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Trivial observation: if a1, ..., a, are real numbers such that

then there exists j with a; > 0.

Mikhail Gabdullin The probabilistic method



Trivial observation: if a1, ..., a, are real numbers such that

Zai 2> 0,

then there exists j with a; > 0.

It will be more convenient for us to write not a sum but average:

Zai>0 - ElajZO.
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Trivial observation: if a1, ..., a, are real numbers such that

Zai 2> 0,

then there exists j with a; > 0.

It will be more convenient for us to write not a sum but average:

1 n
— Z a; =20 = Elaj > 0.
n -
i=1
Analogously,
1 n
— Z a; < 0 - Elaj < 0.
L
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Trivial observation: if a1, ..., a, are real numbers such that

Zai =0,
then there exists j with a; > 0.

It will be more convenient for us to write not a sum but average:

1
— Z a; =20 = Elaj > 0.
n 4
i=1
Analogously,
1 n
— Z a; < 0 - Elaj <0
n
i=1
Further,

1 1 &
=Y ai>C <= =->(u-C)>0 = 3Fa;>C
ni na

(all the same with <, > or<).
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Trivial observation: if a1, ..., a, are real numbers such that

Zai =0,
then there exists j with a; > 0.

It will be more convenient for us to write not a sum but average:

1
— Z a; =20 = Elaj > 0.
n 4
i=1
Analogously,
1 n
— Z a; < 0 - Elaj <0
n
i=1
Further,

1 < 1 &
75 ai2C’ < 75(0,1'—0)20 - Elaj>C’
n 4 n “
i=1 =1
(all the same with <, > or<).

We can just take C' = %Z?:l a;.
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The first moment method

Theorem (The first moment method)

Let Ea := % Z?:l a;. Then there exist a; > Ea and a; < Ea. The same is true with
<, >, < instead of >.

Mikhail Gabdullin The probabilistic method



The first moment method

Theorem (The first moment method)

Let Ea := % Z?:l a;. Then there exist a; > Ea and a; < Ea. The same is true with
<, >, < instead of >.

It is the most simple (but very useful) variant of probabilistic method.
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Example 1: About pigeons

The pigeonhole principle:
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The pigeonhole principle:

Let n + 1 rabbits be in n boxes (pigeons in holes).
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The pigeonhole principle:
Let n + 1 rabbits be in n boxes (pigeons in holes). Then what?

Then some hole contains at least two pigeons.
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Let n + 1 rabbits be in n boxes (pigeons in holes). Then what?
Then some hole contains at least two pigeons.

Let j denote the number of a hole and a; be the number of pigeons there. Then
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Example 1: About pigeons

The pigeonhole principle:
Let n + 1 rabbits be in n boxes (pigeons in holes). Then what?
Then some hole contains at least two pigeons.

Let j denote the number of a hole and a; be the number of pigeons there. Then

1 & 1
— aj:Eaj:n+ :1+1/n
n 1 n

J

and there exists j with a; > 14 1/n. Since a; are integers, we can find a; > 2.
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Example 1: About pigeons

The pigeonhole principle:
Let n + 1 rabbits be in n boxes (pigeons in holes). Then what?
Then some hole contains at least two pigeons.

Let j denote the number of a hole and a; be the number of pigeons there. Then

1 & 1
— aj:Eaj:n+ :1+1/n
n 1 n

J

and there exists j with a; > 14 1/n. Since a; are integers, we can find a; > 2.

More generally, if there are m pigeons in n holes, then

m
Ea; = —
n
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Example 2: Unit vectors

Suppose that v1, ..., v, are vectors in a Hilbert space with |v;]| = (vj,v;)1/2 =1,
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Example 2: Unit vectors

Suppose that v1, ..., v, are vectors in a Hilbert space with |v;]| = (vj,v;)1/2 =1,
Then there exist numbers €; € {£1} such that

letvr + ... + envnl| = nl/2,

(the same true for < n'/2).
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Example 2: Unit vectors

Suppose that v1, ..., v, are vectors in a Hilbert space with |v;]| = (vj,v;)1/2 =1,
Then there exist numbers €; € {£1} such that

letvr + ... + envnl| = nl/2,

(the same true for < n'/2).

(Note that these bounds cannot be improved: in the case when {v;} is an orthogonal
system, we have ||e1v1 + ... + eqvn || = n'/2 for any choice of signs {¢,}.)
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Example 2: Unit vectors

Suppose that v1, ..., v, are vectors in a Hilbert space with |v;]| = (vj,v;)1/2 =1,
Then there exist numbers €; € {£1} such that

letvr + ... + envnl| = nl/2,

(the same true for < n'/2).

(Note that these bounds cannot be improved: in the case when {v;} is an orthogonal
system, we have ||e1v1 + ... + eqvn || = n'/2 for any choice of signs {¢,}.)

Proof. Let us consider all possible 2™ n-tuples (e1, ...,en). We have

EH ZEiUiHQ = 2—n Z Z&;'L}i, Z&‘]'Uj = Z(Ui,vj)Q_" Z 61;8]'.
i AN J

1,7 E€1,--Em
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Example 2: Unit vectors

Suppose that v1, ..., v, are vectors in a Hilbert space with |v;]| = (vj,v;)1/2 =1,
Then there exist numbers €; € {£1} such that

letvr + ... + envnl| = nl/2,

(the same true for < n'/2).

(Note that these bounds cannot be improved: in the case when {v;} is an orthogonal
system, we have ||e1v1 + ... + eqvn || = n'/2 for any choice of signs {¢,}.)

Proof. Let us consider all possible 2™ n-tuples (e1, ...,en). We have

EH ZEiUiHQ = 2—n Z Z&;'L}i, Z&‘]'Uj = Z(Ui,vj)Q_" Z 61;8]'.
i AN J

€1,-++,Em N €1,5--:Em
The inner sum (with fixed 4, j) is equal to §;; (the Kronecker symbol); then
n
B> ewil®> = (vi,vi) =n
i i=1

and the claim follows.
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Example 3: Large gaps between primes

There are arbitrary long strings of consecutive positive integers with no primes: for
n > 2, the string n! 4+ 2, ..., n! + n gives us such an example. It is interesting to obtain
a quantitative analog of this statement.
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Example 3: Large gaps between primes

There are arbitrary long strings of consecutive positive integers with no primes: for
n > 2, the string n! 4+ 2, ..., n! + n gives us such an example. It is interesting to obtain
a quantitative analog of this statement. Define

G(X) = pnrf?)é(X(anrl — Pn)-
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Example 3: Large gaps between primes

There are arbitrary long strings of consecutive positive integers with no primes: for
n > 2, the string n! 4+ 2, ..., n! + n gives us such an example. It is interesting to obtain
a quantitative analog of this statement. Define

G(X) = pnrf?)é(X(anrl — Pn)-

The largest n with n! + n = exp(nlogn(l + o(1)) < X is of order —28X_- 5o the

loglog X ;
above example gives us G(X) > %.
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Example 3: Large gaps between primes

There are arbitrary long strings of consecutive positive integers with no primes: for
n > 2, the string n! 4+ 2, ..., n! + n gives us such an example. It is interesting to obtain
a quantitative analog of this statement. Define

G(X) = pnrf?)é(X(anrl — Pn)-

The largest n with n! + n = exp(nlogn(l + o(1)) < X is of order —28X_- 5o the

loglog X ;
above example gives us G(X) > %.

But this is worse than a trivial bound! Since 7(X) = &(1 +0(1)), we have
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Example 3: Large gaps between primes

There are arbitrary long strings of consecutive positive integers with no primes: for
n > 2, the string n! 4+ 2, ..., n! + n gives us such an example. It is interesting to obtain
a quantitative analog of this statement. Define

G(X) = pnrf?)é(X(anrl — Pn)-

The largest n with n! +n = exp(nlogn(l + o(1)) < X is of order lolgO{siDgXX; so the
above example gives us G(X) > %.

But this is worse than a trivial bound! Since 7(X) = &(1 +0(1)), we have

1

m(X)

1—2
> (Pat1—pn) = Pnil — % s log X

E(pn+1 —pn) =
Prnt+1SX m(X)
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Example 3: Large gaps between primes

There are arbitrary long strings of consecutive positive integers with no primes: for
n > 2, the string n! 4+ 2, ..., n! + n gives us such an example. It is interesting to obtain
a quantitative analog of this statement. Define

G(X):= pnrf?éx(anrl — Pn).

The largest n with n! + n = exp(nlogn(l + o(1)) < X is of order —28X_- 5o the

log log X ;
above example gives us G(X) > %.

But this is worse than a trivial bound! Since 7(X) = &(1 + 0(1)), we have

1 Prt1 — 2
E(pnt1 —pn) = =(X) > (Pat1—pn) = "F(T) > log X
Prn1S<X

and therefore G(X) > log X. On the other hand, it is not constructive; but in fact we
can easily improve the previous construction to get the same bound.
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Example 3: Large gaps between primes

There are arbitrary long strings of consecutive positive integers with no primes: for
n > 2, the string n! 4+ 2, ..., n! + n gives us such an example. It is interesting to obtain
a quantitative analog of this statement. Define

G(X) = pnrf?)é(X(anrl — Pn)-

log X

Toglog X 5° the

The largest n with n! + n = exp(nlogn(1l + o(1)) < X is of order
above example gives us G(X) > %.

But this is worse than a trivial bound! Since 7(X) = &(1 + 0(1)), we have

1 P41 — 2
E(pni1 —Pn) = ——  »_ (Pnt1—pn) = "F(T) > log X

™(X) Pn+1<X
and therefore G(X) > log X. On the other hand, it is not constructive; but in fact we

can easily improve the previous construction to get the same bound.

Note that for X = Hquq all numbers X + 2,..., X + p are composite and
X = exp((1 + o(1))p); hence G(X) > log X.
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Example 3: Large gaps between primes: want larger!

In fact, using the Chinese Remainder Theorem (and being much more clever — some
information about smooth numbers and some variants of sieve methods are needed) it
is possible prove the following.
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Example 3: Large gaps between primes: want larger!

In fact, using the Chinese Remainder Theorem (and being much more clever — some
information about smooth numbers and some variants of sieve methods are needed) it

is possible prove the following.

Theorem (Erdds-Rankin, 1938; "deterministic construction")

We have
log, X logy X

G(X log X
(0> 108 X 1o, )2
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Example 3: Large gaps between primes: want larger!

In fact, using the Chinese Remainder Theorem (and being much more clever — some
information about smooth numbers and some variants of sieve methods are needed) it
is possible prove the following.

Theorem (Erdds-Rankin, 1938; "deterministic construction")

We have
log, X logy X

G(X log X
(0> 108 X 1o, )2

Erdds suggested 10000$ for anyone who can prove that

logy X log, X

G(X) > f(X)log X (logs X)?

for some function f(X) — oo as X — oo.
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Example 3: Large gaps between primes: want larger!

In fact, using the Chinese Remainder Theorem (and being much more clever — some
information about smooth numbers and some variants of sieve methods are needed) it
is possible prove the following.

