Ax, Ay) = —(F)(x0,y0)) te(Az, Ay). U3 (6.3.6) nomy-
M, ‘ITOH\JIDﬁ@/HH;(AHA:UAH()H‘J'PH + 181D + [1Ayl] - 118]]. Orcrona

+ x, [y
1Ay]] <

||Az|| < K - ||Az|| npu HekoTopom

R B, A
+ T, Y
K, mockoJibKy —||P|| mpu (Ax,Ay)—0.
LBz Ay e (B A)
Takum obpazom,
1
Ml\f(fvoJrAI)—f(ﬂ?o)—PAxH<(1+K)Hﬂ|\—>0

npu Az — 0, T. e. f nuddepennupyenmo B Touke zo u f'(zg) = P. =

§ 4. VYcJ0OBHBII JJOKAJIBHBIA KCTPEMYM

3/ech MBI PACCMOTPUM 3a/1ady O HAXOXKJEHUH TOYEK JIOKAJIb-
HOT'O 3KCTPEMYyMa BeIIeCTBEHHOIO (DYHKIIMOHAJA (¢ IIPU YCJIOBUU
®(z) = 0 u moayInM HEOOXOIMMBbIE YCIOBHS JIOKAJIBHOIO IKCTPe-
MyMa.
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YrBepxkaeuue 6.4.1. I[Tycmv X, Y — banaxosv, npocmpar-
cmea nad noaem R, ¢ : D(p) C X >R, & : D(®) C X =Y, pud
dupeperyupyemv. 6 mowke o, U Ty — MOUKA YCAOBHO20 AOKAND-
noeo sxempemyma p(x) npu ®(xr) = 0. Toeda dan aboz0 omob-
pavicenus o : (—8;0) — X, duddepenuyupyemozo 6 moure t =0 u
makozo, wmo a(0) = zg u ®(a(t)) = 0 na (—0;0), cnpasedauso
pasercmeo (o (0), ¢ (xo)) = 0. IIpu amom o/ (0) € Ker ®'(xo).

Hoka3zaresibecTBo. B srom ciyuae y dyuaxiun f(t) := @(a(t))
Touka t = 0 ecrb TOYKA JIOKAJIBLHOIO SKTPEMyMa U 110 TeopeMe
Depya 0 = f'(0) = ¢'(20)(a'(0)) = (/(0),¢'(z0)). A B cuny
roxectBa P(a(t)) = 0 nomyunm, aro &' (z4)(a’(0)) =0. =

Teopema 6.4.1 (JIrocrepuuk JI.A.). Ilyemv X, Y — o6a-
nazosv. npocmparncmsa, ® : D(®) C X =Y, &(xg) = 0, P
HENPEPBLIGHO 6 oKpecmHocmu movwku g, ® cmpozo duddepeniyu-
pyemo 6 mouxe xog u Im P (xg) =Y. Toeda 36 > 0, IK > 0,
dn: B(xg,d) — X makoe, wmo

Va € Blao,d) O +n(x) =0 u ||n()|| < K|[®()].

HokazareabcTtBo. He orpannmumBas obmnoctu, OyaeM cau-
TaTh, 9TO 9 = 0.

1. O6osuamnm A:=®'(0) Torma A : X/KerA — Y, rme
g(:f) := Az no yrBepxkjenuto 5.1.4 ecTh HempepbIBHAasl OUEKIMst
X/Ker A na Y, u no teopeme Banaxa 06 obpaTHOM omepaTope
cymecrsyer A1 € L(Y,X/Ker A). Paccmorpum orobpazkenue
R:= TrRog_1 1Y — X. Torna Ao R = Iy u B cujly yTBEPXKIEHUS
5.1.3.6

VyeY IR <2A[A7-llyll =: Cliyll. (6.4.1)

2. B cuy menpepbiBHOoCTH 0TOOparkenus P B OKpeCTHOCTH TOU-
ku x = 0 u crporoit juddepennupyemoctu ero B Touke r = 0
cymecrByer € > 0 Takoe, uro ® Henpepwisuo B B(0,¢) u

Va,2' € B(0,¢)
(6.4.2)

/ / 1 /
19(z) — ®(z') — Al — &)l < g5 lle — 2|l
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3. B cuny menpepsisroctu ® B Touke x = 0 cymecrByer § > 0
TaKoe, 4TO

Ve B(0,0) l|z|| + 2C||®(x)]| < e. (6.4.3)

4. Bosbmem npoussosibHoe x € B(0,d) u paccmorpum urepa-
IMOHHBII POIECC:

o=z  &p1:=& — R(®(&)). (6.4.4)
OrmernmM, uTo B cuity paBeHcTBa A o R = Iy
Vn e Zy A(€nt1 — &) + 2(6n) = 0. (6.4.5)
(6.4.4) (6.4.1) (6.4.5)
5. a1 = &ll "= lIR(2E))II < Clle&)ll "=