Theorem (Erdds-Rankin, 1938; "deterministic construction")

We have
log, X logy X

G(X log X
(0> 108 X 1o, )2

Erdds suggested 10000$ for anyone who can prove that

logy X log, X

G(X) > f(X)log X (logs X)?

for some function f(X) — oo as X — oo.

Theorem (Ford, Green, Konyagin, Maynard, Tao, 2018; "deterministic-probabilistic

construction")

We have

log, X log, X

G(X log X
(X) > log oz X
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Example 4: Large Kloosterman’s sums

Let g be a prime and (ab, q) = 1. Define

Sq(a,b) = Zep( (az* +bz)>

where e4(u) = exp (2“%) and z*z =1 (mod gq).
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Example 4: Large Kloosterman’s sums

Let g be a prime and (ab, q) = 1. Define

Sq(a,b) = Zep( (az* +bz)>

where e4(u) = exp (2”%) and z*z =1 (mod q). Upper estimates of such sums are
crucial for finding the asymptotics for the number of solutions of the equation

2 2 2 2
x] + a3 +23+x5=N.
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Example 4: Large Kloosterman’s sums

Let g be a prime and (ab, q) = 1. Define

Sq(a,b) = Zep( (az* +bz)>

where e4(u) = exp (2”%) and z*z =1 (mod q). Upper estimates of such sums are
crucial for finding the asymptotics for the number of solutions of the equation

m%—&—w%—l—:v%—i—xi =N.
The best possible result is due to A.Weil:
|Sq(a,b)| < 2¢'/2.
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Example 4: Large Kloosterman’s sums

Let g be a prime and (ab, q) = 1. Define

Sq(a,b) = Zep( (az* +bz)>

where e4(u) = exp (2”%) and z*z =1 (mod q). Upper estimates of such sums are
crucial for finding the asymptotics for the number of solutions of the equation

m%—&—w%—l—:v%—i—xi =N.
The best possible result is due to A.Weil:
|Sq(a,b)| < 2¢'/2.

Here one cannot replace 2 by 2 — ¢.
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Example 4: Large Kloosterman’s sums

Let g be a prime and (ab, q) = 1. Define

Sq(a,b) = Zep( (az* +bz)>

where e4(u) = exp (2”%) and z*z =1 (mod q). Upper estimates of such sums are
crucial for finding the asymptotics for the number of solutions of the equation

m%—&—w%—l—:v%—i—xi =N.
The best possible result is due to A.Weil:
|Sq(a,b)| < 2¢'/2.

Here one cannot replace 2 by 2 — . For now, we can easily show that one cannot
replace 2 by 1 —e: let a = 1 and b be chosen uniformly at random from 0, ...,¢g — 1 (in
fact, Sq(a,b) = Sq¢(1,ab) and we can assume a = 1 wlog).
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Example 4: Large Kloosterman’s sums

Let g be a prime and (ab, q) = 1. Define

Sq(a,b) = Zep( (az* +bz)>

where e4(u) = exp (2”%) and z*z =1 (mod q). Upper estimates of such sums are
crucial for finding the asymptotics for the number of solutions of the equation
m%—&—w%—l—:v%—i—xi =N.
The best possible result is due to A.Weil:
|S4(a, b)| < 22,

Here one cannot replace 2 by 2 — . For now, we can easily show that one cannot
replace 2 by 1 —e: let a = 1 and b be chosen uniformly at random from 0, ...,¢g — 1 (in
fact, Sq(a,b) = Sq¢(1,ab) and we can assume a = 1 wlog). Then (in the last sum the
pairs (z,y) with = y contribute only)

E|Sq(1,b)|% = Z|s (1,b)] eq(z* —y* + bz —by) =

q—1 q—1

eﬂf;ywé§j%wm—y»:q7L

z,y=1 b=0




Example 4: Large Kloosterman’s sums are popular!

Thus there exists b € Zq such that |Sg(1,b)|? > ¢ — 1; it remains to note that
S(1,0) = —1 and hence this b is not 0.

So, there are b € Zy with [Sg(1,0)| > Vg — L.
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Thus there exists b € Zq such that |Sg(1,b)|? > ¢ — 1; it remains to note that
S(1,0) = —1 and hence this b is not 0.

So, there are b € Zy with [Sg(1,0)| > Vg — L.

How many b do we have with, say, |S,(1,b)| > 0.5¢/2 ?
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Example 4: Large Kloosterman’s sums are popular!

Thus there exists b € Zq such that |Sg(1,b)|? > ¢ — 1; it remains to note that
S(1,0) = —1 and hence this b is not 0.

So, there are b € Zy with [Sg(1,0)| > Vg — L.
How many b do we have with, say, |S,(1,b)| > 0.5¢/2 ?

Turn to the so-called popularity principle:

Theorem (The popularity principle)

Suppose that a; < M and set Ea := %Z?:1 a;. Then P(a; > 0.5Ea) > 2]ET‘;[.
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Thus there exists b € Zq such that |Sg(1,b)|? > ¢ — 1; it remains to note that
S(1,0) = —1 and hence this b is not 0.

So, there are b € Zy with [Sg(1,0)| > Vg — L.
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Example 4: Large Kloosterman’s sums are popular!

Thus there exists b € Zq such that |Sg(1,b)|? > ¢ — 1; it remains to note that
S(1,0) = —1 and hence this b is not 0.

So, there are b € Zy with [Sg(1,0)| > Vg — L.
How many b do we have with, say, |S,(1,b)| > 0.5¢/2 ?

Turn to the so-called popularity principle:

Theorem (The popularity principle)

Suppose that a; < M and set Ea := %Z?:1 a;. Then P(a; > 0.5Ea) > 2]ET‘;[.

Proof. Obviously,
1
- Y a;<05Ea.

n i:a;<0.5Ea
Hence,

1
— Z a; > 0.5Ea.
n i:a;>0.5Ea
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Example 4: Large Kloosterman’s sums are popular!

Thus there exists b € Zq such that |Sg(1,b)|? > ¢ — 1; it remains to note that
S(1,0) = —1 and hence this b is not 0.

So, there are b € Zy with [Sg(1,0)| > Vg — L.
How many b do we have with, say, |S,(1,b)| > 0.5¢/2 ?

Turn to the so-called popularity principle:

Theorem (The popularity principle)

Suppose that a; < M and set Ea := %Z?:1 a;. Then P(a; > 0.5Ea) > 2]ET‘;[.

Proof. Obviously,
1
- Y a;<05Ea.

n i:a;<0.5Ea
Hence,

1
— Z a; > 0.5Ea.
n i:a;>0.5Ea

But since a; < M

1
MP(a; > 0.5Ea) = M —#{i: a; > 0.5Ea} > > a;>05Ea.
n

i:a; >0.5Ea

S
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Example 4: Large Kloosterman’s sums are popular!

Recall that (a great theorem)

1S4(1,b)| < 2¢"/%;
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Example 4: Large Kloosterman’s sums are popular!

Recall that (a great theorem)
|Sq(1,)] < 2¢"/%;

so we have
|S‘1(17b)‘2 < 4q =M.

Also (and that is almost trivial and was shown by us)

E[Sq(1,b)* = ¢ —1.
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Example 4: Large Kloosterman’s sums are popular!

Recall that (a great theorem)
|Sq(1,)] < 2¢"/%;

so we have
|S‘1(17b)‘2 < 4q =M.

Also (and that is almost trivial and was shown by us)
E[Sq(1,b)* = ¢ —1.
Then by the popularity principle we have

qg—1

P (1Sq(1,5)> > 0.5(q — 1)) > S
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Example 4: Large Kloosterman’s sums are popular!

Recall that (a great theorem)
|Sq(1,)] < 2¢"/%;

so we have
|S‘1(17b)‘2 < 4q =M.

Also (and that is almost trivial and was shown by us)
E[Sq(1,b)]* = ¢~ 1.

Then by the popularity principle we have

-1
P (|Sq(1,b)[> > 0.5(g — 1)) > ‘ZS—.
q
Fix a large g. Then
11
P (|sq(1,b)\ >1/0.5(q — 1)) > ao > 012
q
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Example 4: Large Kloosterman’s sums are popular!

Recall that (a great theorem)
|Sq(1,)] < 2¢"/%;

so we have
|S‘1(17b)‘2 < 4q =M.

Also (and that is almost trivial and was shown by us)
E[Sq(1,b)* = ¢ —1.
Then by the popularity principle we have

qg—1

P (1Sq(1,5)> > 0.5(q — 1)) > S

Fix a large g. Then
1 1
> (g — Z2 - — 12.
P (ISq(Lb)\ > 1/0.5(q 1)) 5 8 012

So for a positive proportion of b we proved the inequality |Sg(1,b)| > 0.7¢1/2 1
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Example 4: Large Kloosterman’s sums are popular!

Recall that (a great theorem)
|Sq(1,)] < 2¢"/%;

so we have
|S(I(17b)‘2 < 4q =M.

Also (and that is almost trivial and was shown by us)
E[Sq(1,b)* = ¢ —1.
Then by the popularity principle we have

—1
P (|Sq(1,b)[> > 0.5(g — 1)) > qg—q
Fix a large g. Then
1 1
P (1S4(1,8) = v/05(g—1)) > = — — > 0.12.
( 4 ) 8 8¢

So for a positive proportion of b we proved the inequality |Sg(1,b)| > 0.7¢*/2 1

Large Kloosterman's sums are popular! (and we get it «for free»!)
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Example 5: Two conferences

In fact, using the probabilistic method we can prove not only that a function takes
large values. We can prove that some objects do exist!
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Example 5: Two conferences

In fact, using the probabilistic method we can prove not only that a function takes
large values. We can prove that some objects do exist!

Toy problem.

Suppose there will be held two conferences on Analytic Number Theory
simultaneously with 60 (!) sections. Suppose also that for each section there are at
least 7 scientists who are specialists in the corresponding topics. Is it possible to
distribute them so that for both conferences all of its sections will not be empty?

Mikhail Gabdullin



Example 5: Two conferences

In fact, using the probabilistic method we can prove not only that a function takes
large values. We can prove that some objects do exist!

Toy problem.

Suppose there will be held two conferences on Analytic Number Theory
simultaneously with 60 (!) sections. Suppose also that for each section there are at
least 7 scientists who are specialists in the corresponding topics. Is it possible to
distribute them so that for both conferences all of its sections will not be empty?

Yes!
Let us assign a scientist to each conference with probability 1/2.
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In fact, using the probabilistic method we can prove not only that a function takes
large values. We can prove that some objects do exist!

Toy problem.

Suppose there will be held two conferences on Analytic Number Theory
simultaneously with 60 (!) sections. Suppose also that for each section there are at
least 7 scientists who are specialists in the corresponding topics. Is it possible to
distribute them so that for both conferences all of its sections will not be empty?

Yes!

Let us assign a scientist to each conference with probability 1/2. Let E4 be the event
that a section A of one of the conferences is empty. The probability of £ 4 is at most
2~7; the probability of existence of an empty section is
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Example 5: Two conferences

In fact, using the probabilistic method we can prove not only that a function takes
large values. We can prove that some objects do exist!

Toy problem.

Suppose there will be held two conferences on Analytic Number Theory
simultaneously with 60 (!) sections. Suppose also that for each section there are at
least 7 scientists who are specialists in the corresponding topics. Is it possible to
distribute them so that for both conferences all of its sections will not be empty?

Yes!

Let us assign a scientist to each conference with probability 1/2. Let E4 be the event
that a section A of one of the conferences is empty. The probability of £ 4 is at most
2~7; the probability of existence of an empty section is

P(UAE,) Z]P(EA 2.60-277 =120/128 < 1.
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Example 5: Two conferences

In fact, using the probabilistic method we can prove not only that a function takes
large values. We can prove that some objects do exist!

Toy problem.

Suppose there will be held two conferences on Analytic Number Theory
simultaneously with 60 (!) sections. Suppose also that for each section there are at
least 7 scientists who are specialists in the corresponding topics. Is it possible to
distribute them so that for both conferences all of its sections will not be empty?

Yes!

Let us assign a scientist to each conference with probability 1/2. Let E4 be the event
that a section A of one of the conferences is empty. The probability of £ 4 is at most
2~7; the probability of existence of an empty section is

P(UAE,) Z]P(EA 2.60-277 =120/128 < 1.

If there are n scientists, then we have 2™ possibilities and hence there are at least
27(1 — 120/128) = 2"~* rearrangements of participants with no empty sections.
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Example 5: Two conferences

In fact, using the probabilistic method we can prove not only that a function takes
large values. We can prove that some objects do exist!

Toy problem.

Suppose there will be held two conferences on Analytic Number Theory
simultaneously with 60 (!) sections. Suppose also that for each section there are at
least 7 scientists who are specialists in the corresponding topics. Is it possible to
distribute them so that for both conferences all of its sections will not be empty?

Yes!

Let us assign a scientist to each conference with probability 1/2. Let E4 be the event
that a section A of one of the conferences is empty. The probability of £ 4 is at most
2~7; the probability of existence of an empty section is

P(UAE,) Z]P(EA 2.60-277 =120/128 < 1.

If there are n scientists, then we have 2™ possibilities and hence there are at least
27(1 — 120/128) = 2"~* rearrangements of participants with no empty sections.

Again, we proved not only the existence of such rearrangement: we proved that there
are many of them.
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Example 5: Two conferences

Once again, the method is instructive but not constructive. Usual people may not
understand this:
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Example 5: Two conferences

Once again, the method is instructive but not constructive. Usual people may not
understand this:

-Hey, could you help me? There will be held two conferences
simultaneously...(bla-bla-bla). Is it possible to distribute the scientists so that for both
conferences all of its sections would not be empty?

(here you are thinking, applying the probabilistic method...)

-Yes!
-Oh, nice!! How?
-1 don’t know.

Mikhail Gabdullin The probabilistic method



Example 5: Two conferences

Once again, the method is instructive but not constructive. Usual people may not
understand this:

-Hey, could you help me? There will be held two conferences
simultaneously...(bla-bla-bla). Is it possible to distribute the scientists so that for both
conferences all of its sections would not be empty?

(here you are thinking, applying the probabilistic method...)

-Yes!
-Oh, nice!! How?
-1 don’t know.

It is one of the reasons why «we get everything for freex.
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Example 6: Tournament

Another combinatorial toy problem.

Suppose a great football (or whatever) tournament with N = 107 teams is coming. Is
it possible that for any 10 teams there will be a team which would beat all of them
(draws are not allowed)?
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Example 6: Tournament

Another combinatorial toy problem.

Suppose a great football (or whatever) tournament with N = 107 teams is coming. Is
it possible that for any 10 teams there will be a team which would beat all of them
(draws are not allowed)?

Consider a random directed complete graph G = (V, E) with |V| = N vertices; (3, j)
means that the team ¢ won the team j.
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Example 6: Tournament

Another combinatorial toy problem.

Suppose a great football (or whatever) tournament with N = 107 teams is coming. Is
it possible that for any 10 teams there will be a team which would beat all of them
(draws are not allowed)?

Consider a random directed complete graph G = (V, E) with |V| = N vertices; (3, j)
means that the team ¢ won the team j.

For any i # j we set P((4,5) € E) =P((j,i) € E) =1/2.
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Example 6: Tournament

Another combinatorial toy problem.

Suppose a great football (or whatever) tournament with N = 107 teams is coming. Is
it possible that for any 10 teams there will be a team which would beat all of them
(draws are not allowed)?

Consider a random directed complete graph G = (V, E) with |V| = N vertices; (3, j)
means that the team ¢ won the team j.

For any i # j we set P((i,5) € E) =P((4,¢) € E) =1/2. Fix A C V with |4 =10
and take v € V' \ A. The probability that (v,a) € E for all a € A (v is good for A) is
2710 put @ =1 —2-10,
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Example 6: Tournament

Another combinatorial toy problem.

Suppose a great football (or whatever) tournament with N = 107 teams is coming. Is
it possible that for any 10 teams there will be a team which would beat all of them
(draws are not allowed)?

Consider a random directed complete graph G = (V, E) with |V| = N vertices; (3, j)
means that the team ¢ won the team j.

For any i # j we set P((i,5) € E) =P((4,¢) € E) =1/2. Fix A C V with |4 =10
and take v € V' \ A. The probability that (v,a) € E for all a € A (v is good for A) is
2710 put @ =1 —2-10,

Let F4 be the event that there are no good v (a bad event — our condition then
fails). Then P(F4) = o™ ~10 and
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Example 6: Tournament

Another combinatorial toy problem.

Suppose a great football (or whatever) tournament with N = 107 teams is coming. Is
it possible that for any 10 teams there will be a team which would beat all of them
(draws are not allowed)?

Consider a random directed complete graph G = (V, E) with |V| = N vertices; (3, j)
means that the team ¢ won the team j.

For any i # j we set P((i,5) € E) =P((4,¢) € E) =1/2. Fix A C V with |4 =10
and take v € V' \ A. The probability that (v,a) € E for all a € A (v is good for A) is
2_10; puta=1-—-27 0

Let F4 be the event that there are no good v (a bad event — our condition then
fails). Then P(F4) = o™ ~10 and

P(Uja)=10F4) < Z P(Fy4) < ( )a‘loaN < %QN < 10—4000_
|Al=10 '
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Example 6: Tournament

Another combinatorial toy problem.

Suppose a great football (or whatever) tournament with N = 107 teams is coming. Is
it possible that for any 10 teams there will be a team which would beat all of them
(draws are not allowed)?

Consider a random directed complete graph G = (V, E) with |V| = N vertices; (3, j)
means that the team ¢ won the team j.

For any i # j we set P((i,5) € E) =P((4,¢) € E) =1/2. Fix A C V with |4 =10
and take v € V' \ A. The probability that (v,a) € E for all a € A (v is good for A) is
2_10; puta=1-—-27 0

Let F4 be the event that there are no good v (a bad event — our condition then
fails). Then P(F4) = o™ ~10 and

—lN 10
P(Uja)=10F4) < Z P(Fy4) < ( )a‘loaN < %QN < 10—4000_
|Al=10 '

Again, we have proved that not one but the vast majority of the tournaments obeys
our condition. Nevertheless, we still have no examples from this argument.
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Example 6: Tournament

But that is quite strange, isn't it? Take 10 best chessplayers. What is the probability
that somebody beats all of them?
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Example 6: Tournament

But that is quite strange, isn't it? Take 10 best chessplayers. What is the probability
that somebody beats all of them?

Ok, let us allow draws and consider the same problem.
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Example 6: Tournament

But that is quite strange, isn't it? Take 10 best chessplayers. What is the probability
that somebody beats all of them?

Ok, let us allow draws and consider the same problem.

For any i # j we set

P((¢ won j) € E) =P((j won i) € E) = P((j made a draw with ¢) € E) =1/3.
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Example 6: Tournament

But that is quite strange, isn't it? Take 10 best chessplayers. What is the probability
that somebody beats all of them?

Ok, let us allow draws and consider the same problem.
For any i # j we set

P((¢ won j) € E) =P((j won i) € E) = P((j made a draw with ¢) € E) =1/3.
Fix A C V with |A| = 10 and take v € V' \ A. The probability that (v,a) € E for all

a € A (vis good for A) is 3710, put o = 1 — 3710,
Let F4 be the event that there are no good v. Then P(F4) = oV ~10 and

—1n)10
P(Ujai=10Fa) < D> P(Fa) < ( ) 10N < %a]\[ <1071
|A[=10 :
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Example 6: Tournament

But that is quite strange, isn't it? Take 10 best chessplayers. What is the probability
that somebody beats all of them?

Ok, let us allow draws and consider the same problem.
For any i # j we set

P((¢ won j) € E) =P((j won i) € E) = P((j made a draw with ¢) € E) =1/3.
Fix A C V with |A| = 10 and take v € V' \ A. The probability that (v,a) € E for all

a € A (vis good for A) is 3710, put o = 1 — 3710,
Let F4 be the event that there are no good v. Then P(F4) = oV ~10 and

—1n)10
P(Ujai=10Fa) < D> P(Fa) < ( ) 10N < %a]\[ <1071
|A[=10 :

How can one explain this?
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Example 6: Tournament

But that is quite strange, isn't it? Take 10 best chessplayers. What is the probability
that somebody beats all of them?

Ok, let us allow draws and consider the same problem.

For any i # j we set
P((¢ won j) € E) =P((j won i) € E) = P((j made a draw with ¢) € E) =1/3.

Fix A C V with |A| = 10 and take v € V' \ A. The probability that (v,a) € E for all
a € A (vis good for A) is 3710, put o = 1 — 3710,
Let F4 be the event that there are no good v. Then P(F4) = oV ~10 and

(a—lN)lo

(U\AlfloFA |A‘Z IP(FA ( ) 10N < TO&N < 10710,
=10

How can one explain this?

Random objects, roughly speaking, have no structure. But usual tournaments do have
some structure - say, a group of strong players a group of weak players, or transitivity:
if a won b and b won ¢, then it is quite logical to assume that a won c. Usually have
more "dependences" in the life.
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Example 6: Tournament

But that is quite strange, isn't it? Take 10 best chessplayers. What is the probability
that somebody beats all of them?

Ok, let us allow draws and consider the same problem.
For any i # j we set

P((¢ won j) € E) =P((j won i) € E) = P((j made a draw with ¢) € E) =1/3.
Fix A C V with |A| = 10 and take v € V' \ A. The probability that (v,a) € E for all

a € A (vis good for A) is 3710, put o = 1 — 3710,
Let F4 be the event that there are no good v. Then P(F4) = oV ~10 and

—1o.n _ (@ TN —10
P(Upaj=10Fa) < > B(Fa) < ( ) o < Eorat <107,
|A|=10 :
How can one explain this?
Random objects, roughly speaking, have no structure. But usual tournaments do have
some structure - say, a group of strong players a group of weak players, or transitivity:

if a won b and b won ¢, then it is quite logical to assume that a won c. Usually have
more "dependences" in the life.