(642) |
| < sllén — &l <

= O)|®(&) — P(En1) — Al&n — En)

1
< < 2—n‘|§1 —fo”. I/ITaK,

1
VneZy e —&all < 5 ll€ = &oll (6.4.6)

6. B cuny (6.4.6) umeem |[§nip — &nll < |[§ntp — Enpp—1ll+

(646) X []&1 — & &1 —&o
+ooo 6 = &ll < Z I S I _ | = H—>() Hpu
m=n

n— o0, T. e. { &, } byngamenramsua = { &, } cxomurcst.
7. Onpenenum n(z) dopmysoit n(z) := lim &, — z. Ucnonab3ys
n—odo
HEPABEHCTBO M3 IPEJIbILYIIEro IIyHKTa, oJyIuM, 910 ||, — z|| =

= ||& — &ol| < 2|[€&1 — z||. Ilepexomust B HEM K Ipejiedty, MOJLYIHUM:

(6.4.4),(6.4.1)
()] < 2[|&1 — || < 2C|®(z)||. MockombKy

(6.4.3)
[n(z) + z[| < [|[| + |In(@)|] < [lz]] + 2C[|@(@)[| < e,

to ¢ menpepeiBia B Touke 7)(z) + . Torma, mepexons B (6.4.5)
HIpEeIey, IOLYIUM, ITO @(n(x) + :U) =0. n
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Teopema 6.4.2 (0o kacareabHOM upocTpaHcTse). ITycmo
® : D(®) C XY, 2de X, Y — 6banaxosv, npocmpancmea,
O(xg) = 0, ® menpepwsro 6 okpecmmocmUu MOYKU Xo, CMPO-
20 Jdupdepenyupyemo 6 mourxe xg u Im®P'(rg) = Y. Toeda
VT € Ker®(xp) Ja : (=0;0)— X : a(0) = z9, ¢/(0) =T u
O(a(t)) =0 na (—6;9).

HokaszaresibecTBo. Pacemorpum orobparkenue 1)(z) u3 Teope-
Mol 6.4.1. Onpejiesium orobparkenue « 110 opmyie

a(t) =x9 + 1T + 77(130 + tf).
Tora mpu 10CTATOYHO MAJIBIX ¢ @(xo +1T + n(zo + tf)) = 0. Ho
[In(zo + t)|| < KI|®(x0 + 17)|| = K||®(20 + t7) — (20)|| =

= K||®'(z0)tZ + [tz]| - B(tT; z0)|| = K1t| - [[Z] - [|3(tT; w0)|| = oft)

npu t — 0. Takum obpasom n(xg + tT) auddepennupyemo npu
t=0m

Teopema 6.4.3. [Iycmov X, Y — banaxosv. mpocmparcmea
nad nosem R, ¢ : D(p) C X =R, ®: D(®) C X =Y, o u®
dugppeperyupyemv, 6 B(xg,00) C D(p) N D(P), & nenpepvishro
dugpepenyupyemo 6 mouke xo, ®(xo) =0, Im P (xg) =Y uxzy —
MOYKG YCA0BHO20 A0KAALH020 sKcmpemyma p(x) npu $(x) = 0.
Toz0a ' (x0) € (Ker ® (z0))*.

Joka3zaTeabCcTBO 3TOIl TEOPEMbI CJIELYET U YTBEPXKIIEHUsI
6.4.1 m Teopemnb! 6.4.2. m

Teopema 6.4.4 (meron muoxkureseii Jlarpanxa). ITycmo 6vi-
noAneHs, 6ce Ycaosus npedvdyuieti meopemoi. Toeda watidemces
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Yo € Y* (ananoz "mmoorcumeneti Jlaepanoica) maxoti, wmo dymx-
yuonan Jlazparorca

L(z,y*):=p(z) — (®(z),y")
ydosaemeopsem 6 mouke (xq,ys) caedyrowum pasencmeam:
L (w0,47) =0, L (w0,55) = 0.
Hoxazarenbcrso. [lockonbky L. (zo,y5) = [®(20)] =0 n
L (w0, ) = &' (w0) — 5 (0) = @' (0) — (' (20))" 55,

10 ¢HOPMYJIIPOBAHHOE B T€OPEME 3AK/IIOUUTEILHOE YCIOBHE SKBH-
BaJIeHTHO cienytomemy: 3y € Y* @ ¢/ (xg) = (P'(x0))*ys, T e.
¢'(z0) € Im (®'(x0))"

Ho no mpempytymeii Teopeme ¢ (r9) € (Ker ®(z9))t = [mo
teopeme 4.2.3.6] = Im (P’ (xp))*. =
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