We will also show that scores of almost all players in this random tournament are very
close to N/2. It is also very unusual for the real life.
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Example 7: Sum-free subsets

A set A C Z is said to be sum-free if there are no solutions of the equation a +b =—¢
with a,b,c € A.
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Example 7: Sum-free subsets

A set A C Z is said to be sum-free if there are no solutions of the equation a +b =—¢
with a,b,c € A.

Obviously, the set of all odd numbers (or numbers which are congruent 1 (mod 3)) is
sum-free.
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Example 7: Sum-free subsets

A set A C Z is said to be sum-free if there are no solutions of the equation a +b =—¢
with a,b,c € A.

Obviously, the set of all odd numbers (or numbers which are congruent 1 (mod 3)) is
sum-free.

Given a finite set A C Z, how large can we choose a sum-free subset B C A 7
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Example 7: Sum-free subsets

A set A C Z is said to be sum-free if there are no solutions of the equation a +b =—¢
with a,b,c € A.

Obviously, the set of all odd numbers (or numbers which are congruent 1 (mod 3)) is
sum-free.

Given a finite set A C Z, how large can we choose a sum-free subset B C A 7

Theorem (Erdds, 1965)

Let A be a set of non-zero integers. Then A contains a sum-free subset B of size
[Bl > [Al/3.
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Example 7: Sum-free subsets

A set A C Z is said to be sum-free if there are no solutions of the equation a +b =—¢
with a,b,c € A.

Obviously, the set of all odd numbers (or numbers which are congruent 1 (mod 3)) is
sum-free.

Given a finite set A C Z, how large can we choose a sum-free subset B C A 7

Theorem (Erdds, 1965)

Let A be a set of non-zero integers. Then A contains a sum-free subset B of size
[Bl > [Al/3.

Proof. The main idea: the set [1/3,2/3) is a sum-free subset of [0,1) = R/Z.
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Example 7: Sum-free subsets

A set A C Z is said to be sum-free if there are no solutions of the equation a +b =—¢
with a,b,c € A.

Obviously, the set of all odd numbers (or numbers which are congruent 1 (mod 3)) is
sum-free.

Given a finite set A C Z, how large can we choose a sum-free subset B C A 7

Theorem (Erdds, 1965)

Let A be a set of non-zero integers. Then A contains a sum-free subset B of size
[Bl > [Al/3.

Proof. The main idea: the set [1/3,2/3) is a sum-free subset of [0,1) = R/Z.

Choose a large prime number p = 3k + 2 so that A C [—p/2,p/2] \ {0}. We can view
A as a subset of Z,, rather than the integers Z, and observe that a subset B of A will
be sum-free in Z,, if and only if it is sum-free in Z.
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Example 7: Sum-free subsets

Now, the set [k + 1,2k + 1] C Zp is sum-free. Choose x € Z;; uniformly at random;
then the random set

B:=AN(z - [k+1,2k+1)={acA:z 'ac[k+1,2k+ 1]}
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Example 7: Sum-free subsets

Now, the set [k + 1,2k + 1] C Zp is sum-free. Choose x € Z;; uniformly at random;
then the random set

B:=AN(z - [k+1,2k+1)={acA:z 'ac[k+1,2k+ 1]}

is also sum-free. We want to find « such that |B| is large. We have
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Example 7: Sum-free subsets

Now, the set [k + 1,2k + 1] C Zp is sum-free. Choose x € Z;; uniformly at random;
then the random set

B:=AN(z - [k+1,2k+1)={acA:z 'ac[k+1,2k+ 1]}

is also sum-free. We want to find « such that |B| is large. We have

k+1 _ |A|
>

E(B))=> PlacB)=>» P 'ac[k+1,2k+1]) = |A|qu 3

acA a€A

Then we are done.
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Example 8: Large Li-norms of polynomials

Consider trygonometric polynomials with coefficients equal to 1 and the norms
1/q T

1fllq == (fol |f(m)\qd:r) . q > 1. Suppose {ny}X_, are distinct integers; then

trivially
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Example 8: Large Li-norms of polynomials

Consider trygonometric polynomials with coefficients equal to 1 and the norms

1fllq == (fol |f(m)\qd:r) Ha . q > 1. Suppose {ny}X_, are distinct integers; then
trivially

— N1/2

N
Z e(niz)
k=1

(here and in what follows e(mx) = €279™). On the other hand, by the
Cauchi-Schwarz inequality

2

N

Z e(npx)

k=1

— N1/2

N
Z nkx

2
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Example 8: Large Li-norms of polynomials

Consider trygonometric polynomials with coefficients equal to 1 and the norms

1fllq == (fol |f(m)\qd:r) Ha . q > 1. Suppose {ny}X_, are distinct integers; then
trivially

— N1/2

N
Z e(niz)
k=1

(here and in what follows e(mx) = €279™). On the other hand, by the
Cauchi-Schwarz inequality

2

N

Z e(npx)

k=1

— N1/2

N
Z nkx

2

A very natural question is how large HZ{CV:I e(nkx)H can be. We give a quite precise
1

answer using the first moment method again.
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Example 8: Large Li-norms of polynomials

Let N be a positive integer and [N] = {1,..., N}. Then

1

#IMCIN]: [ | D e(ka)|de> 014N/ § >0.28 - 2.
0 |keM
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Example 8: Large Li-norms of polynomials

Let N be a positive integer and [N] = {1,..., N}. Then

1

#{ M C [N] :/ > e(ka)|dr > 014N/ § > 0.28 - 2.
0 |keM

The same is true (possibly with worse constants) for the systems {cos2wkz} and
{sin 27kx}; the proof is almost the same.
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Example 8: Large Li-norms of polynomials

Let N be a positive integer and [N] = {1,..., N}. Then

1

#{ M C [N] :/ > e(ka)|dr > 014N/ § > 0.28 - 2.
0 |keM

The same is true (possibly with worse constants) for the systems {cos2wkz} and
{sin 27kx}; the proof is almost the same.

Proof. We need a little preparation. Let f = {f;}]7, be arbitrary complex numbers;
. 1
for ¢ > 0, define || fllg = (& S, [£]9) "/
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Example 8: Large Li-norms of polynomials

Let N be a positive integer and [N] = {1,..., N}. Then

1

#{ M C [N] :/ > e(ka)|dr > 014N/ § > 0.28 - 2.
0 |keM

The same is true (possibly with worse constants) for the systems {cos2wkz} and
{sin 27kx}; the proof is almost the same.

Proof. We need a little preparation. Let f = {f;}]7, be arbitrary complex numbers;
. 1
for ¢ > 0, define || fllg = (& S, [£]9) "/

We have

I£1l2 < 1T 200272,
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Example 8: Large Li-norms of polynomials

Let N be a positive integer and [N] = {1,..., N}. Then

1

#{ M C [N] :/ > e(ka)|dr > 014N/ § > 0.28 - 2.
0 |keM

The same is true (possibly with worse constants) for the systems {cos2wkz} and
{sin 27kx}; the proof is almost the same.

Proof. We need a little preparation. Let f = {f;}]7, be arbitrary complex numbers;
. 1
for ¢ > 0, define || fllg = (& S, [£]9) "/

We have

I£1l2 < 1T 200272,

This lemma is a simple consequence of Holder's inequality (with the exponents 3/2
and 3): we have

1/3

m m 2/3 m
1 1 1
1713 = — STIAPAIAIY° < (mDm) <m2|fz|4> = IR 213"
=1 =1 =1
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Example 8: Large Li-norms of polynomials

Now let {ax}Y_, be arbitrary complex numbers and {e,}}_, be independent random
signes (g, = £1/2 with probability 1/2). Consider
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Example 8: Large Li-norms of polynomials

Now let {ax}Y_, be arbitrary complex numbers and {e,}}_, be independent random
signes (g, = £1/2 with probability 1/2). Consider

2

=27V 3

£1,--0EN

2

= Z%CTZEEEWZ = Z\%lg
Kl k

E.

N
Zakak

k=1

N
Zakak
k=1

and
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Example 8: Large Li-norms of polynomials

Now let {ax}Y_, be arbitrary complex numbers and {e,}}_, be independent random
signes (g, = £1/2 with probability 1/2). Consider

N 2 N 2

E = 27N = Gk = 2

. epag| = epag| = araiBeere; = lak|
k=1 €1,-eN lk=1 k,l k

and

N 4 N 4

E: E erar| = 2N E E erag| = E A Oman EeELEIEMEN.
k=1 €1,--,EN k=1 k,l,m,n
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Example 8: Large Li-norms of polynomials

Now let {ax}Y_, be arbitrary complex numbers and {e,}}_, be independent random
signes (g, = £1/2 with probability 1/2). Consider

N 2 N 2

E = 27N = aE = 2

. epag| = epag| = araiBeere; = lak|
k=1 €1,-eN lk=1 k,l k

and

N 4 N 4

E: E erar| = 2N E E erag| = E A Oman EeELEIEMEN.
k=1 €1,--,EN k=1 k,l,m,n

Here only 4-tuples of the types (k, k, k, k), (k, 1, k,1), (k, k, 1, 1), (k, 1,1, k) matter; other
tuples give a zero contribution to the RHS; so
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Example 8: Large Li-norms of polynomials

Now let {ax}Y_, be arbitrary complex numbers and {e,}}_, be independent random
signes (g, = £1/2 with probability 1/2). Consider

N 2 N 2

E = 27N = aE = 2

. epag| = epag| = araiBeere; = lak|
k=1 €1,-eN lk=1 k,l k

and

N 4 N 4

E: E erar| = 2N E E erag| = E A Oman EeELEIEMEN.
k=1 €1,--,EN k=1 k,l,m,n

Here only 4-tuples of the types (k, k, k, k), (k, 1, k,1), (k, k, 1, 1), (k, 1,1, k) matter; other
tuples give a zero contribution to the RHS; so

N 2
D ewar| = lap* +6) Jag/*lar* <3 <Z|ak2>
k=1 % %

k<l

4
Ee
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Example 8: Large Li-norms of polynomials

Now let {ax}Y_, be arbitrary complex numbers and {e,}}_, be independent random
signes (g, = £1/2 with probability 1/2). Consider

N 2 N 2

E = 27N = aE = 2

. epag| = epag| = araiBeere; = lak|
k=1 €1,-eN lk=1 k,l k

and

N 4 N 4

E: E erar| = 2N E E erag| = E A Oman EeELEIEMEN.
k=1 €1,--,EN k=1 k,l,m,n

Here only 4-tuples of the types (k, k, k, k), (k, 1, k,1), (k, k, 1, 1), (k, 1,1, k) matter; other
tuples give a zero contribution to the RHS; so

N 4 2
Ee | enar| = larl* +6> lag|*|la]® <3 <Z |¢1k2>
k=1 k k<l K
Hence
N 2\ 1/2 N 4\ 1/4 N 2\ 1/2
E. ZEkak < | Ee Zﬁkak < V3| Ee ZEkak
k=1 k=1 k=1
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Example 8: Large Li-norms of polynomials

In fact, there is more common Khinchin's inequality: for any p > O there are constants
Ayp, Bp > 0 such that for any {a},
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Example 8: Large Li-norms of polynomials

In fact, there is more common Khinchin's inequality: for any p > O there are constants
Ayp, Bp > 0 such that for any {a},
p> 1/p

p\ 1/p
Ap <Eg > < | Ee

1/2
N 2\ 1/

E LAk

k=1

N
E Ekak
k=1

N
g Ekak
k=1

<B, <EE
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Example 8: Large Li-norms of polynomials

In fact, there is more common Khinchin's inequality: for any p > O there are constants
Ayp, Bp > 0 such that for any {a},
p> 1/p

p\ 1/p
Ap <Eg > < | Ee

Now fix z € [0, 1]. We use the lemma with {ax} = e(kx) and f(e) = Zi\;l exe(kx)
as well as the bound for Ls-norm of f(e) to get

1/2
N 2\ 1/

E LAk

k=1

N
g Ekak
k=1

<B, <EE

N
E Ekak
k=1
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Example 8: Large Li-norms of polynomials

In fact, there is more common Khinchin's inequality: for any p > O there are constants
Ayp, Bp > 0 such that for any {a},
p> 1/p

p\ 1/p
Ap <Eg > < | Ee

Now fix z € [0, 1]. We use the lemma with {ax} = e(kx) and f(e) = Zi\;l exe(kx)
as well as the bound for Ls-norm of f(e) to get

1/2
N 2\ 1/

E LAk

k=1

N
g Ekak
k=1

<B, <EE

N
E Ekak
k=1

N
2 enelke) TP

k=1

Ee
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Example 8: Large Li-norms of polynomials

In fact, there is more common Khinchin's inequality: for any p > O there are constants
Ayp, Bp > 0 such that for any {a},
p> 1/p

p\ 1/p
Ap <Eg > < | Ee

Now fix z € [0, 1]. We use the lemma with {ax} = e(kx) and f(e) = Zi\;l exe(kx)
as well as the bound for Ls-norm of f(e) to get

1/2
N 2\ 1/

E LAk

k=1

N
< Bp <]EE Z Ekak
k=1

N
E Ekak
k=1

LA - 1Sl

_ 1/2
TR

N
Z exe(kx)

k=1

Ee = [Ifllx =

Integrating this for z € [0, 1] we obtain

1

dIZ/Eg

0

do— (s B S W72 _ e

N
k =
2 enelka) Iz~ Vs
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Example 8: Large Li-norms of polynomials are popular!

Note that for any {e;} € {—1,1}" the bound

e

N
Z exe(kx)
k=1

N
Z ere(kx)
k=1

2 1/2
d:r) =NY2=M

holds.
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Example 8: Large Li-norms of polynomials are popular!

Note that for any {e;} € {—1,1}" the bound
1/2
Z ere(kx)

L~ 1N
o k=1 o k=1

holds. Then the popularity principle gives us

B

N2 | Elf(e)

dr > >
2V/3 2M

Z ere(kx)
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Example 8: Large Li-norms of polynomials are popular!

Fix any {ex}1_, with fol ’Z]k\]:1 ere(kz)|dx > ]\2/\1//; and denote
9(x) = > exe(ka).
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Example 8: Large Li-norms of polynomials are popular!

i : 1/2
Fix any {ex}p_, with [} ’fo:l 61&(’”)‘ dr > ]\2’\/5 and denote
g(x) = >, exe(kz). Define

gt = Z e(kx), ¢~ = Z e(kx)

kigp=1 kiep=—1

Mikhail Gabdullin The probabilistic method



Example 8: Large Li-norms of polynomials are popular!

i : 1/2
Fix any {ex}iL, with fol ’z]k\]:1 €k€(k$)‘ dx > ]\2/\/3 and denote
g(x) = >, exe(kz). Define
gt = 3 eka), g7 = Y elka)
kiep=1 kiep=—1

Then o
N
lg* —g7lli = llgllh > == > 0.288N1/2

2v3
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Example 8: Large Li-norms of polynomials are popular!

i : 1/2
Fix any {ex}p_, with [} ’fo:l 61&(’”)‘ dr > ]\2’\/5 and denote
g(x) = >, exe(kz). Define

gt = Z e(kz), g~ = Z e(kx)

kigp=1 kiep=—1
Then o
_ N
lgt —g7 1l =llgl > BV > 0.288N1/2

and

al 4

lg* + 971k = || > e(ka))| = —log N +0(1).
k=1 1
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Example 8: Large Li-norms of polynomials are popular!

i : 1/2
Fix any {ex}p_, with [} ’fo:l 61&(’”)‘ dr > ]\2’\/5 and denote
g(x) = >, exe(kz). Define

gt = Z e(kx), ¢~ = Z e(kx)

kigp=1 kiep=—1
Then ”»
N
+ gy = > >0.288N1/2
lg™ =g~ llx = llglla 273
and
N 4
gt + 97 [l = ||>_ e(kx)|| = =5 log N+ O(1).
s
k=1 1
Hence,
+ _ - + - + _ - + 40—
gl = |[E=9— L X9 | S| —9 || _ |99 || 5 g.14n1/2
2 2 1 2 1 2 L

and analogously for g—.
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Example 8: Large Li-norms of polynomials are popular!

Note that the pairs {g*, g~} are the same for {e;} and {—¢e}. Then we see that

1

#SMCINT: [ | e(kz)|dz > 0.14N"/2 5 > 0.28 - 2N,
0 |keM
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Example 8: Large Li-norms of polynomials are popular!

Note that the pairs {g*, g~} are the same for {e;} and {—¢e}. Then we see that

1

#SMCINT: [ | e(kz)|dz > 0.14N"/2 5 > 0.28 - 2N,
0 |keM

Thus for a positive proportion of subsets the correspoding polynomials have large
Li-norm.
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Example 8: Large Li-norms of polynomials are popular!

Note that the pairs {g*, g~} are the same for {e;} and {—¢e}. Then we see that

1
#{ M C [N] :/ > e(kz)|dz > 0.14N"/2 § > 0.28 - 2N,
0 |keM

Thus for a positive proportion of subsets the correspoding polynomials have large
Li-norm.

Note the more "direct" argument with P(e, = 0) = P(e, = 1) = 1/2 does not work

(then L4-moments E. Z}I::1 epe(kx)| would be of order N* instead of N?).
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Example 9: Antichains

A collection A of sets is said to be an antichain if none of the sets is contained in any
other, that is, A ¢ B for any distinct A, B € A.
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Example 9: Antichains

A collection A of sets is said to be an antichain if none of the sets is contained in any
other, that is, A ¢ B for any distinct A, B € A.

Now consider subsets of {1, ..., N}. What antichains do we have here?

Mikhail Gabdullin The probabilistic method



Example 9: Antichains

A collection A of sets is said to be an antichain if none of the sets is contained in any
other, that is, A ¢ B for any distinct A, B € A.

Now consider subsets of {1, ..., N}. What antichains do we have here?

Obviously, a collection all subsets of the same size k form an antichain. It has size
([NA/IZ]) if k= [N/2]. In fact, this is the largest antichain.
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Example 9: Antichains

A collection A of sets is said to be an antichain if none of the sets is contained in any
other, that is, A ¢ B for any distinct A, B € A.

Now consider subsets of {1, ..., N}. What antichains do we have here?

Obviously, a collection all subsets of the same size k form an antichain. It has size
([NA/IZ]) if k= [N/2]. In fact, this is the largest antichain.

Theorem (LYM inequality)

Let A be an antichain of subsets of [N]. Then
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Example 9: Antichains

A collection A of sets is said to be an antichain if none of the sets is contained in any
other, that is, A ¢ B for any distinct A, B € A.

Now consider subsets of {1, ..., N}. What antichains do we have here?

Obviously, a collection all subsets of the same size k form an antichain. It has size
([NA/IZ]) if k= [N/2]. In fact, this is the largest antichain.

Theorem (LYM inequality)

Let A be an antichain of subsets of [N]. Then

AcA \A|)

Since (\JX|) < ([NA/72]), it implies that

|A] <ZL<1

N N =
(wy2)  Aca (a))
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Example 9: Antichains

A collection A of sets is said to be an antichain if none of the sets is contained in any
other, that is, A ¢ B for any distinct A, B € A.

Now consider subsets of {1, ..., N}. What antichains do we have here?

Obviously, a collection all subsets of the same size k form an antichain. It has size
([NA/IZ]) if k= [N/2]. In fact, this is the largest antichain.

Theorem (LYM inequality)

Let A be an antichain of subsets of [N]. Then

A€A (\A|)

Since (\JX|) < ([NA/72]), it implies that

ey o
(wya)  aea (fa)

and |A| < ([NI\;Q]). The name of the inequality is due to works of Lubell, Meshalkin
and Yamamoto.
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Example 9: Antichains

Proof of the LYM inequality. We give a probabilistic proof using the method of
random maps. Let ¢: [N] — [N] be a random bijection chosen uniformly at random
among all N! such bijections. Let A C [N]. Then it is easy to see that
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Example 9: Antichains

Proof of the LYM inequality. We give a probabilistic proof using the method of
random maps. Let ¢: [N] — [N] be a random bijection chosen uniformly at random
among all N! such bijections. Let A C [N]. Then it is easy to see that

AN — AN _ 1
B(6(A) = {1,...]A]}) = =
n ()
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Example 9: Antichains

Proof of the LYM inequality. We give a probabilistic proof using the method of
random maps. Let ¢: [N] — [N] be a random bijection chosen uniformly at random
among all N! such bijections. Let A C [N]. Then it is easy to see that

AN — AN _ 1
B(6(A) = {1,....|4]}) = =
n ()

But if A, B € A and A # B, then the events ¢(A) = {1,...,|A|} and
¢(B) ={1,...,|B|} are disjoint. So

Mikhail Gabdullin The probabilistic method



Example 9: Antichains

Proof of the LYM inequality. We give a probabilistic proof using the method of
random maps. Let ¢: [N] — [N] be a random bijection chosen uniformly at random
among all N! such bijections. Let A C [N]. Then it is easy to see that

AN — AN _ 1
B(6(A) = {1,....|4]}) = =
n ()

But if A, B € A and A # B, then the events ¢(A) = {1,...,|A|} and
¢(B) ={1,...,|B|} are disjoint. So

AcA

and the claim follows.

Mikhail Gabdullin The probabilistic method



Example 10: Bipartite subgraphs

Let G = (V, E) be a graph with n vertices and e edges. Then G contains a bipartite
subgraph with at least e/2 edges.
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Example 10: Bipartite subgraphs

Let G = (V, E) be a graph with n vertices and e edges. Then G contains a bipartite
subgraph with at least e/2 edges.

Proof. Let T C V be a random subset given by P(z € T') = 1/2, with these choices
mutually independent. Call an edge {z;y} € E crossing if exactly one of z and y is in
T. It is easy to see that the subgraph formed by crossing edges is bipartite.
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Example 10: Bipartite subgraphs

Let G = (V, E) be a graph with n vertices and e edges. Then G contains a bipartite
subgraph with at least e/2 edges.

Proof. Let T C V be a random subset given by P(z € T') = 1/2, with these choices
mutually independent. Call an edge {z;y} € E crossing if exactly one of z and y is in
T. It is easy to see that the subgraph formed by crossing edges is bipartite.

Let X be the number of crossing edges. We decompose

X= > Xauy,

{z;y}eE

where X, is the indicator random variable for {x;y} being crossing.
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Example 10: Bipartite subgraphs

Let G = (V, E) be a graph with n vertices and e edges. Then G contains a bipartite
subgraph with at least e/2 edges.

Proof. Let T C V be a random subset given by P(z € T') = 1/2, with these choices
mutually independent. Call an edge {z;y} € E crossing if exactly one of z and y is in
T. It is easy to see that the subgraph formed by crossing edges is bipartite.

Let X be the number of crossing edges. We decompose

X= > Xauy,

{zy}eE
where X, is the indicator random variable for {z;y} being crossing. Then
EXyy =1/2,

as two fair coin flips have probability 1/2 of being different.
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Example 10: Bipartite subgraphs

Let G = (V, E) be a graph with n vertices and e edges. Then G contains a bipartite
subgraph with at least e/2 edges.

Proof. Let T C V be a random subset given by P(z € T') = 1/2, with these choices
mutually independent. Call an edge {z;y} € E crossing if exactly one of z and y is in
T. It is easy to see that the subgraph formed by crossing edges is bipartite.

Let X be the number of crossing edges. We decompose

X= > Xauy,

{zy}eE
where X, is the indicator random variable for {z;y} being crossing. Then
EXyy =1/2,

as two fair coin flips have probability 1/2 of being different. Hence

EX = > EXgy=e/2
{z;y}

and X > e/2 for some choice of T as desired.
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The second moment method

Suppose that a = {a;}?_; be a finite sequence of real numbers. Having defined the
expectation Ea = % > | a;, we want to get some information about how large the
deviation |a; — Ea| can be.
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The second moment method

Suppose that a = {a;}?_; be a finite sequence of real numbers. Having defined the
expectation Ea = % > | a;, we want to get some information about how large the
deviation |a; — Ea| can be. Then it is logical to define the variation

Vara := E|a; — Ea|? = Ea? — 2F (a;Ea) + (Ea)? = Ea? — E2a.
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The second moment method

Suppose that a = {a;}?_; be a finite sequence of real numbers. Having defined the
expectation Ea = % > | a;, we want to get some information about how large the
deviation |a; — Ea| can be. Then it is logical to define the variation

Vara := E|a; — Ea|? = Ea? — 2F (a;Ea) + (Ea)? = Ea? — E2a.

How to use variation?
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The second moment method

Suppose that a = {a;}?_; be a finite sequence of real numbers. Having defined the
expectation Ea = % >4 ai, we want to get some information about how large the
deviation |a; — Ea| can be. Then it is logical to define the variation

Vara := E|a; — Ea|? = Ea? — 2F (a;Ea) + (Ea)? = Ea? — E2a.

How to use variation?

Theorem (Markov's inequality)

Let X be a non-negative random variable. Then for any A > 0

EX
S —.

P(X > )<~
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The second moment method

Suppose that a = {a;}?_; be a finite sequence of real numbers. Having defined the
expectation Ea = % >4 ai, we want to get some information about how large the
deviation |a; — Ea| can be. Then it is logical to define the variation

Vara := E|a; — Ea|? = Ea? — 2F (a;Ea) + (Ea)? = Ea? — E2a.

How to use variation?

Theorem (Markov's inequality)

Let X be a non-negative random variable. Then for any A > 0

EX
S —.

P(X > )<~

Proof.

EX — /Xdy > / Xdp > / Adp = AP(X > \).
Q w: X (w)=A w: X (w)=A

Mikhail Gabdullin



The second moment method

Suppose that a = {a;}?_; be a finite sequence of real numbers. Having defined the
expectation Ea = % >4 ai, we want to get some information about how large the
deviation |a; — Ea| can be. Then it is logical to define the variation

Vara := E|a; — Ea|? = Ea? — 2F (a;Ea) + (Ea)? = Ea? — E2a.

How to use variation?

Theorem (Markov's inequality)

Let X be a non-negative random variable. Then for any A > 0

EX
S —.

P(X > )<~

Proof.

EX — /Xdy > / Xdp > / Adp = AP(X > \).
Q w: X (w)=A w: X (w)=A

So X < 10EX with probability at least 90%.
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The second moment method

Theorem (Chebyshev’s inequality)

Let A\ > 0. Then we have

1
IP(|X —EX| > ,\Var1/2X) <
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The second moment method

Theorem (Chebyshev’s inequality)

Let A\ > 0. Then we have

1
IP(|X —EX| > ,\Var1/2X) <

Proof. By Markov's inequality

EX —EX]? 1
P(\X—E)q > >\Var1/2X> =P (X —EX|* > A% Var X) < W =
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The second moment method

Theorem (Chebyshev’s inequality)

Let A\ > 0. Then we have

1
IP(|X —EX| > ,\Var1/2X) <

Proof. By Markov's inequality

EX —EX]? 1
P(\X—E)q > >\Var1/2X> =P (X —EX|* > A% Var X) < W =

So X = EX + O(A Var!/2 X) with probability 1 — O (%2)
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The second moment method

Theorem (Chebyshev’s inequality)

Let A\ > 0. Then we have

1
IP(|X —EX| > ,\Var1/2X) <

Proof. By Markov's inequality

ElX —EX]? 1
P(1X —EX| > AVarl/2X) =P (|X ~ EX|? > ? Var X) < W =

So X = EX + O(A Var!/2 X) with probability 1 — O (i)

22

The quantity o := Var'/2 X is called the standard deviation of X.
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The second moment method

Theorem (Chebyshev’s inequality)

Let A\ > 0. Then we have

1
IP(|X —EX| > ,\Var1/2X) <

Proof. By Markov's inequality

ElX —EX]? 1
P(1X —EX| > AVarl/2X) =P (|X ~ EX|? > ? Var X) < ﬁ =
ar

So X = EX + O(A Var!/2 X) with probability 1 — O (%2)

The quantity o := Var'/2 X is called the standard deviation of X.

This works good when variation is small with respect to expectation.
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Example 11: w(n)

Let n be chosen uniformly at random from [1,z] N Z and define w(n) = > | 1 to be

the number of prime divisors of n. Then (z is a large positive integer)

pln
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Example 11: w(n)

Let n be chosen uniformly at random from [1,z] N Z and define w(n) =3, 1 to be
the number of prime divisors of n. Then (z is a large positive integer)
1 1 1 T
Ew(n):;ZZI:;Z Z 1:527:
n<x p|n p<z n<z,p|n p<x p
1 1
Iy (E _ {E}) =32 4+0(1) = logloga + O(1).
z p p p

p<z p<zT
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Example 11: w(n)

Let n be chosen uniformly at random from [1,z] N Z and define w(n) =3, 1 to be
the number of prime divisors of n. Then (z is a large positive integer)
1 1 1 T
Ew(n):;ZZI:;Z Z 1:527:
n<x p|n p<z n<z,p|n p<x p
1 1
- Z (E - {E}) = Z — 4+ O0(1) =loglogxz + O(1).
Tp<e NP p p<a P

It is not hard to show that

Varw(n) = O(log log x).
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Example 11: w(n)

Let n be chosen uniformly at random from [1,z] N Z and define w(n) =3, 1 to be
the number of prime divisors of n. Then (z is a large positive integer)

Bam) = ;XY= Y1 z[f}:

n<x p|n p<x n<z,pln p<CC p
*Z(**{*}) Z + O(1) = loglogz + O(1).
p<x p<z

It is not hard to show that
Varw(n) = O(log log x).

Let f(xz) — oo as x — oo. Then by Chebyshev's inequality we have

P (|w(n) —loglogx| > f(x)(log logw)1/2) =o(l), x— oo.

f()
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Example 11: w(n)

Let n be chosen uniformly at random from [1,z] N Z and define w(n) =3, 1 to be
the number of prime divisors of n. Then (z is a large positive integer)

Bam) = ;XY= Y1 z[f}:

n<x p|n p<x n<z,pln p<CC p
*Z(**{*}) Z + O(1) = loglogz + O(1).
p<x p<z

It is not hard to show that
Varw(n) = O(log log x).

Let f(xz) — oo as x — oo. Then by Chebyshev's inequality we have

P (|w(n) —loglogx| > f(x)(log logw)1/2) =o(l), x— oo.

f()

So if we take randomly n < z, then w(n) ~ loglogx almost surely (with probability
1—0(1), = o0). In particular, for any fixed ¢ > 0
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Example 11: w(n)

Let n be chosen uniformly at random from [1,z] N Z and define w(n) =3, 1 to be
the number of prime divisors of n. Then (z is a large positive integer)

Bam) = ;XY= Y1 z[f}:

n<x p|n p<x n<z,pln p<CC p
*Z(**{*}) Z + O(1) = loglogz + O(1).
p<x p<z

It is not hard to show that
Varw(n) = O(log log x).

Let f(xz) — oo as x — oo. Then by Chebyshev's inequality we have

P (|w(n) —loglogx| > f(x)(log logw)1/2) =o(l), x— oo.

f()

So if we take randomly n < z, then w(n) ~ loglogx almost surely (with probability
1—0(1), = o0). In particular, for any fixed ¢ > 0

1
P((1—¢)loglogz < w(n) < (14¢)loglogz) =1—-0 (7 .
e2loglogx
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Corollary: Erdés’s Multiplication Table Problem

Let M(N) be the number of distinct integers in an N x N multiplication table. Is it
true that M(N) = o(N?) as N — oo ?
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Corollary: Erdés’s Multiplication Table Problem

Let M(N) be the number of distinct integers in an N x N multiplication table. Is it
true that M(N) = o(N?) as N — oo ?

Yeap. Indeed, almost all numbers ¢, 5 € {1, ..., N} have approximately loglog N prime
factors (in fact, even if we count them with multiplicity). Then almost all products 4j
have approximately 2loglog N prime factors counted with multiplicity. But there are

N

_N® 2
Tog logN) such numbers up to N=°.

only O (
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Corollary: Erdés’s Multiplication Table Problem

Let M(N) be the number of distinct integers in an N x N multiplication table. Is it
true that M(N) = o(N?) as N — oo ?

Yeap. Indeed, almost all numbers ¢, 5 € {1, ..., N} have approximately loglog N prime
factors (in fact, even if we count them with multiplicity). Then almost all products 4j
have approximately 2loglog N prime factors counted with multiplicity. But there are

N

_N® 2
Tog logN) such numbers up to N=°.

only O (

Theorem (Erdds, 1960)

We have
N2

M(N) = (log N)6+0(1) )

where § :=1 — 081082 — () 086....
og2
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Corollary: Erdés’s Multiplication Table Problem

Let M(N) be the number of distinct integers in an N x N multiplication table. Is it
true that M(N) = o(N?) as N — oo ?

Yeap. Indeed, almost all numbers ¢, 5 € {1, ..., N} have approximately loglog N prime
factors (in fact, even if we count them with multiplicity). Then almost all products 4j
have approximately 2loglog N prime factors counted with multiplicity. But there are

N

_N® 2
Tog logN) such numbers up to N=°.

only O (

Theorem (Erdds, 1960)

We have
N2

M(N) = (log N)6+0(1) )

where § :=1 — 081082 — () 086....
og2

Theorem (Ford, 2008)

We have
N2

M(N) = g Ny (log log )22
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Example 12: w(p — 1)

What about standard values of w(p — 1), where p is prime?
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Example 12: w(p — 1)

What about standard values of w(p — 1), where p is prime?

Let a prime p < = be chosen uniformly at random from [1, 2] N P. Using an advanced
result from ANT (the so-called Bombieri-Vinogradov theorem) it is easy to deduce that
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Example 12: w(p — 1)

What about standard values of w(p — 1), where p is prime?

Let a prime p < = be chosen uniformly at random from [1, 2] N P. Using an advanced
result from ANT (the so-called Bombieri-Vinogradov theorem) it is easy to deduce that

Ew(p — 1) = loglogz + O(1)
and
Varw(p — 1) = O(loglog x)
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Example 12: w(p — 1)

What about standard values of w(p — 1), where p is prime?

Let a prime p < = be chosen uniformly at random from [1, 2] N P. Using an advanced
result from ANT (the so-called Bombieri-Vinogradov theorem) it is easy to deduce that

Ew(p — 1) = loglogz + O(1)

and
Varw(p — 1) = O(loglog x)

So again by Chebyshev's inequality w(p — 1) ~ loglog = almost surely.
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Example 12: w(p — 1)

What about standard values of w(p — 1), where p is prime?

Let a prime p < = be chosen uniformly at random from [1, 2] N P. Using an advanced
result from ANT (the so-called Bombieri-Vinogradov theorem) it is easy to deduce that

Ew(p — 1) = loglogz + O(1)

and
Varw(p — 1) = O(loglog x)

So again by Chebyshev's inequality w(p — 1) ~ loglog = almost surely.

So in some sense the numbers p — 1 for primes p < x behave like random numbers
n < x.
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Example 13: 7(n)

Sometimes the second method does not work (and this is ok).
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Example 13: 7(n)

Sometimes the second method does not work (and this is ok).

Let 7(n) =3 g4, 1 be the divisor function. Then
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Example 13: 7(n)

Sometimes the second method does not work (and this is ok).

Let 7(n) =3 g4, 1 be the divisor function. Then

Erm =2 Y3 1=23 3 1= 3 [2] = 3 2400) = lege+O(1).

n<x dln d<z n<z,d|n d<z d<z
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Example 13: 7(n)

Sometimes the second method does not work (and this is ok).

Let 7(n) =3 g4, 1 be the divisor function. Then

Erm =2 Y3 1=23 3 1= 3 [2] = 3 2400) = lege+O(1).

n<x dln d<z n<z,d|n d<z d<z

One can prove that
1

3 2
@) log® z 4+ O(log” x).

Var7(n) =
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Example 13: 7(n)
Sometimes the second method does not work (and this is ok).

Let 7(n) =3 g4, 1 be the divisor function. Then

Erm =2 Y3 1=23 3 1= 3 [2] = 3 2400) = lege+O(1).

n<x dln d<z n<z,d|n d<z d<z

One can prove that

1
6¢(2)
So the standard deviation is of order log3/2 z which is much larger than Er(n) and
the second moment method fails.

Var7(n) = log® & + O(log? ).
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Example 13: 7(n)

Sometimes the second method does not work (and this is ok).

Let 7(n) =3 g4, 1 be the divisor function. Then

Erm =2 Y3 1=23 3 1= 3 [2] = 3 2400) = lege+O(1).

n<x dln d<z n<z,d|n d<z d<z

One can prove that

1
6¢(2)
So the standard deviation is of order log3/2 z which is much larger than Er(n) and
the second moment method fails.

Var7(n) = log® & + O(log? ).

Nevertheless, we do have asymptotics almost surely here.

Theorem (a folklore one)

For any € > 0 we have

P <(loga})(1°g278) <7(n) < (logw)(1°g2+5)) =1-0(1), z— oo.
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Example 14: Good intersection with a hyperplane

Let a = (a1,...,aq),b = (b1, ...,bg) € ZZ. Define

ab = (a,b) = a1b1 + ... + agbg € Zp.
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Example 14: Good intersection with a hyperplane

Let a = (a1,...,aq),b = (b1, ...,bg) € ZZ. Define
ab = (a,b) = a1b1 + ... + agbg € Zp.
Define a hyperplane L C Zg to be any set of the form
L:Ln,UZ{IEZZ:xn:u},

where n € Z%, n # 0, and u € Zy.
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Example 14: Good intersection with a hyperplane

Let a = (a1,...,aq),b = (b1, ...,bg) € ZZ. Define
ab = (a,b) = a1b1 + ... + agbg € Zp.
Define a hyperplane L C Zg to be any set of the form
L:Ln,UZ{IEZZ:xn:u},

where n € Z%, n # 0, and u € Zy.

Let A C Z& and |A| = 6p?. Then there exists a hyperplane L C Z such that

AN L] = p=1 (5 + 051/ 2p=(@-1/2),

where |6| < 1.

Mikhail Gabdullin The probabilistic method



Example 14: Good intersection with a hyperplane

Let a = (a1,...,aq),b = (b1, ...,bg) € ZZ. Define
ab = (a,b) = a1b1 + ... + agbg € Zp.
Define a hyperplane L C Zg to be any set of the form
L:Ln,UZ{IEZZ:xn:u},

where n € Z%, n # 0, and u € Zy.

Let A C Z& and |A| = 6p?. Then there exists a hyperplane L C Z such that

AN L] = pi=1(6 + 081/ 2p (0= D/2),

where |6| < 1.

Proof. Let us choose a hyperplane (that is, a pair (n,u) € Zg X Zp) uniformly at
random and consider the random variable

E=|ANLyul =) len=u)

T€A
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Example 14: Good intersection with a hyperplane

Let r = p¢ — 1. Then

Eg:i S D> AN Lyul =D lan=u) =
P nezg\{o}uezp z€EA
|4
1Y Y Simew-—y » -4
P 2eanezg\ioy uez, P 2€a nezg\(oy
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Example 14: Good intersection with a hyperplane

Let r = p¢ — 1. Then

Eg:i S D> AN Lyul =D lan=u) =
P nezg\{o}uezp z€EA
|4
1Y Y Simew-—y » -4
P 2eanezg\ioy uez, P 2€a nezg\(oy

It is not hard to prove that
Varé < dpd—1L.

Mikhail Gabdullin The probabilistic method



Example 14: Good intersection with a hyperplane

Let r = p¢ — 1. Then

Eg:i S D> AN Lyul =D lan=u) =
P nezg\{o}uezp z€EA
|4
1Y Y Simew-—y » -4
P 2eanezg\ioy uez, P 2€a nezg\(oy

It is not hard to prove that
Varé < dpd—1L.

Then for some A > 1
5pd71

= Varl/2¢ =
o ar /<& X
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Example 14: Good intersection with a hyperplane

Let r = p¢ — 1. Then

Eg:i S D> AN Lyul =D lan=u) =
P nezg\{o}uezp z€EA
|4
1Y Y Simew-—y » -4
P 2eanezg\ioy uez, P 2€a nezg\(oy

It is not hard to prove that
Varé < dpd—1L.

Then for some A > 1
5pd71
o = Var'/? &= >

Thus by Chebyshev's inequality

1
P(|¢ — E¢| > §'/2p4=D/2) = P(I¢ — B¢ > Mo) < 5 < 1,
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Example 14: Good intersection with a hyperplane

Let r = p¢ — 1. Then

Eg:i S D> AN Lyul =D lan=u) =

n€zZE\{0} u€Zp z€A
A
O IND BB SECUEDET.D DD DEEEE-
LeAnEZd\{O}UGZP LGAnEZd\{O}

It is not hard to prove that
Varé < dpd—1L.

Then for some A > 1
5pd71

= Varl/2¢ =
o ar /¢ X

Thus by Chebyshev's inequality
P(l¢ — Eg| > 6"/2pld1/2) = P(l¢ — B¢ > do) < — < 1,
and hence there exists a hyperplane L, ., such that
= |AN Lyu| = 6p@=t + 051/2p(d=1/2

for some 0 < 1. The claims follows.
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Example 15: The exponential moment method

Consider again random complete directed subgraph (tournament) G = (V, E) with
|V|=N=10".
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Example 15: The exponential moment method

Consider again random complete directed subgraph (tournament) G = (V, E) with
|V|=N=10".

For a vertex v € V set dy, := #{u € V : (v,u) € E} (scores of a). Fix v and consider
the random variable
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Example 15: The exponential moment method

Consider again random complete directed subgraph (tournament) G = (V, E) with
|V|=N=10".

For a vertex v € V set dy, := #{u € V : (v,u) € E} (scores of a). Fix v and consider

the random variable

Xy=dy—(N—1—dy)=2dy — N+1
(the number of wins minus the number of losses). Then d,, = %(N — 14+ X,). Note

that
X:Zz—:u,

uF v
where P(g, = 1) =P(e, = —1) = 1/2 and &, are jointly independent. Then
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Example 15: The exponential moment method

Consider again random complete directed subgraph (tournament) G = (V, E) with
|V|=N=10".

For a vertex v € V set dy, := #{u € V : (v,u) € E} (scores of a). Fix v and consider
the random variable

Xy=dy—(N—1—dy)=2dy — N+1
(the number of wins minus the number of losses). Then d,, = %(N — 14+ X,). Note

that
X:Zz—:u,

uF v
where P(g, = 1) =P(e, = —1) = 1/2 and &, are jointly independent. Then

EXy, =0
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Example 15: The exponential moment method

Consider again random complete directed subgraph (tournament) G = (V, E) with
|V|=N=10".

For a vertex v € V set dy, := #{u € V : (v,u) € E} (scores of a). Fix v and consider
the random variable

Xy=dy—(N—1—dy)=2dy — N+1
(the number of wins minus the number of losses). Then d,, = %(N — 14+ X,). Note

that
X:Zz—:u,

uF v
where P(g, = 1) =P(e, = —1) = 1/2 and &, are jointly independent. Then

EX, =0
and
Var X, = ZVareu =N-1.
uFv
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Example 15: The exponential moment method

Consider again random complete directed subgraph (tournament) G = (V, E) with
|V|=N=10".

For a vertex v € V set dy, := #{u € V : (v,u) € E} (scores of a). Fix v and consider
the random variable

Xy=dy—(N—1—dy)=2dy — N+1
(the number of wins minus the number of losses). Then d,, = %(N — 14+ X,). Note

that
X:Zz—:u,

uF v
where P(g, = 1) =P(e, = —1) = 1/2 and &, are jointly independent. Then

EX, =0
and
Var X, = ZVareu =N-1.
uFv
Also for this case we have a great improvement of Chebyshev's inequality
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Example 15: The exponential moment method

Consider again random complete directed subgraph (tournament) G = (V, E) with
|V|=N=10".

For a vertex v € V set dy, := #{u € V : (v,u) € E} (scores of a). Fix v and consider
the random variable

Xy=dy—(N—1—dy)=2dy— N+1
(the number of wins minus the number of losses). Then d,, = %(N — 14+ X,). Note

that
X:Zz-:u,

uF v
where P(g, = 1) =P(e, = —1) = 1/2 and &, are jointly independent. Then

EX, =0
and
Var X, = ZVareu =N-1.
uFv
Also for this case we have a great improvement of Chebyshev's inequality

Theorem (Chernoff's inequality)

Suppose that random variables X1, ..., Xy, are jointly independent such that EX; = 0
and |EX;| < 1. Define X = X1 + ... + Xy, and 0 := Varl/2 X. Then for any A >0

P(|X —EX| > Ao) < 2max <€7>\2/4,67>\J/2) .
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Example 15: The exponential moment method

In our case we have (say)
P (|XU| > 20(N log N)I/Q) < 2e7100l0g N _ 9 y—100,

So | Xu| < 20(N log N)1/2 with extremely high probability 1 — 2N 100,
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Example 15: The exponential moment method

In our case we have (say)
P (|XU| > 20(N log N)I/Q) < 2e7100l0g N _ 9 y—100,
So | Xu| < 20(N log N)1/2 with extremely high probability 1 — 2N 100,

Recall d, = %(N — 14+ X,); then
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Example 15: The exponential moment method

In our case we have (say)
P (|XU| > 20(N log N)I/Q) < 2e7100l0g N _ 9 y—100,
So | Xu| < 20(N log N)1/2 with extremely high probability 1 — 2N 100,

Recall d, = %(N — 14+ X,); then

and it follows that

P (|dv — (N —1)/2| > 20(N log N)1/2> < 2N—100
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Example 15: The exponential moment method

In our case we have (say)
P (|XU| > 20(N log N)I/Q) < 2e7100l0g N _ 9 y—100,
So | Xu| < 20(N log N)1/2 with extremely high probability 1 — 2N 100,

Recall d, = %(N — 14+ X,); then

and it follows that
P (|dv — (N —1)/2| > 20(N log N)1/2> < 2N—100

and
P (au S|y — (N — 1)/2] > 20(N log N)1/2) <2N—9°
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Example 15: The exponential moment method

In our case we have (say)
P (|XU| > 20(N log N)I/Q) < 2e7100l0g N _ 9 y—100,
So | Xu| < 20(N log N)1/2 with extremely high probability 1 — 2N 100,

Recall d, = %(N — 14+ X,); then

and it follows that
P (|dv — (N —1)/2| > 20(N log N)1/2> < 2N—100

and
P (au S|y — (N — 1)/2] > 20(N log N)1/2) <2N—9°

So in a random tournament all players are almost equal with extremely high probability.
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Example 15: The exponential moment method

In our case we have (say)
P (|XU| > 20(N log N)I/Q) < 2e7100l0g N _ 9 y—100,
So | Xu| < 20(N log N)1/2 with extremely high probability 1 — 2N 100,

Recall d, = %(N — 14+ X,); then

and it follows that
P (|dv — (N —1)/2| > 20(N log N)1/2> < 2N—100

and
P (au S|y — (N — 1)/2] > 20(N log N)1/2) <2N—9°

So in a random tournament all players are almost equal with extremely high probability.

It is not the real life.
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Again the first moment method: a problem

Consider the function f: [0,1] — R,

1000, if 0 <z < 1/100;
flz) = . /
0, otherwise.
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Again the first moment method: a problem

Consider the function f: [0,1] — R,

1000, if 0 <z < 1/100;
flz) = . /
0, otherwise.

Suppose we do not know what f is but want to prove that it has large values. Suppose
we can compute

1
Ef = [ f(z)dz = 10.
/
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Again the first moment method: a problem

Consider the function f: [0,1] — R,

1000, if 0 <z < 1/100;
flz) = . /
0, otherwise.

Suppose we do not know what f is but want to prove that it has large values. Suppose
we can compute

1
Ef = [ f(z)dz = 10.
/

Then by the first moment method we get that there exists x such that f(z) > 10. Not
so impressive, right?
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Again the first moment method: a problem

Consider the function f: [0,1] — R,

1000, if 0 <z < 1/100;
flz) = . /
0, otherwise.

Suppose we do not know what f is but want to prove that it has large values. Suppose
we can compute

1
Ef = [ f(z)dz = 10.
/

Then by the first moment method we get that there exists x such that f(z) > 10. Not
so impressive, right?

How to fix this?
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The refined first moment method

Let g(z) be any non-negative function on [0, 1] such that fol g(z)dz =1 and define
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The refined first moment method

Let g(z) be any non-negative function on [0, 1] such that fol g(z)dz =1 and define

1

Ef = / F(@)g(x)da.

0
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The refined first moment method

Let g(z) be any non-negative function on [0, 1] such that fo z)dr =1 and define

1

Ef = / F(@)g(x)da.

0

Then

1 1
O/ () —Ef)g :O/f g(z)de —Ef =0
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The refined first moment method

Let g(z) be any non-negative function on [0, 1] such that fol g(z)dz =1 and define

1

Ef = / F(@)g(x)da.

0

Then

1 1
[ 0@ -ENg@te = [ f@g()de—Ef =0
0 0

and hence there exists « with f(z) > Ef. We are not forced to take g(z) =1 at all!
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The refined first moment method

Let f be as above and
2, fo<z<1/2;
o(a) = S
0, otherwise.
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The refined first moment method

Let f be as above and

2, if0<z<1/2
g(x) =

0, otherwise.

Then Ef = 20 and hence max f(z) > 20 .
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The refined first moment method

g(a) = {f)

Let f be as above and

Then Ef = 20 and hence max f(z) > 20 .

Ok, let

g

Then max f(z) > Ef = 100.

10,
(a) = {07

if0<z<1/2
otherwise.

if 0 <z <1/10;
otherwise.

Mikhail Gabdullin
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The refined first moment method

Let f be as above and

2, f0o<z<1/2
m@={ /

0, otherwise.
Then Ef = 20 and hence max f(z) > 20 .
Ok, let

10, if0 <z < 1/10;
g(x) = .
0, otherwise.

Then max f(z) > Ef = 100.

Finally, let

100, if 0 <z < 1/100;
g(x) = .
0, otherwise.

Then max f(x) > Ef = 1000 and it is the best possible.
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The refined first moment method

Let f be as above and

2, f0o<z<1/2
m@={ /

0, otherwise.
Then Ef = 20 and hence max f(z) > 20 .
Ok, let

10, if0 <z < 1/10;
g(x) = .
0, otherwise.

Then max f(z) > Ef = 100.

Finally, let

100, if 0 <z < 1/100;
g(x) = .
0, otherwise.

Then max f(x) > Ef = 1000 and it is the best possible.
The moral 1: our measure needs to be concentrated on the set of large values of f.

The moral 2: we need to have a good guess for what this set is!
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Example 16: Large values of {(s)

Suppose we want to study large values of the Riemann zeta-function {(s) on the
critical line s =1/2 4 it.
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Example 16: Large values of {(s)

Suppose we want to study large values of the Riemann zeta-function {(s) on the
critical line s = 1/2 4 it. Here the first moment method works normally. It gives us (a
result of Hardy-Littlewood)
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Example 16: Large values of {(s)

Suppose we want to study large values of the Riemann zeta-function {(s) on the
critical line s = 1/2 4 it. Here the first moment method works normally. It gives us (a
result of Hardy-Littlewood)

T

/ [¢(1/2 +it)|>dt ~ log T

0

1
T
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Example 16: Large values of {(s)

Suppose we want to study large values of the Riemann zeta-function {(s) on the
critical line s = 1/2 4 it. Here the first moment method works normally. It gives us (a
result of Hardy-Littlewood)

T

/ [¢(1/2 +it)|>dt ~ log T
0

1
T
and hence

max, IC(1/2 4+ it)| = (1 + o(1)) log'/?> T, T — oo,
te
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Example 16: Large values of {(s)

Suppose we want to study large values of the Riemann zeta-function {(s) on the
critical line s = 1/2 4 it. Here the first moment method works normally. It gives us (a
result of Hardy-Littlewood)

T

/ [¢(1/2 +it)|>dt ~ log T
0

1
T

and hence
max, IC(1/2 4+ it)| = (1 + o(1)) log'/?> T, T — oo,
te

or (a result of Ingham)

T
1 s 1,
f/\c(1/2+n)| it~ o logh T
0
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Example 16: Large values of {(s)

Suppose we want to study large values of the Riemann zeta-function {(s) on the
critical line s = 1/2 4 it. Here the first moment method works normally. It gives us (a
result of Hardy-Littlewood)

T

/ [¢(1/2 +it)|>dt ~ log T
0

1
T

and hence

max, IC(1/2 4+ it)| = (1 + o(1)) log'/?> T, T — oo,
te

or (a result of Ingham)
T
! /\g(1/2+ it)|dt LIS
— g ~ ——lo
T on2 08
0

and hence
max [((1/2 + it)| > logT.
t€(0,T

But no other moment are known.
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Example 17: Large values of {(s)

Fix 1/2 < o < 1. To estimate from below maxr<i<ar [((0 + it)| people use measures

1 L%, . _ 2T
e(t) = 5 ‘Hpgz (1 + W)’ (z is a parameter), where J = [77 o(t)dt.
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Example 17: Large values of {(s)

Fix 1/2 < o < 1. To estimate from below maxr<i<ar [((0 + it)| people use measures

2
ot) =% ‘Hpgz (1 + %)’ (z is a parameter), where J = f;T p(t)dt.

Then using the first moment method it can be shown that there exists ¢ = ¢(o) > 0
such that (log ])?
log|t])"—¢
it) =Q —
o) (exp (C log log |¢| ))

(for this we set I, = 1 for all p)
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Example 17: Large values of {(s)

Fix 1/2 < o < 1. To estimate from below maxr<i<ar [((0 + it)| people use measures

2
ot) =% ‘Hpgz (1 + %)’ (z is a parameter), where J = [27 o (t)dt.

Then using the first moment method it can be shown that there exists ¢ = ¢(o) > 0
such that (log ])?
. oglt))' —°
t) =Q —_—
o =o (o (L0
(for this we set I, = 1 for all p) and
-1 , (10g|t\)1’”)>
t) = — ).
et (eXp (C log log |¢|

(for this we set I, = —1 for all p).
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Example 17: Large values of {(s)

Fix 1/2 < o < 1. To estimate from below maxr<i<ar [((0 + it)| people use measures

2
ot) =% ‘Hpgz (1 + %)’ (z is a parameter), where J = [27 o (t)dt.

Then using the first moment method it can be shown that there exists ¢ = ¢(o) > 0

such that (log ])?
. oglt|)*—7
t)=Q -—
Lo +it) (eXp (C loglog || ))

(for this we set I, = 1 for all p) and

it =9 (e (%» .

log log |t|

(for this we set I, = —1 for all p).

Here F'(t) = Q(G(t)) means that there exist an absolute constant C' > 0 and a
sequence ty such that t; — oo and

[F(tk)] = CG(tk)-

Mikhail Gabdullin The probabilistic method



@ T.Tao, V.Vu, “Additive combinatorics’, Cambridge Stud. Adv. Math., Vol. 105.

[3 N.Alon, J.H.Spencer, “The probabistic method"
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Mikhail Gabdullin The probabilistic method



